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LŌI NOI DĀU 


Tāi lieu nāy dudc bien soan dānh eho chudng trinh “Gāp g5 Toān hoe lān thu: III” dtfdc to 
ehhe tai thānh pho Ho Chf Minh tCf ngāy 8/8 den ngāy 14/8 nām 2011 dānh eho eāe hpe sinh, 
sinh vien vā giāo vien chuyen Toān. Tuy vay, dāy khōng hān lā tāp hdp eāe bāi giāng se dupc 
trinh bāy tai eāe 15p hoe eūa chudng trinh mā lā tuy!n tap eāe bāi viet hoān ehinh eūa eāe 
chuyen gia, eāe thāy giāo, eāe sinh vien vā hoe vien eao hoe vi eāe ehū d! bōi duāng hoe sinh 
gioi Toān. Vi the, eo the eoi tāi lieu nāy lā mpt euōn sāeh dpc lap dānh eho hoe sinh vā giāo 
vien chuyen Toān. Ban bien tap dā nhan dudc nhūng bāi viet eo ehāt lupng tōt dupc gūi tū 
khap moi mien dāt nu6c. Chū de eūa eāe chuyen de lān nāy rāi deu tāt eā eāe phān mōn: Sō 
hoe, To hpp, Giāi tfeh, Dai so, Hinh hoe vā tuoi eūa eāe tāe giā eūng rāi deu tir 20 d!n 65. 
Dieu nāy mpt lān nōa eho thāy su ūng h© eūa nhūng nguōi yeu toān dānh eho chudng trinh 
“Gap gō Toān hoe” noi rieng vā phong trāo chuyen Toān noi ehung khōng bao giō ean vā luōn 
6 mūe eao nhāt. 


Chūng tōi tran trong dua vāo tāi lieu nhūng tāi lieu dā trū thānh kinh dien: ehuong Hām so 
so hoe tn'eh tū euon sāeh “Sō hoe Thuat toān” eūa GS Hā Huy Khoāi vā TS Pham Huy Diin, 
bāi giāng ve To hdp eūa thay Nguyen Khāe Minh trinh bāy tai khoa boi duōng giāo vien Toān 
mūa Dōng nām 1996. Xin eām dn GS Hā Huy Khoāi vā thāy Nguyen Khāe Minh dā nhan 16i 
tham gia giāng bāi tai truāng he d! truyen lūa eho eāe ban hoe sinh 6 phla Nam noi rieng vā 
phong trāo day vā hoe Toān 6 phia Nam nōi ehung. 

Rāt tiāe lā ehūng tōi khōng kip dua bāi vi!t eūa GS Ngō Bāo Chāu vāo euon ky y!u lān nāy. 
Tuy nhien ehūng tōi se gūi tāng ban doc bān vi!t tay eūa GS dānh eho truōng he. Su ūng hō 
eūa GS Ngō Bāo Chāu eūng nhu su khieh le eūa GS Ngō Viet Trung, GS Nguyen Vān Mau, 
GS Le Tuān Hoa lā mōt nguon eō vū 16n lao eho eāe thānh vien BTC. 


Chūng tōi trān trong eām dn truōng Dai hoe Khoa hoe Tu nhien, dāc biet lā PGS TS Dudng 
Anh Dūc vā PGS TS Dāng Dūc Trong dā ūng hō vā ho trp moi māt eho nhūng ngūPi thue 
hien ehuong trinh. Cām dn nhā in Dai hoe Quōc gia thānh phō Hō Chi Minh dā hoān thānh 
tot eōng viee eūa minh v6i tinh thān trāeh nhiem eao nhāt. Ban bien tāp ehān thānh eām dn 
eāe ban Le Phūe Lū (sinh vien nām 2 trūōng Dai hoe FPT) vā ban Le Viet Hāi (hoe sinh 16p 
12 truPng Pho thōng Nāng khi!u) dā eo nhieu dong gop eho viee bien tap. 


Cuoi eūng ehūng tōi muon eām dn Cōng ty eō phān Giāo duc Titan dā tao nhūng di!u kien 
tot nhāt vā hō trp tōi da d! BaJi bien tāp eo th! hoān thānh euon tāi lieu nāy. 
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VE CĀC HĀM SŌ HOC 

Ha Huy Kho^i - Pham Huy Dien 1,2 


Khi nghien etiu eāe so nguyen, ta thuefng lām viee vdi eāe dai ludng nhu: so eāe udc eua mōt 
so nguyen to eho truōe, tong eāe uōe eua no, tong eāe lūy thūa bac k eūa eāe Uāe, ... Ngoai 
nhūng vi du do eon 96 nhieu hām sō hoe quan trong khāe. Trong bāi viet nāy, ta se di qua mōt 
vāi hām quan trong, dac biet lā hām Euler, mpt trong nhūng hām sō hoe quan trong nhat. 

1 Djnh nghTa 

Dinh nghla 1 . Hām so hoe tūe lā hām xdc āinh tren tāp hōp eae so nguyen (htōng. 

Dinh nghla 2. Mot hām so hoe f āuoe goi lā nhān tinh neu vdi moi m, n ngugen to eung 
nhau, ta eo āāng thūe 

f(mn) = f(m)f(n). 

Trong trvtāng hop āāng thūe tren āūng vōi moi m, n (khong nhat thiet ngugen to eūng nhau), 
hām f āuoe goi lā nhān tinh manh. 

Nhūng vi du don giān nhāt ve hām nhan tmh (manh) lā f(n) = n vā f(n) = 1 . 

De ehūng minh tinh ehāt sau dāy: nōu / lā mōt hām nhan tfnh, n lā s 6 nguyen duong eo khai 
trien thānh thūa so nguyen to dang n = p\ l p^ 2 ■ • • p a k k , thi f(n) dupc tinh theo eōng thūe 

f(n) = f(pV)f(p?)---f(pn 

2 Phi-hām Euler 

Trong eāe hām so hoe, hām Euler mā ta dinh nghla sau dāy eo vai trō rāt quan trpng. 

Dinh nghla 3. Phi-hām Euler (j)(n) lā hām sō hoeeo giā tri tai n bang so eāe s6 khōng vuot 
quā n vā ngugen to eūng nhau vōi n. 

Vi du. Tū dinh nghla ta eo <f>( 1) = 1, 0(2) = 1, 0(3) = 2, 0(4) = 2, 0(5) = 4, 0(6) = 2, 
0(7) = 6 , 0(8) = 4, 0(9) = 6 , 0(10) = 4. 

Tū dinh nghla tren dāy, ta eo ngay he quā true tiep: So p lā ngugen to khi vā ehi khi (j)(p) = p—1. 

Neu dinh ly Fermat be eho ta eōng eu nghien eūu dong du modulo mōt so nguyen to, thi 
Phi-hām Euler dupc dūng de xet dong du modulo mōt tāp hpp so. Truōe khi di vāo vān dō do, 
ta eān mōt so dinh nghla sau. 

Dinh nghla 4. He thāng du thu gon moāulo n lā tāp hōp 0(n) so ngugen sao eho mōi phan 
tū eūa tāp ngugen to eūng nhap, vōi n, vā khong c6 2 phan tū nāo āong du vōi nhau moāulo n. 

1 Vieii Toan hoe. 

2 Bāi viet duoc trieh trong cu6n sāeh “So hoe Thuāt toān” eua eāe tāe giā xuat bān nām 2003 tai Nhā xuāt 
bān Dai hpe Quoc gia Hā Npi. 
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Cāc chuyen de boi dt/dng hoe sinh giōi Toān 


Noi eaeh khae th he thāng dn dāy dū modulo n, de lāp he thāng du thu gon, ta ehi giū lai 
nhūng giā tri nāo nguyen to eūng nhau vāi n. 

Vl du. Cāc so 1, .2, 3, 4, 5, 6 lāp thānh he thāng dvr thu gon modulo 7. Doi vdi modulo 8 , ta 
eo the lāy 1, 3, 5, 7. 

Dinh ly 1. Neu r\, r< 2 , ..., r^ n ) lā mot he thāng du thu gon moāulo n, vā a lā so ngugen 
āitetng, (a , n) = 1 , thi tāp hōp ar\, ar 2 , ..., ar^ n ) eūng lā he thāng du thu gon modulo n. 

Chttng minh. Chūng tōi dānh ehūng minh dinh ly nāy eho doc giā. □ 

Dinh ly tren day (iūpe dūng di ehūng minh mū rōng eūa dinh ly Fermat be. 

Dinh ly 2 (Euler). Neu m lā so ngugen duōng vā a lā so ngugen to eūng nhau vōi m, thi 

a? {m) = 1 (mod m). 

# 

Ōhiing minh. Ta lāp luan hoān toān tūong tū nhū trong dinh ly Fermat be. Giā sū r\, r 2 , 
..., r^m) lā thāng dū thu gon mod m, lap nen tū eāe so nguyen dūdng khōng vūpt quā m vā 
nguyen to eūng nhau vdi m. Theo dinh ly 1, ari, ar 2 , ..., ar^ m ) eūng lā mōt he thāng dū thu 
gon. Khi dō thāng dū dūdng be nhāt eūa he nāy se lā tāp hdp n, r 2 , ..., r^ m ) sap xep theo 
mōt thū tū nāo do. Ta eo 

(ar x )(ar 2 ) • • • (ar^ m )) = nr 2 • • • r^ (m) (mod m). 

Nhū vay, 

a^ (m) nr 2 • • • r Hm) = nr 2 • • • r* (m) (mod m). 

Tū do suy ra dinh ly. □ 

Dinh ly Euler c 6 thō dūng de tim nghieh dāo modulo m. Chāng han neu a vā m lā eāe sō 
nguyen to eūng nhau, ta eo a • a ^ (m)_1 = 1 (mod m), tūe lā a ^” 1 ) -1 ehinh lā nghieh dāo eūa a 
modulo m. Tū do eūng suy ra nghiem eūa phūdng trinh dong dū tuyen tinh ax = b (mod m), 
v 6 i (a, m) = 1 lā 

x = a ^ (m)-1 6 (mod m). 

Dinh ly 3. Phi-hām Euler lā hām nhān tmh. 

Chv£ng minh. Giā sū m, n lā hai so dūdng nguyen t 6 eūng nhau. Ta eān ehūng to rāng 


4>(mn) = 4>(m)4>(n). 


Ta sāp xep tāt eā eāe s6 nguyen dūdng khōng vūpt quā mn thānh bāng sau 


1 m + 1 2m + 1 

2 m + 2 2 m + 2 


(n — l)m + 1 
(n — l)m + 2 


r m + r 2 m + r 


(n — l)m + r 


m 2m 3m 


mn 


Giā sū r lā so nguyen khōng vūpt quā m, vā (r, m) = d > 1. Khi do trong hāng thū r khōng 
eo so. nguyen nāo nguyen to eūng nhau v6i rrm. Vi thō dō tinh 4(mn), ta ehi eān quan tām 
eāe so trong hāng thū r v6i (r, m) = 1. Cāc so trong hāng nāy deu nguyen to eūng nhau v6i 

m. Māt khāe de thāy rang eāe so trong hāng nāy lap thānh mōt he thāng dū dāy dū modulo 

n. Do do eo dūng 4>(n) so trong hāng nguyen tō eūng nhau v6i ra, tūe lā trong hāng eo <f>( n ) so 
nguyen tō eūng nhau v6i mra. Cā thāy eo 4>( n ) hāng nhū vāy, dinh ly dūdc ehūng minh. □ 
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Nhd tfnh ehāt nāy ta eo ngay eōng thiie Phi-hām Euler. 

Dinh ly 4. Gia, sū n — p^p^ 2 • • • p^ lā phān tieh eūa n thānh thiea so nguyen to. Khi do ta eo 


<i>(n) = n (! - i) (l 


Chvtng minh. Do Phi-hām Euler lā hām nhān tmh nen ta ehi eān ehutng minh rāng, vōi moi 
sō nguyen tō p, thi 

<t>{p k )=p k -p k ~\ 

Thāt vāy, eāe so nguyen dudng khōng vUdt quā p k vā khōng nguyen to eung nhau vāi p phāi 
eō dang sp vōi s nguyen dudng nāo do. C 6 dūng p k ~ l so nhu vāy. Do d6, so eāe so khōng vupt 
quā p k vā nguyen to eūng nhau v6i p k dūng bāng p k — p k ~ x . □ 

Tfnh ehāt quan trong sau day eūa Phi-hām thuōng dUdc sū dpng vō sau. 

Dinh ly 5. Gia sūn lā mot s6 nguyen āuong. Khi do 

'*T(j)(d) = n, 

d | n 

trong do tong duac lay theo moi uōe eūa n. 

ChūCng minh. Ta phān eāe s6 nguyen tū 1 dōn n thānh tūng nhom C d sao eho m G C d khi 
vā ehi khi (m, n) = d, tūe lā khi vā ehi khi (7, 2) = 1 - NhlJt v āy, s6 phān tū eūa C d dūng bāng 
s6 eāe so nguyen khōng vUdt quā 3 vā nguyen to eūng nhau v6i g, tūe lā bang <j> (2) ■ Ta eō 


n 


-p(S) 

d | n 


Khi d chay qua moi u6c eūa n thi j eūng chay qua moi u6c eūa n, dinh ly dudc ehūng minh. □ 

Nhgn xet. Cāc tinh ehāt eūa Phi-hām Euler dUdc sū dung dl tmh dong du eūa nhūng lūy 
thūa rāt 16n. Chāng han, ta eān tmh a n mod k, trong do n lā mōt so nguyen 16n. Giā sū ta eo 

k = Pi'P? ■■■Ps'- 

Khi do a^G) = 1 (mod pf‘). Tū dāy suy ra neu N lā b$i ehung nhō nhāt eūa eāe s6 </>(p"‘) 
thi a N = a (mod k). Do do, vi6t n = Nq + r v6i r < N, ta dudc 

a n = a r (mod k). 

Vi du. De tinh 2 1000000 mod 77, ta thue hien nhu sau: Ta c6 


77=11-7, <t>( 7) = 6, </»(11) = 10. 

Bōi ehung nhō nhāt eūa 6 vā 10 lā 30, do do 

2 30 = 1 (mod 77). 

Māt khāe, de dāng kiem tra dudc 1000000 = 30 • 33333 + 10. Vi vāy, 


2 1000000 = 2 10 = 23 (mod 77). 
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Cāc chuyen de boi dtSdng hoe sinh gioi Toān 


/ / / 

3 So hoān hāo vā so nguyen to Mersenne 

Mue riay danh de mo tā mot dang dac biet eua s6 nguyen to, eo vai tro quan trong trong ly 
thuyet vā tfng dung. Ta bat dāu bang mot so hām sō hoe quan trong. 

Dinh nghla 5. Hām so eāe udc, eo giā tri tai n bang so eāe UŌe āuōng eūa n. Hām 
a(n). tong eāe UŌe, eo giā tri tai n bang tōng eāe u6c āuōng eūa n. Noi eāeh khāe, ta eo 

T ( n ) = '%2 i > a ( n ) = J2 d - 

d|n d\n 

VI du. Neu p lā mpt so nguyen to thi r(p ) = 2, a(p) = p + 1. 

Dinh ly 6. r(n) vā a(n) lā eāe hām nhān tinh. 

De thāy rang, dinh ly tren suy ra tri bō de sau. 

Bo dō 1. Neu f lā hām nhān tinh, thl 

F(n) = Y,fW 

d | n 

eūng lā hām nhān tinh. 

Chūtng minh. Giā su: m, n lā eāe sō nguyen duong nguyen t6 eiing nhau. Ta eo 

F(mn) = f( d )~ 

d | mn 

Vi (m, n) = 1, moi U6c d eua mn eo the viet duy nhāt du6i dang d = d\d 2 trong do d\, d% 
tUdng utng lā u6c eua m, n, vā d\, d 2 nguyen to eung nhau, do vay ta eo 

F(mn) = 53 f( d i^)- 

di \tn,d2.\n ; 

Vi / lā hām nhan tinh vā (d\, d 2 ) = 1 nen 


F(mn) = E f(d t )m) 

d\ | m, d2 | n 


E f +> 

d\ | m 


E /(*) 

d? | n 


F(m)F(n). 


Bo d§ dupc ehutng minh. □ 

Snt dung dinh ly , ta eo ngay eōng thufe sau day eho eāe hām r(n) vā a(n). 

Dinh ly 7. Giā sū n eo phān tieh ra thūa so ngugen to lān = P\ 2 p 2 2 • ■ ■ p a k k ■ Khi do ta eo 

k v a f +1 _ i k 

cr(n) = JJ————, r(n) = (ai + l)(a 2 + 1) • • • (a fc + 1) = JJ(aj + 1). 

J= i Pi 1 j= l 


Chūtng minh. Chūng tōi dānh ehūtng minh nāy eho dōc giā. □ 

Do eāe quan niem thān bi, ngUōi eo Hy Lap quan tām den eāe sō nguyen bāng tong tāt eā eāe 
u6c dudng thue su eūa no. Ho goi eāe so do lā eāe sd hoān hao. 



5 


Ve cac hām So hoe 


Dinh nghla 6. S6 nguyen āilōng n dU0c goi lā so hoān hāo neu 


a(n) = 2 n. 

VI du. Cac so 6, 28 lā eāe sō hoān hāo vi 

a(6) = 1 + 2 + 3 + 6 = 12, o(28) = 1 + 2'+4 +7 +.14 + 28 = 56. 

Dinh ly sau day dudc biet th theti Hy Lap. 

Dinh ly 8. So ngugen duong ehan n lā so hoān hāo khi vā ehi khi n — 2 m — 1), trong 
do m lā mot so ngugen sao eho m ^ 2 vā 2 m — 1 lā so nguyen tō. 

ChvCng minh. Truōe tien, giā sil rang, n eō dang nhU tren. Vi a lā hām nhan tlnh, ta c6 

cr(n) = a(2 m-1 )cr(2 m - 1). 

TU eōng thiie eua hām a vā giā thiet 2 m — 1 lā sō nguyen to, de thāy rāng cr(2 m_1 ) =. 2 m — 1, 
a( 2 m — 1) = 2 m , vā do do a(n) = 2n. Dieu nāy ehilng to n lā so hoān hāo. 

Nguoe lai, giā sut n lā so hoān hāo ehān. Viet n dudi dang n = 2 s t, trong do s, t lā eāe so 

nguyen duong, t le, ta dudc 

a(n) = a(2 s t) = cr(2 s )a(t) = (2 S+1 — l)er(t). 

Vi n lā sō hoān hāo nōn a(n) = 2n = 2 s+1 t. Nhu vāy, 2 S+1 1 a(t). Giā si]t a(t) =. 2 s+1 g, thi 

(2 S+1 — l)2 s+1 g = 2 s+1 t, 
tute Jā q 1 1 vā q ^ t. Māt khāe ta eo 

t + q = (2 S+1 - l)q + q = 2 s+1 g = a(t). 

Ta se ehutng to rāng q = 1. That vāy, nōu ngUdc lai, t eo It nhāt 3 uōe khāe nhau lā 1, t, q, do 
do a(t) ^ t + q + 1, mau thuān v6i dāng thute vtfa ehUng minh. Vay a(t) = t + 1, eo nghia t lā 
sō nguyen to. Dinh ly dudc ehutng minh. □ 


Nhu vay dl tim eāe sō hoān hāo, ta eān tim eāe so nguyen tō eo dang 2 m — 1. 


Dinh nghla 7. Giā sit m lā mōt so nguyen āuong, khi do M m = 2 m — 1 duoc goi lā so 
Mersenne thtim. Neup lā so ngugen tō, vā M p eūng nguyen to, thi M p duoc goi lā sō nguyen 
to Mersenne. 


VI du. M 2 , M 3 , M 5 , M 7 lā eāe so nguyen tō Mersenne, trong khi Mn lā hdp so. 


Co nhieu dinh ly khāe nhau dung di xāc dinh so nguyen tō Mersenne. Chāng han nhō dinh ly 
sau dāy, ta eo the kiem tra nhanh ehong dua vāo dang eua eāe u6c nguyen tō eūa so Mersenne. 

Dinh ly 9 . Neu p lā mot so ngugen to le, thi moi UŌe nguyen to eūa sō Mersenne M p deu eo 
dang 2 kp + 1, trong do k lā so nguyen āuong. 


Chvfrig minh. Giā sū q lā mōt U6c nguyen to eūa M q . Theo dinh ly Fermat be, q | (2 9-1 — 1). 
Lai eo (2 P — 1, 2 9-1 — 1) = 2( p,9_1 ) — 1. U6c ehung nāy 16n hdn 1, vi no lā mōt bōi eūa q. Do 
do, (p, q — 1) = p, vi p lā mōt so nguyen to. Ta eō q = mp + 1, vā vi q le nen m = 2 k, dinh ly 
dupc ehutng minh. □ 
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Sau day la vai vi du eho th§,y ufng dung eua dinh ly tren. 

Vi du 1 . De xet xem M 13 = 2 13 — 1 = 8191 eo phāi lā sō nguyen to hay khōng, ta eān xem 
eāe phep ehia eho nhūng so nguyen to khōng vUOt quā \/8191 ~ 90. Mat khāe, theo dinh ly 
tren, moi UŌe nguyen to deu phāi eo dang 26 k + 1. Nhu vāy ehi eān thū vōi hai so 53 vā 79. 
Tut dāy, do 53 vā 79 khōng ehia het M 13 nen ta eo M 13 lā so nguyen tō. 

Vi du 2. Xet M 23 = 8388607. Ta eān xet eāe phep ehia eūa no eho eāe so nguyen to dang 

4Qk + 1. Sō dāu tien 47 lā u 6 c eūa no, vi vay M 23 lā hop so. 

Co nhieu thuāt toān dāc biet dl kiim tra nguyen to eāe so Mersenne. Nhō do, nguōi ta phāt 

hien duoc nhōng so nguyen to rāt 16n. Moi lān eo mōt sō nguyen to Mersenne, ta lai duoc mōt 
so hoān hāo. Cho den nay, ngUōi ta dā biet duoc rang, v 6 i p < 132049, ehi eo 30 so nguyen to 
Mersenne, vā tinh duoc ehūng. So nguyen to Mersenne tim dupc gān day nhāt lā so M 697 2593 , 
g 6 m 2098960 ehU so . 3 

Giā thiet sau dāy vān eōn ehua dupc ehūng minh. 

Giā thiet 1. Ton tai vō han so nguyen to Mersenne. 

Nguōi ta dā biāt duoc rāng, trong khoāng tuf 1 den IO 200 khōng c 6 so hoān hāo le. Tuy nhien 
eau hoi sau dāy vān ehua duoc trā lōi. 

Cāu hōi 1. Ton tai hay khōng eāe so hoān hāo le? 

4 Cān nguyen thūy 

Khi xet eāe so phUe lā eān bac n eūa don vi, ta thuōng ehū y nhūng so nāo khōng phāi lā eān 
eūa don vi v 6 i bac thāp hon. Nhūng sō do goi lā eān nguyen thūy eūa don vi. Doi v 6 i eāe sō 
nguyen, ta eūng eo khāi niem hoān toān tuong tu ve “eān” vā “eān nguyen thūy” eūa don vi. 

Dinh nghla 8. Giā sūa vām lā eāe s6 nguyen āuōng nguyen to eung nhau. Khi dō so nguyen 
nho nhat x thoa mān ddng du thvee 

a x = 1 (mod m) 

duōc ggi lā bgc eua a modulo m. Ta viet x = ord m a. 

Ta ehū f rāng, so x nhū vāy t 6 n t§i vi ta luōn c 6 , theo dinh 1 £ Euler, 

a^( m ) = 1 (mod m). 

Dinh ly 10. Giā sit a, n lā eāe s6 nguyān to eung nhau, n > 0. Khi do so nguyen x lā nghiem 
eua phuang trinh a x = 1 (mod m) khi vā ehi -khi x lā mōt bōi eua bāc eua a modulo m. 

Ohvtng minh. Giā sū x thoa mān phūOng trinh dong du tren. Ta viet x = q ord m a + r, trong 
do 0 ^ r < x. TU do ta eo a r = 1 (mod m). Vi ord m a lā so duong nhō nhāt eo tinh ehāt do 
nen r = 0 , suy ra x lā mōt bōi eūa bac eūa a modulo m. Dieu nguoe lai lā rō rāng. □ 

He quā 1 . Neu a vān lā eāe sd nguyen to eung nhau, n > 0, thi ord n a ehia het <j>(n). 

He quā 2 . Neu a, n lā eāe s6 nguyen to eung nhau, n > 0, thi a* = a j (mod n) khi vā ehi khi 

‘ i = j (modord n a). 

3 Tfnh den nay, so nguyen to Mersenne ldn nhat lā M 43112609 dudc tim thay bōi Edson Smith vāo nām 2008. 
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Chting minh eae he quā tren duqc dānh eho dpc giā. 

Do he quā 1, ngu r vā n lā nguyen to eung nhau thi bāc eua r khōng vUOe quā <p(n). Cāc so 
eō bāc dung bāng <j>(n) giō vai tro quan trong trong nhilu vān de khāe nhau eua So hoe. Ta 
eo dinh nghla sau. 

Dinh nghla 9. Neu r vān lā eae s6 nguyen tS eūng nhau, n> 0, va riiu ord n r = 4>(n) th\ r 
duōc goi lā eān nguyen thūy moāulo n. 

Chu y rang khōng phāi moi so deu eo eān nguyen thuy. Chāng han, xet n = 8 . Cāc so nhō hon 
8 vā nguyen to eiing nhau v 6 i 8 lā 1, 3, 5, 7, dōng thdi ta eo ord 8 1 = 1, bāc eua eāe so eon lai 
bāng 2, trong khi do 0(8) = 4. Vān de nhōng so nguyen nāo thi eo eān nguyen thuy se duoc 
xet vō sau. 

Dinh ly 11. Niu r, n ngugen to eūng nhau, n > 0, vā neu r lā eān ngugen thūy moāulo n, 

thi eāe so r 1 , r 2 , ..., r^ n ' ) lāp thānh he thāng dit thu gon modulo n. 

• 

ChvCng minh. Vi (r, n) = 1 nen eāe so tren nguyen to eung nhau vāi n. Ta ehi eān ehting 
tō rang, khōng eo hai so nāo dong du v 6 i nhau modulo n. Giā sti r l = r j (mod n). Theo he 
quā 2, ta eo i = j (mod 0(n)). Tō do suy ra i = j, vi i, j khōng vUpt quā 0(n). Dinh ly dupc 
ehting minh. □ 

Dinh ly 12. Niu ord m a = t vāu lā s6 nguyen duong, thi 

ord m (a“) = 77 —r- 
(t, u) 

ChvCng minh. Dāt v = ( t , u), t = t\V, u = u\v vā s = ord m ( a u ). Ta eo 

(a u ) 41 = (a uiv )* = (a‘) Ul = 1 (mod m). 

Do do, s 1 1\. Māt khāe, (a u ) 3 = a us = 1 (mod m) nen 1 1 su. Nhu vāy, t\v | U\vs, do do t\ | u\s. 
Vi («l, v\) = 1, ta eo t\ | s. Cuoi eung, do s 1 1\ vā t\ | s nen s = t\ = | vā nhu the dinh 

ly dupc ehting minh xong. □ 

He quā 3. Gia sū r lā eān nguyen thūy modulo m, trong do m lā so nguyen lōn hōn 1. Khi 
do r u lā eān nguyen thūy moāulo m neu vā ehi neu (u, 0 (m)) = 1. 

Chvtng minh. Do ord m r u = ( u ° m d m r r ) = ( n ® n ^ ^ u bc ehting minh. □ 

5 Si/ ton tai eūa eān nguyen thūy 

Trong mue nāy, ta se xāc dinh nhōng so nguyen eo eān nguyōn thuy. Tru 6 c tien ta se ehting 
minh rāng v 6 i moi sō nguyen t 6 deu eo eān nguyen thūy. Dō lām viee do, ta eān mōt vāi kien 
thtie ve dong du da thtie. 

Dinh nghlā 10. Gia sū f(x) lā da thile vōi he so nguyen. Sō e duac goi lā nghiem eūa da 
thūe f(x) modulo m niu f(c) = 0 (mod m). 

D§ thāy rāng, neu e lā mōt nghiem eūa da thtie f(x) modulo m thi moi sō dong du v 6 i e 
modulo m eūng lā nghiem. 

Doi v 6 i sō nghiem eūa mōt da thtie modulo mōt sō nguyen to, ta eūng eo tmh ehāt tuong tu 
nhu sō nghiem eūa mpt da thtie. 
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Dinh ly 13 (Lagrange). Giā sū f(x) = a n x n + a n _i£ n-1 H-+ a^x + a 0 lā da tMe vdi he 

sd nguyen, n > 0, dōng thdi a n ^ 0 (mod p). Khi do f(x) eo .nhieu nhāt n nghiern moāulo p 
khong ddng du titng eap. 

Chi2ng vninh. Ta ehu'ng minh bang quy nap. Khi n = 1, dinh ly la rō rang. Giā sut dinh ly 
dā ehiing minh vdi da thute bāc n — 1 eo he so eūa lūy thūa eao nhāt khōng ehia het eho p, vā 
giā sut rāng da thute f(x) bac neon+l nghiem modulo p khōng dong du tūng eap eo, ei, ..., 
c n . Ta eō dāng thūe 

f(x) -f(co) = (x-Co)g(x), 
trong do g(x) lā da thūe bac n — l v6i he so eao nhāt lā a n . 

Vi v6i moi k, 0 ^ k ^ n, e*, — eo ^ 0 (mod p), trong khi do 

f(ck) ~ f(co) = (ek ~ co)g(c k ) = 0 (mod p) 

eho nen lā nghiem eūa g(x) modulo p. Diōu nāy trāi v6i giā thiet quy nap. Vā nhu thg, dinh 
ly duqc ehūng minh. □ 

Dinh ly 14. Giā sū p lā so ngugen to vā d lā mot udc eūa p — 1. Khi do da thūe x d — 1 eo 
dūng d nghiem modulo p khong ddng du titng eap. 

Chiing minh. Giā sū p — 1 = de. Ta eo x p-1 = (x d — 1 )g(x). Theo dinh ly Fermat be, x p ~ l — 1 
eo p — 1 nghiem modulo p khōng dong du tūng eāp. Māt khāe, moi mot nghiem do phāi lā 
nghiem eūa x d — 1 hoāe lā eūa g(x). Theo dinh ly Lagrange, g(x) eo nhieu nhāt p — d — 1 
nghiem khōng dong du tūng eāp, vi th6 so nghiem eūa x d — 1 khōng the lt hetn lā 

(P ~ 1) - (P ~ d - 1) = d. 

Lai theo dinh ly Lagrange, x d — 1 eo khōng quā d nghiem, vāy no eo dūng d nghiem modulo p 
khōng dong du tūng eāp. Dinh ly dudc ehūng minh. □ 

Dinh ly 15. Giā sū p lā s6 ngugen to, d lā udc duong eūa p — 1. Khi do, so eae sō ngugen 
khōng ddng du hae d moāulo p lā 4>(d). 

ChvCng minh. Giā sū F(d) lā so eāe so nguyen duong bac d modulo p vā be hdn p. Ta ean 
ehūng to rang F(d) = 4>(d). V! 4>(d) = p — 1 nen d \ p — 1, tū do ta eo 

p-i= E 

d\p-l ■. 


Māt khāe, theo eōng thūe eūa Phi-hām, ta eo 

P~ 1= - : 

d\p-l 

Nhu vay dinh ly se dudc ehūng minh neu ta ehūng to dudc rāng F(d) < <f>(d) neu d\p — 1, 

Khi F(d) = 0, dieu noi tren lā tām thuōng. Giā sū F(d) ^ 0, tūe lā ton tai so nguyen a hoāe 
d modulo p. Khi do, eāe so nguyen a, a 2 , ..., a d khōng dong du modulo p. Rō rāng, moi lūy 
thūa eūa a lā mōt nghiem eūa x d — 1 = 0 (mod p), mā so nghiem khōng dōng du dūng bāng 
d, nen moi nghiem modulo p dong du v6i mōt trong eāe lūy thūa eūa a. 

Do do, vi phān tū tūy y bāc d lā mōt nghiem eūa phudng trinh a; rf — 1 = 0 (mod p) nen phāi 
dong du v6i mōt trong eāe lūy thūa eūa a. Māt khāe, theo dinh ly 11, ta eo lūy thūa k eūa a 
eo bac d khi vā ehi khi (k, d) = 1. Co dūng 4>(d) so k nhu vāy, vā do do suy ra F(d) ^ 4>(d). 
Dinh ly dUdc ehūng minh. ■ □ 



He quā 4. Moi so nguyen to deu co eān nguyen thuy. 

ChuCng minh. Giā suf p lā so nguyen tō. Khi dō (f>(p — 1 ) so nguyen bāc (p — 1 ) khōng dong 
du tirng eap modulo p (dinh ly 14). Theo dinh nghla, moi so dō lā mpt eān nguyen thūy, eho 
nen p eo (f>(p — 1 ) eān nguyen thūy. □ 

Phān eon lai eūa bāi viōt, ehūng ta se di tim tāt eā eāe so nguyen duong eo eān nguyen thūy. 

Dinh ly 16. Neu p lā mot so nguyen to le vdi eān nguyen thuy r, thi hoāe r, hoāe r+plā eān 
nguyen thuy moāulo p 2 . 

ChvCng minh. Vi r lā eān nguyen thūy modulo p nen ta eo 

ord p r - <f>(d) — p — 1 . 

Giā sū n = ord p 2 r. Ta eo r n = 1 (mod p 2 ), vā do do r n = 1 (mod p). Nhu vay, bac p — 1 eūa 
r lā mōt u6c eūa n. Māt khāe, n lā bac eūa r modulo p 2 nen n lā u6c eūa <f>(p 2 ) = p(p — 1). Vi 
n | p(p — 1) vā (p — 1) | n nen dō dāng suy ra rāng, hoāe n = p — 1, hoāe n = p(p — 1). 

Nōu n = p(p — 1 ) thi r lā eān nguyen thūy modulo p 2 , vi ord p 2 r = (f>(p 2 ). 

Trong truōng hpp eon lai, n = p — 1, ta eo r p_1 = 1 (mod p 2 ). Dāt s — r + p, ta eān phāi 
ehūng minh rāng s lā eān nguyen thūy modulo p 2 . Vi s = r (mod p), s eūng lā eān nguyen 
thūy modulo p. Nhu vay, theo ehūng minh tren ordp 2 s hoāe bāng p - 1, hoāe bāng p(p - 1 ). 
Ta se ehūng to rang, bac do khōng thō lā p - 1 . Ta eo 

s p_1 = (r + p ) p_1 = r p_1 + (p - l)pr p ~ 2 (mod p 2 ) 

= 1 + (p - 1 )pr p “ 2 = 1 — pr p ~ 2 (mod p 2 ). 

Tū do ta eo the thāy rāng, s p_1 ^ 1 (mod p 2 ). That vay, neu nguoe lai thi pr p ~ 2 = 0 (mod p 2 ), 
nen r p_2 = 0 (mod p). Dieu nāy khōng thō eo, vi p khōng ehia het r (do r lā eān nguyen thūy 
modulo p). Nhu vāy ord p 2 s = p(p — 1) = 4>(p 2 ), tūe s = r + p lā eān nguyen thūy modulo p 2 . 
Dinh ly dupc ehūng minh. □ 

Bāy giO ta xet lūy thūa tūy y eūa so nguyen to. 

Dinh ly 17. Giā sti p lā mot so nguyen to le, khi do p k eo eān nguyen thuy vdi moi sō nguyen 
āuetng k. Hōn nūa, neu r lā eān nguyen thuy modulo p 2 thi r lā eān nguyen thuy modulo p k vōi 
moi so nguyen duong k. 

ChvCng minh. Tū dinh ly 16 suy ra p eo eān nguyen thūy r sao eho do eūng lā eān nguyen 
thūy modulo p 2 , vā do do r p_1 1 (mod p 2 ). Ta se ehūng minh r eūng lā eān nguyen thūy 
modulo p k v 6 i moi so nguyen duong k. 

Bang quy nap eo tō thāy rāng 

r P k 2 ( P -i) ^ i ( mo dp k ), \/ke N. (1) 

Giā sū n = ord p fc r, ta eo n ehia het (f>(p k ) = p k ~ l (p — 1). Māt khāe, lai eo r n = 1 (mod p k ) vā 
r n = 1 (mod p). Do do p — 1 = (f>(p) ehia hōt n (dinh ly 15). Vi (p — 1) | n vā n |p fc_1 (p — 1) 
nen n = p l (p — 1) trong do t lā sō nguyōn duong sao eho , 0 ^ t ^ k — 1. Neu n = p f (p — 1) vōi 
t ^ k — 2, thi ta eo 

r r fc_ 2 (r- 1 ) = [ r r‘(r-D] pM -* ^ i ( mod /). 

Dieu nāy lā mau thuān. Vāy ord p /c r = p fc-1 (p - 1) = <f>(p k ), r eūng lā eān nguyōn thūy eūa p k . 
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CMng minh (1). De thāy dāng thiie dūng vdi k = 2. Giā sut (1) dūng vāi so nguyen dvtdng 
k ^ 2. Khi do 

r P k 2 (p-i) ^ j (mod p k ). 

Vi (r, p) = 1, ta thāy (r, p k ~ l ) = 1. Do do, tū dinh ly Euler ta eo 

r p k 2 (p-i) = r <t>(p k *) = i (mod 
Vā,y tōn tai so nguyen d sao eho 

rP fc ; 2 (p-D = l + dp k ~\ 

trong do p khōng ehia hit d, vi theo giā thiet r pk 2 ( p_1 ) ^ 1 (mod p k ). 

Ta lāy lūv thita bac p eūa hai ve phuong trinh tren vā nhān duoc 

r P fc_1 (P-l) = (1 + dp k-\y = 1 + p ( dp fc-l) + C 2 p (dp k ~ 1)2 + • • • + (dp k ~ 1 ) p 
= 1 + dp k (mod p fc+1 ). 

Vi p khōng ehia hlt p nen ta eo 

r P fc_1 (p-i) ^ i (mod p fc+1 ). 

Chūng minh lā. hoān tāt. □ 

Vi du. Ta eo r = 3 lā eān nguyen thūy modulo 7 k v6i moi sō nguyen duong k. 

Dinh ly 18. Niu s6 ngugen d%iōng n khōng phai lā lūy thita eūa mgt sS ngugen t6 hoge hai 
lān lūy thita mdt s6 nguyen tō, thi n khong eo eān ngugen thūy. 

ehūtng minh. Giā sū n lā so nguyen duong v6i phān tieh ra thūa so nguyen to nhu sau 

n = p'iPi • ■ ■ Pm ■ 

Giā sū n eo eān nguyen thūy r, tūe lā (n, r) = 1 vā ord„ r = <j>(n). Vi (r, n) = nen (r, p*) = 1, 
trong do p l lā mōt trong eāe lūy thūa nguyen to eo māt trong phān tfeh tren. Theo dinh ly 
Euler, ta eo 

r </>(p‘) = j (mod p l ). 

Giā sū U lā bōi ehung nho nhāt eūa 0(pi\ ^(p*?), • • •, <t>(p l m), tūe 

U = [<j)(Pi ), <t>(P2 ), • • • ,<t>(Pm )] • 

Vi 0(pi‘) | U nen r u = 1 (mod p\ l ) v6i moi i = 1, 2, ..., m. Do d6 

ord n r = <t>(n) < U. 

Māt khāe, do Phi-hām lā hām nhān tinh nen 

<t>(n) = <t>(p l iP 2 ■■■Pm) = 4>(Pl )4>(P2 )■■■ 4>(Pm ) • 

Nhu vāy, ta eo 

4>(Pl )4>(P2 )■■■ 4>(Pm ) < [4>(p l i ), 4>(P2 )>•••, 4>(Pm )], 

tūe lā ^(pi 1 ), <t>(P 2 ), • • •, 4>(Pm) phāi nguyen to eūng nhau tūng dōi mōt. Do 4>(p l ) = p t_1 (p— 1) 
nen d(p\ ehān neu p le, hoāe neu p = 2 vā t ^ 2. Vāy, eāe sō ^(Pi 1 ), 4>(p*2), • • •, 4>(Pm) khōng 
nguyen tō eūng nhau tūng eāp, trū truōng hop m = 1 (vā do do n lā lūy thūa eūa so nguyen 
tō), hoāe m = 2 vā n = 2p\ trong do p lā so nguyen to le vā t lā so nguyen duong. □ 


Dinh ly 19. Neu p lā so nguyen to le vā t lā so nguyen āuong, thi 2p* co eān nguyān thuy. 
Cu thi lā, neu r lā eān nguyen thuy moāulo p l thi r, (tuong ting, r + p*), lā eān nguyen thuy 
moāulo 2p l khi r le, (tuong ilng, khi r ehāri). 

Chvtng minh. Giā sii r lā eān nguyen thuy modulo p\ khi dō ta c6 

r ^(p‘) = i (mod p f ) 

vā khōng eo lūy thūa nāo nho hon 4>{p t ) thōa mān dōng du. 

Do 0(2 p 1 ) — (frfflefrffl) =. (pip^) nen 

r <Kp t ) = i ( moc j p 4 ). 


Khi r le, thi 

r 4>(2p') = i ( m od 2). 

Tū do ta eo r*^ 2 ^ = 1 (mod 2 p l ). Vi khōng eo lūy thūa be hon eūa r thōa mān dōng du nen 
r ehinh lā eān nguyen thūy eūa 2 p l . 


Khi r ehān thi r + p l le, do dō 

(r + = 1 (mod 2). 


Vi r + p l = r (mod p l ) nen 

(r + p^K^P 1 ) = i (mod p l ). 

Tū dāy, ta eō 

(r + p t )K 2 P t ) = i ( mo d 2p‘) 

vā vi khōng c6 lūy thūa be hon nāo eūa (r + p £ ) thōa mān dōng dū, ta suy ra r + lā eān 
nguyen thūy modulo 2 p f . □ 

Dinh ly 20. Neu a lā so nguyin le vā k ^ 3 lā so nguyen thi 

a &|_2 _ a 2 k 2 = i (mod 2 k ). 

Chvtng minh. Ta ehūng minh bāng quy nap. Giā sū a lā so nguyen le, a = 26 + 1. Ta eō 

a 2 = 4b(b+ 1) + 1. 

Vi b hoāe 6+1 ehān nen 8146(6 +1), tūe lā o 2 = 1 (mod 8). Nhu vāy, dinh ly dūng khi k = 3. 
Giā sū dōng du dūng v6i k, tūe lā 

a 2 * 2 = 1 (mod 2 k ). 

Khi āy ton tai so nguyen d sao eho a 2> ° 2 = 1 + d • 2 k . Tū do ta eo 

a 2 * -1 = 1 + d ■ 2 k+1 + d 2 ■ 2 2k , 


tūe lā 

a 2fc_1 =l (mod 2 fc+1 ), 

eo nghla dong du dūng v6i k + 1. Dinh ly duoc ehūng minh xong. 


□ 


Tū dinh ly tren ta suy ra rāng, eāe lūy thūa 2 k v6i ^ 3 khōng eo eān nguyen thūy. Nhū vāy, 
trong eāe lūy thūa eūa 2 ehi eo 2 vā 4 lā eo eān nguyen thūy. Ket hpp dieu nāy v6i eāe dinh 
ly 17, 18, 19, ta eo dinh ly sau dāy 

Dinh ly 21. So nguyen āuong n eo eān ngugen thuy khi vā ehi khi 

n = 2, 4, p £ , 2 p l , 

trong do p lā so nguyen to le vā t lā so ngugen dU0ng. 
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Bai tāp tif luyen 

Bāi tap 1. Tim tāt eā eāe so tir nhien n thōa mān a(n) + <j>(n) = 2n. 

Bāi tāp 2. Chufng m'inh rang n lā mot hdp sō khi vā ehi khi a(n) > n + y/n. 

Bāi tāp 3. Chhng minh rang neu hai so nguyen eō tieh eāe uōe sō khāe nhau thi hai so nguyen 
dō khāe nhau. 

Bāi tap 4. Tmh eāe dong du sau dāy bāng nhiōu phuong phāp khāe nhau: 

(a) 3 1000000 mod 165; 

(b) 5 1234567 mod 221; 

(e) 7 1000000000 mod 541. 

Bāi tap 5. Chdng minh rāng neu n/ 2, 4, p a , 2p a , trong do p lā sō nguyen to le, thi 

= \ (mod n). 

Bābtap 6. Chiing minh rang neu n ehia het eho 24 thi a(n) eūng ehia het eho 24. 

Bāi tāp 7. 

(a) Chūng minh rang neu da thūe f(x) bac n, he so nguyen, eo quā n nghiem modulo p thi 
moi he so eūa f(x) deu ehia het eho p. 

(b) Cho p lā mōt sō nguyen to. Ghūng minh rāng moi he so eūa da thūe 

f(x) = (x - l)(x - 2) • • • (x - p + 1) - x p ~ l -x + l 

ehia het eho p. 

(e) Dūng eāu (b) de ehūng minh dinh ly Wilson. 

Bāi tap 8. Tim tāt eā eāe so tu nhien n sao eho: a(n) = 12, 18, 24, 48, 52, 84. 

Bāi tāp 9. Chūng minh rāng v6i moi k > 1, k € N, phuong trinh r(n) = k eo vō so nghiem. 

Bāi tāp 10. Tim n nhō nhāt de: r(n) = 1, 2, 3, 6, 14, 100. 

Bāi tāp 11. Tim eān nguyen thūy modulo: ll 2 , 17 2 , 13 2 , 19 2 , 3 fc , 13 fc , ll fc , 17 fc . 

Bāi tāp 12. Chūng minh rang neu so nguyen duong m eo eān nguyen thūy thi phuong trinh 
dong du x 2 = 1 (mod m) ehi eo nghiem x = ±1 (mod m). 

Bāi tāp 13. Chūng minh rang māe dū khōng ton tai eān nguyen thūy 2 fc , k ^ 3, moi so 
nguyen le dōng du v6i dūng mōt so nguyen dang (—l) a 5 /3 , trong do a bāng 0 hoāe bāng 1, (3 
lā sō nguyen thoa mān 0 ^ /3 ^ 2 fc " 2 — 1. 

Bāi tāp 14. Giā sū n lā mōt so eō eān nguyen thūy. Chūng minh rāng tieh eūa eāe so nguyen 
dudng nho hdn n vā nguyen tō eūng nhaū v6i n dong du (—1) modulo n (khi n lā so nguyen 
tō, ta eo djnh ly Wilson). 

Bāi tāp 15. Tim tāt eā eāe nghiem eūa eāe phuong trinh dong du sau: 

(a) x 2 + x + 1 = 0 (mod 7); 

(b) x 2 + 5x + 1 = 0 (mod 7); 

(e) x 2 + 3x + 1 = 0 (mod 7). 



DINH LY NHŌ FERMAT 

Trān Nam Dung 1,2 


Mot hoe sinh lōp chuyen Toan khae 
vdi hoe sinh eāe ldp khae nhit thi nāo? 
Ho thuāng xuyen giāi eāe bāi toan? 

Diiu do dung. 

. - Nhung khong ehi eo the. 

• Ho cdn biit dinh ly nho Ferrnat. 

Trong eāe dinh ly eūa Toān so eāp, vāi tōi, eo le dinh ly nho Fermat lā dinh ly eo nhilu ūng 
dung da dang vā thū vi nhāt. Ke tū ngāy lām quen v6i dinh ly nho Fermat 6 nhūng bāi toān 
ehia het 16p 9, eho den nay, khi dā trō thānh giāng vien dU0c gān 20 nām, tōi vān eōn tim thāy 
6 dinh ly nhō Fermat nhieu dieu mōi me. Co the noi neu dinh ly 16n Fermat nōi tieng nhō vāo 
su hoe būa eūa no thi dinh ly nhō Fermat lai duoc biet den nhō su don giān be ngoāi eūng vōi 
npi dung sau sāe ben trong vā nhūng ūng dung rāt da dang eūa no. 

Bāi viet nāy se giong nhu rnpt eāu chuyen ke ve dinh ly nhō Fermat thōng qua nhūng bāi toān, 
nhūng dinh ly, nhūng eāeh ehūng minh, nhūng ūng dung eūa dinh ly Fermat mā trong quā 
trinh hoe vā day Toān tōi eo dip lām quen vā tim hieu. 

De tien theo dōi, xin nhāe lai dinh ly nhō Fermat lā dinh ly dupc eō vān Quoc hōi Toulouse 
(Phāp) Pierre Fermat (1601-1665) phāt bieu vāo nām 1640: 

Dinh ly 1 (Fermat). Neu p lā so nguyen to vā a lā so nguyen thi a p — a ehia het eho p. 

1 Nhū’ng truToTng hofp rieng 

Hpe sinh lōp 8, 9 eo y dinh thi vāo eāe truōng chuyen ehāe ehān se phāi gāp bāi toān: 

Bāi toān 1. Chūng minh rhng neu a lā so nguyen thi a 3 — a ehia hit eho 3. 

Phep ehūng minh khā don giān: eāeh 1 lā xet 3 truōng hop a = 3k, a = 3k +' 1, a = 3k + 2; 
eāeh 2 lā phan tieh a 3 — a = (a — 1 )a(a + 1) vā.ly luan trong ba so nguyen lien tiep, luōn eo 
mpt so ehia het eho 3. 

Cāch thū nhāt rō rāng eo the āp dung de ehūng minh a 5 —a ehia het eho 5, a 7 — a ehia het eho 
7. Tuy nhien, khoi luong tinh toān ngāy eāng tāng vā rō rāng khōng the āp dyng eho truōng 
hpp tong quāt. 

^Trtfūng Dai hoe Khoa hpe Tu nhien, Dai hoe Quoc gia thānh ph6 Ho Chi Minh. 

2 Trfch bāi giāng tai hoi thao “Cāc chuyen de boi dudng hoe sinh gioi vā eāe van de lien quan”, Phū Yen, 
thāng 04/2011. 
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Chitng minh eho p = 5. De nhanh hdn, ta eo the phan tieh 

a 5 — a = (o — l)a(a + l)(a 2 + 1). 

Rō rang neu a = 5fc, 5k ± 1 thi tieh ba so hang dāu ehia hit eho 5, eōn neu a = 5fc ± 2 thi 
a 2 + 1 = 25 k 2 ± 10/e + 5 ehia het eho 5. 

Neu kheo hdn, ta eō the viet 

a 5 — a =■ (a — 1 )a(a + l)(a 2 + 1) = (a — l)a(a + l)(a 2 — 4+5) 

= 5(a — l)a(a + 1) + (a — 2)(a — l)a(a + l)(a + 2). 

S6 hang thū nhāt hien nhien la ehia het eho 5, eōn so hang thil hai thi ehia het eho 5 vi no la 
tieh eua 5 so nguyen lien tiep. □ 

De tien ldi hdn trong tinh toān, tiep theo ehūng ta se sū dung dong du. V6i eāe dōc giā ehua 
bi6t den dong du, toi dua ra dinh nghla ddn giān vā ngan gon nhu sau: 

Dinh nghla 1. Ta viit a = b (mod n) neu nhit a vā b eo eung sS dvt khi ehia eho n hay n6i 
eaeh khāe a — b ehia het eho n. 

Ō day ta se sū dung eāe tinh ehāt cd bān eūa dong du lā: 

Dinh ly 2. 

(a) Neu a = b (mod n) vā c = d (mod n) thi a + c = b + d (mod n). 

(. b) Neu a = b (mod n) vā c = d (mod n) thi ae = bd (mod n). 

(e) Neu a = b (mod n) thi vōi moi m nguyen dvtctng, ta c6 a m = b m (mod n). 

Ta tiep tue v6i ehūng minh truōng hdp p = 7. 

Chvtng minh eho p =. 7. Sū dung eāe hāng dāng thūe quen thuOe, ta eo 
a 7 — a = a(a 6 — 1) = (a — l)a(a + l)(a 2 + a + l)(a 2 — a + 1). 


Tū dāy vāi ehū y rāng 

a 2 + a + l = (a 2 + a-6) + 7 = a 2 + a- 6 = (a- 2)(a + 3) (mod 7), 
a 2 — a + l = a 2 -a — 6 = (a + 2)(a — 3) (mod 7), 

ta thu dudc 

ciJ — a = (a — 3)(a — 2)(a — l)a(a + l)(a + 2)(a + 3) (mod 7). 

Tieh eūa 7 so nguyen lien tiep lā boi eūa 7 nen ta eo dieu phāi ehūng minh. □ 

Bāi tāp 1. 

1. Chūng minh neu a lā so nguyen thi a 11 — a ehia het eho 11. 

2. Chūng minh rāng nāu a lā so nguyen thi a 9 — a ehia het eho 30. 

3. Cho n lā mpt so tu nhien ehān. Hāy tim u6c s6 ehung 16n nhāt eūa tāt eā eāe so eo dang 
a n — a v6i a lā so nguyen. 


4. Cho n lā sō tu nhien, n > 1. Chūng minh rang u6c ehung 16n nhāt eūa tāt eā eāe so eo 
dang a n — a, trong do a chay khap tāp eāe so nguyen trūng v6i u6c ehung 16n nhāt eūa 
tāt eā eāe so a n — a v6i a = 1 , 2 ,..., 2 n. 
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2 TrureTng htfp tong quat 

2.1 Cāch ehurng minh thur nhat 

PhUdng phāp ehhng minh eho p = 5, 7 ō tren eo the tilp tue mō rōng eho p = 11, 13, ... vāi 
ngāy eāng nhieu nhūng ky xāo hdn (giong nhu a 2 + a +1 = a 2 + a — 6 = (a + 3)(o — 2) (mod 7) 
Ō tren). Thi nhung phudng phāp d6 rō rāng khōng thg giūp ehūng ta ehūng minh eho truōng 
hpp tong quāt. 

Chūng minh dūōi day tōi duqc biet khi eōn lā mot hpe sinh 16p 10. Tōi eōn nh6 rō tōi 6qc 
dupc ehūng minh nāy trgn bāi vi6t 6 bāo Toān hQc vā Tu6i trō eūa tāe giā L@ Qu6c Hān. Tōi 
dā rāt thfeh thū v6i ehūng minh nāy do tfnh ddn giān vā d§ hiiu eūa nō. 

Cāch dfty khōng lau, 30 nām sau khi tōi dupc dQc bāi bāo d6, tōi dā gāp lāi tāe giā, nay lā 
PGS.TS Lō Qu6c Hān, giāng viōn D$i hQc Vinh trong djp thāy vāo giāng day tai truōng D^ti 
hQc Sāi Gōn. Chūng tōi dā c6 djp gāp hhau, u6ng bia, n6i chuypn Toān vā tōi c6 ke v6i PGS 
Le Qu6c Hān v§ eau chuyen 30 nām ngāy tru6c. Vā tōi eūng c6 hūa lā se viet mpt bāi viet 
vl eau chuygn nāy. Vi th6, eo the n6i bāi vi6t nāy dudc lāy eām hūng tū cuqc gāp tinh eō v6i 
thāy Le Qu6c Hān tai thānh pho Ho Chf Minh vūa qua. 

Sau dāy xin dūdc gi6i thipu eāeh ehūng minh eūa tāe giā Le Quoc Hān. 

Chting minh. V6i p lā so nguyen to 16n hdn 2, vi (— a) p — (—a) = — (a p — a) nen ta ehi eān 
ehūng minh dinh ly dūng v6i a nguyen dudng. Ta ehūng minh bāng quy nap theo a. 

V6i a = l,vil p — 1=0 ehia h6t eho p nen dinh ly dūng. Giā sū dinh ly dā dūng den a, tūe lā 
dā e 6 a p — a ehia het eho p. Ta ehūng minh dinh ly dūng d6n a + 1. That vay, ta eo 


(a + 1 ) p - (a + 1) = a p + + C 2 a p ~ 2 + ■ ■ • + C p ~ l a + 1 - (a + 1) 

p - 1 

= (a p -a)+Y,Cy-\ 

t=i 

Bāy giō de y rāng v6i mpi 1 ^ i ^ p — 1 thi C* = ehia het eho p (do tū so eo thūa sō p, 

eōn māu so thi khōng) nen tong phia sau ehia het eho p. Tū do, theo giā thi6t quy nap ta eō 
(a + l) p — (a + 1) ehia het eho p. Phep ehūng minh ket thūe. □ 


Rāt ddn giān. Phāp ehūng minh nāy ehi dpa vāo tinh ehāt cd bān C’ ehia h6t eho p v6i mQi 

t = 1 , 2. . — 1. Sau nāy tōi m6i dupc bi6t rāng, tinh ehāt nāy, eūng nhu ehfnh djnh ly 

Fermat, c6 mōt nōi dung Toān hQc rāt sāu sāe. Chūng ta se eōn quay trō lai vōi tfnh ehāt nāy 
trong phān ūng dung. 


Bāi tāp 2. 

1 . Cho p lā so nguyen tō. Chūng minh rāng 



1 khi i 6 {1, p} 

0 khi i € {2, ..., p — 1} 


(mod p). 


2 . Chūng minh rāng neu x, y lā eāe so nguyen vā p lā so nguyen tō thi ta eo 

(a) (x + y) p = x p + y p (mod p); 

(b) (x + y) p2 = x^ + ^ (mod p). 
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2.2 Cāch ehuTng minh thuT hai 

Day la eāeh mā toi thitāng dung de day bāi ve dinh ly Fermat. Cāi hay eua eāeh nāy lā eo the 
md rōng sang dinh ly Euler vā dān dat mōt eāeh tu nhien den khāi niem he thāng du thu gon. 

Ta phāt bieu lai dinh ly Fermat dudi dang: Neu p lā so nguyen to vā ( a, p) = 1 thi 

a p_1 = 1 (mod p). 

Chūng ta hāy bat dāu bang mōt truōng hop rieng: p = 11 vā a — 4. Ta lān luot eō 

4-1 = 4 (mod 11), 

4 • 2 = 8 (mod 11), 

4-3 = 1 (mod 11), 

4-4 = 5 (mod 11), 

4-5 = 9 (mod 11), 

4-6 = 2 (mod 11), 

4-7 = 6 (mod 11), 

4 • 8 = 10 (mod 11), 

4-9 = 3 (mod 11), 

4 • 10 = 7 (mod 11). 

Nhān eāe dong du thūe vg theo ve, v 6 i ehū y rāng 6 ve phāi ta 06 eāe so 1 , 2 , ..., 10 xep theo 
mōt thū tu khāe, ta duōc 

4 10 • 10! = 10! (mod 11). 

Do (10!, 11) = 1 nen rūt gon hai ve eho 10!, ta duoc 4 10 = 1 (mod 11). Nhu vay ta dā ehūng 
minh duoc dinh ly Fermat trong trUōng hop p = 11 vā a = 4. 

Co the sū dung y tuōng eūa eāeh ehūng minh tren de ehūng minh dinh ly tong quāt vā hon 
nūa, ehūng minh mō rōng sau day eūa dinh ly Fermat: 

Dinh ly 3 (Euler). Cho n lā mot so nguyen āuong ldn hōn 1 vā a lā mot so nguyen bat ky 
nguyen to eūng nhau vōi n. Khi d6,taco 

a H n ) = i (mod n), 

d dāy 4>{n) lā so eae so nguyen duong nho hon n vā nguyen to eūng nhau vdi n. 

Chvtng minh. Xet n > 1, (a, n) = 1. Goi r lt r 2 , ■ ■ ■, r^ n) 1 ā tāt eā eāe sō nguyen dūong nhō 
hon n vā nguyen to eūng nhau vōi n. Goi sj, s 2 , ■ ■ ■, s^ n) tuong ūng lā so du trong phep ehia 
ari, ar 2 , ..., ar^ n) eho n. Theo dinh nghla nhu vay, ta eo 

(1) Sj, S 2 , • • • , ®^(n) ^ ri, 

(2) Si, s 2 , • • •, s^(„) nguyen to eūng nhau vōi n; 

(3) si, s 2 , .. •, s^ n ) dōi mōt phan biet. 

Nhu the si, s 2 , ..., s^ n) ‘eūng lā tāt eā eāe so ngūyen dudng nhō hon n vā nguyen to eūng 
nhau vōi n, tūe lā ta eo 

{si, s 2 , ..., S 0 ( n) } = {ri, r 2 , . .. 


! r 0(n)}- 


(1) 
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Bay giā nhān cāc d6ng dtf thile: 


ari — si (mod n), 
ar-i = s 2 (mod n), 


(mod n) 

ve theo vg, ta dtfdc 

a Hn) rir 2 ■ ■ ■ r^ n ) = SiS 2 ■ ■ ■ s*(n) (mod n). (2) 

Mat khāe, theo (1) thi 

r\r 2 • • • T<f>(n) ' ' ' S<f>(ri)- 

Mā (rif 2 • • • r^n), n) — 1 nen giān uāe hai ve eūa (2) eho rir 2 • • • r ^, ta dnoc 

a tf++ = i (mod n). 

Dinh ly Euler duoc ehūng minh. □ 

Bāi tāp 3. 

1. Chūng minh dinh ly Wilson: So nguyen duong p lā so nguyen tō khi vā ehi khi (p — 1)! +1 
ehia hlt eho p. 

Hiiōng dān. Truōe h6t, hāy ehūng minh rang neu p lā hop so thi (p - 1)! + 1 khōng 
ehia het eho p. Vdi p nguyen tō 16, hāy ehūng minh vdi mpi i e A — {2, ..., p — 2}, t6n 
tai duy njiāt k G A sao eho ik = 1 (mod p), dong thāi k ^ i. 

2. Chūng minh rang neu ( m, n ) = 1 thi 0(mn) = cf)(m)(j)(n). 

Htfōng dān. Xep eāe so 1, 2, ..., mn vāo bāng m x n nhu hinh ve: 


1 

2 

. . . " 

m 

m +1 

m + 2 


2 m 





(n — l)m + 1 

(n — l)m + 2 


nm 


Sau do dem eāe eōt nguyen to eūng nhau vdi m. Trong moi eōt, dem eāe so nguyen to 
eūng nhau vdi n. 

3. Chūng minh rāng neu n = p" 1 ^ 2 ■ ■ • thi 



2.3 Cach ehuTng minh thuT ba 

Cāch ehūng minh thū ba khā dōc dāo. Bang to hpp! Ta se giāi mōt bāi toān dem mā dāp so 
lā Vi dāp so eūa mōt bāi toān dem phāi lā so tu nhien nen tū day ta se e 6 a p — a:p. 


Bāi toān 2. Cho p lā so nguyen to vā a lā so nguyen āuōng. Ta ehia dudng trān thānh p eung 
hang.nhau. Hoi eo bao nhieu eāeh to eāe eung bhng a māu? (Hai eāeh to eo the thu dU0c tū 
nhau qua mōt phep quay duōc eoi lā giong nhau.) 
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Ldi giāi. Neu khōng tinh den dieu kien 2 eāeh tō māu eō the thu duōc tir nhau qua mōt phep 
quay dudc eoi lā giong nhau thi ta eo a p eāeh tō māu khāe nhau (mōi eung eo a eāeh tō). Co a 
eāeh tō ehi dung mōt māu. V 6 i mōi eāeh tō loai nāy, eāe phep quay khōng eho ra eāeh tō mdi. 

C 6 n lai a p - a eāeh tō set dung ft nhāt hai māu. V 6 i moi eāeh tō nāy, neu quay eāe goe 
..., 2 - ( p ^- ta se duoc p — 1 eāe eāeh tō khāe (khōng tinh den dieu kien) dong th 6 i lai khōng 
tao ra eāeh tō m 6 i neu tinh dōn dieu kien. 

Nhu vāy, so eāeh tō khāe nhau theo dūng dieu kien ehi bāng i s 6 eāeh tō khōng tinh den dieu 
kifn. Tir d 6 dāp s 6 eūa bāi toān lā o + □ 

Quay trō l?.i phāp ehūng minh djnh nhō Fermat, dāp s 6 ō tren lā k 6 t quā eūa m$t bāi toān 
dem nen phāi lā s 6 riguyen, suy ra a p — o phāi ehia h 6 t eho p, tir dāy ta c 6 djnh nhō Fermat. 

L 6 i giāi bāi toān tren eo thi trinh bāy*chāt ehe vā gāy gpn hdn n 6 u sū dung khāi niem quan 
h? tudng dudng, quy dao. Du 6 i day ehūng tōi neu ra mōt s 6 bāi tāp c 6 thl giāi duqc bāng 
phudng phāp tudng tu. 

Bāi tāp 4. 

1 . Cho p, q lā hai so nguyen to phan biet, a lā so nguyen dudng. Ta ehia duōng tron thānh 
pq eung bāng nhau. Hōi eo bao nhieu eāeh tō eāe eung bāng o māu? (Hai eāeh tō eo the 
thu duoc tir nhau qūa mōt phep quay dudc eoi lā giong nhau.) 

2. (Viet Nam, 2010) Cho bāng 3 x 3 vā n lā mōt so nguyen duong eho truōe. Tim so eāe 
eāeh tō māu khōng nhu nhau khi tō mōi ō bōi mōt trong n māu, biet rang hai eāeh tō 
māu goi lā nhu nhau neu mōt, eāeh nhan dudc tir eāeh kia bōi mōt phep quay quanh tam. 

3 Mot so uTng dung eūa djnh ly nhō Fermat 

3.1 Djnh ly Erdos-Ginzburg-Zieve 

Trong ba sō nguyen bāt ky luōn c 6 hai so eo tōng ehia het eho 2. Dāy lā mpt bāi toān ddn giān 
mā mot hpe sinh 16p 5 eūng eo the lām dupc. Rat bāt ngō lā bāi toān nāy c 6 thi tong quāt 
thānh mōt dinh ly rāt sau sāe vā dpp: 

Dinh ly 4 (Erdos-Ginzburg-Zieve). Tit 2n — 1 so nguyen bat ky, ta luon tim ehiefe n so c6 tōng 
ehia het eho n. 

Chting minh. V 6 i n nhō, dinh ly eo thi ehūng minh khā d§ dāng bāng eāeh xet eāe truōng 
hdp. Vi du, v 6 i n = 3, ta ehia 5 so nguyen vāo ba ehuong, ehuong ehia du 0, ehuong ehia 3 du 
1 vā ehuong ehia 3 du 2. Neu mōi ehuong dlu ehūa lt nhāt mōt so thi ehon tū ba ehuōng, moi 
ehuong mōt so, ta dupc ba so eān tim. Neu eo mot ehuong nāo do rōng thi se eo lt nhāt mōt 
ehuong eo ba so vā do ehinh lā ba sō eān tim. V 6 i n = 5, ta eo the lāp lai eāeh ehūng minh 
tUdng tū, tuy nhien so truōng hdp eān xet se nhieu hdn. 

Neu n lā hdp so, ehāng han n = 9, ta eo the sū dung eāeh lām sau: Ap dung ket quā v 6 i n = 3, 
tū 17 so {ai, a 2 , ..., ai 7 } dl nhien eo the ehon ra ba so eo tōng ehia het eho 3. Khōng māt 
tmh tōng quāt, giā sū do lā (a\, a 2 , 03 ). 
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Tiep theo, th 13 so {a 4 , a 5 , ..., ai 7 }, cō the ehon ra ba so eo tong ehia h 6 t eho 3, giā sii do 
lā (a 4 , a 5 , a 6 ). Tiep tue nhu vay, ta dupc eāe bo ba so eo tong ehia hlt eho 3, mā, bang eāeh 
dānh so lai neu eān, giā sut do lā (a 7 , a 8 , ag ), (ai 0 , an, 012 ), ( 013 , ai 4 , 015 ). Xet eāe so 
a i + °2 + 03 a 4 + 05 + a 6 ai 3 + ai 4 + 015 

« 1 = 3 > S 2 = 3 > •••> S 5~ 3 ' 

Theo eāeh xāy dung, 5 so s 4 , S 2 , .. •, S 5 lā eāe so nguyen. Ap dung ket quā vdi n = 3, ta suy 
ra t 6 n t?ii ba s 6 trong 5 so nāy c 6 t 6 ng ehia het eho 3. Khōng māt tfnh tong quāt, giā sāt do lā 
(si, S2. S3). Khi d6 01+02 + 03-1-1-09 = 3(si + S2 + S3) ehia hāt eho 9 . 

Bāng eāeh lām tuong tp, ta thāy rāng nāu djnh dā dūng vdi n = p vā n = q thl n 6 eūng 
dūng v 6 i n = pq. Nhu vāy, ta ehi eān ehūng minh bāi toān dūng v 6 i n = p lā s 6 nguy§n t 6 . Ta 
thpe hi§n vi§c nāy nhu sau: 

Giā sū ngupe lai, t 6 n tai 2p - 1 s 6 nguyen 01 , o 2) ..., a 2p -i sao eho mQi t 6 ng eon g 6 m p phān 
tū eūa n 6 d 6 u khōng ehia h 6 t eho p. Khi d 6 , theo djnh nhō Fermat ta c 6 

• (ojj + Oj 2 + • • • + Oj p ) p—1 = 1 (mod p). 

Tū dāy, do eo tāt eā Cf p _i bp (a^, a i2 , • • • , a ip ) lāy tūt tāp hpp (ai, a 2) ..., a 2 p -i) nen 

^2 ( a h + Oi 2 + • • ■ + a i P ) P_1 S Cf p _ 1 (mod p). (1) 

l<il<i 2 <-'<ip^ 2 P -l 

Ta eo Cf p _ 1 khōng ehia het eho p. Vi the, ta se suy ra dieu mau thuān neu ehūng minh dupc 
rāng v 6 trāi ehia het eho p. Ta ehūng minh di 6 u nāy bāng eāeh ehūng minh rāng, trong khai 
trien t 6 ng ve trāi, he s 6 eūa a£a** ■ • • a*£ v 6 i si + s 2 H-H s*, = p. — 1 ehia h 6 t eho p. 

De c6 nhūng s6 hang nhu vay, ta eān ehon them p — k phān tū 4 + 1 , ..., i p de bō sung thānh p 
so vā xet (ai, H-h a ik -\ -h a ip ) p_1 . Khāi trien bieu thūe nāy, ta eo he so eūa a-) • • • a*£ lā 


(P ~ !) ! 

si! s 2 ! • • • s*;! 


Co C^ p \_ k eāeh bō sung, do do he so eūa a^a*? • • • a*£ trong khai trien 6 ve trāi eūa (1) lā 


°2 P -l-fc 


(P'~ !) ! 
si! s 2 ! — Sfc! * 


Chū f rāng do 1 < k < p — 1 n§n Cf“_^_ fc — ehia h6t eho p. Tū d6, tāt eā eāe s6 

hang a^a^ • ■ - a‘* trong 'khai trien 6 v6 trāi eūa (1) d6u c6 h§ so ehia h6t eho p, tūe lā v6 trāi 
ehia het eho p, māu thuān. Māu thuān nāy ehūng to dieu giā sū lā sai. Dinh ly dupc ehūng 
minh eho n = p vā nhu vay eho n bāt ky. □ 


Bāi tāp 5. 


1. Chūng minh rāng tū 5 s6 nguyen bāt ky luōn tim dupc mōt so hoāe mōt so so eo tong 
ehia het eho 5. 


2. Chūng minh rāng tū 9 so nguyen bāt ky luōn tim dupc 5 so eo tong ehia het eho 5. 

3. Cho p lā so nguyen to vā a, b. e lā eāe so nguyen bāt ky. Chūng minh rāng ton tai eāe s6 
nguyen x,y, z khōng dong thdi ehia het eho p sao eho ax 2 + by' 2 + cz 2 ehia h6t eho p. 


Htiōng dān. N6u ax 2 + by 2 + cz 2 khōng ehia het eho p thi 

(ax 2 + by 2 + C 2 2 ) p_1 = 1 (mod p). 
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Cāc chuyen de boi di/dng hoe sinh giōi Toān 


3.2 Ojnh ly Lueas 


Ta nhān thay rang tāt eā eāe so trong dong thii 3 vā dong thii 7 eua tam giāe Paseal deu le:' 


1 

1 1 

1 2 1 

13 3 1 

1 4 6 4 1 

1 5 10 10 5 1 

1 6 15 20 15 6 1 

1 7 21 35 35 21 7 1 


Nhan xet thue nghiem nāy eo the phāt bieu thānh mōt klt quā tong quāt: Cāc he so nhi thiie 
C k le vāi moi k = 0, 1 , ..., n khi vā ehi khi n e6 dang n = 2 m — 1 . Vā klt quā nāy lai ehi lā 
mōt truōng hpp rieng eua dinh ly Lueas* sau day: 

Dinh ly 5 (Lueas). Cho m, n lā hai so tie nhien vā p lā mot sd nguyen to. Giā sā 

m = m k p k + m k -\p k ~ l H-h m 2 p 2 + m^p + m 0 


va 


n — n k p k + n k _ip k 1 H-b n 2 p 2 + n x p + n 0 . 

Khi 46, ta eo G™ = f]f =0 C™* (mod p) (quy uSe rang C% = 0 vdi a > b). 

ChvCng minh. Khōng māt tinh tong quāt, giā sii m > n (nōu m = n thi bo de hien nhien 
dung). TVuōe het, ta thāy rang (p, i) — 1, Vi =■1, 2, ..., p = 1 nen 


C k = 


p'. 


(V ~ 1)! • 

= p- — — —■■p, 


tiie lā 

Ta eo 


p k'.(p — k)\ k\(p — k)\ 


C k = 0 (modp), Vfc = 1, 2, ..., p — 1. 

p -1 

(x + l) p = x p + 1 + g C l p x p ~ l = x p +1 (mod p). 

i=i 


( 1 ) 


Ta se ehiing minh nhān xet: 

(x + 1)^ = X 1 * 5 + 1 (mod p), Vj e N* 

bāng quy nap. That vay, v6i j = 1, nhan xet dung theo (1). Giā sii nhān xet nāy dūng v6i 
j = h ^ 1. Ta se ehiing minh rang no eūng dūng v6i j = h + 1. Ta eo 


(x + l) p = x ph + 1 (mod p). 


Tū do suy ra 


hay 


(x + l) p j = (x ph + 1) = ^x ph j +1 (mod p), 
(i + l) p + = x ph+1 + 1 (mod p). 
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Vay nhan xet dūng vāi j = h + 1. Theo nguyen ly quy nap, nhan xet duoc ehūng minh. 

Bay giā, ta xet khai trien sau 

k k rrii 

(1 + x) m = (1 + x) E -° m * p ' = H (i + x pi ) mi = n £ C 3 mi x jpi (mod p). 

i=0 i=0 j=0 

He so eūa x n ā ve (1 + x) m la C n ; do bieu di§n n = n k p k + n fc _ip fc_1 -(- n 2 p 2 + n x p + n 0 

la duy nh§,t nen he s6 eūa x n 6 vl Hi=o C } mi xip ' la Ili=o C mi - Tū do ta dupc 

k 

(mod.p). 

i=0 

Dinh ly dupc ehūng minh. □ 

Ta eo thl thā,y rat rō y tuōng ehūng minh dinh ly Lueas eūng xuāt phāt tū tfnh ehāt C k ehia 
hāt eho p neu p nguyen to vā k € (1, 2, .... ,p — 1}. 

Bāi tūp 6. 

1. Cho so nguyen dūdng n. Chūng minh rāng C k le vāi moi k = 0, 1, ..., n khi vā ehi khi 
n eo dang n = 2 m — 1. 

2. (Viet Nam, 2010) Goi S n lā t6ng binh phūdng eāe he s6 trong khai triōn eūa nhi thūe 
(1 + x) n , trong do n lā so nguyen dūdng vā x lā so thue bāt ky. Chūng minh rāng 5 2n +1 
khōng ehia het eho 3 v6i moi n. 

3.3 Mot so uTng dung khae trong Toan se f eap 

Trong mue nāy, ehūng tōi se dua ra mōt so dinh ly, bō de vā bāi toān eō lien quan den dinh ly 
nho Fermat. 

Bō de 1. So nguyen āang x 2 + 1 khong eo uōe ngugen to dang 4 k + 3. 

ChvCng minh. Giā sū tōn tai p = 4/e + 3 sao eho x 2 + 1 ehia het eho p, tūe-lā 

x 2 = — 1 (mod p). 

Nang hai ve len lūy thūa 2k + 1, ta eo 

x 4k+2 = — 1 (mod p). 

Nhimg theo dinh ly nho Fermat thi 

x 4k+ 2 = 1 ( mo dp), 

nen tū day ta suy ra 2 = 0 (mod p). Mau thuān. . □ 

Chū y lā so nguyen dang 4/e + 3 eo lt nhāt mōt u6c so dang 4k + 3, tū do ta eo hp quā saū. 

He quā 1. So nguyen dang x 2 + 1 khōng eo uōe ngugen duong dgng 4A: + 3. 

Bo dō vā he quā tren eō nhūng ūng dung het sūe hieu quā trong viee ehūng minh su vō nghiem 
eūa mōt so phudng trinh Diophant. 
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Bāi tāp 7. 

1. (Euler) Churng minh rāng phuong trinh 4 xy — x — y = z 2 khōng eo nghiem nguyen ducJng. 

2. (Lehesgue) Churng minh rang phuong trinh x 2 — y 3 * * * * 8 — 7 khōng eo nghiem nguyen dudng. 
3; ChUng minh rāng c6 vō so so nguyen to dang 4A: + 1. 

Tuong tu v6i bō de 1, bō de 2 sau dāy eflng rat hōu feh. 

B6 de 2. Chiing ■minh rhng so ngugen dq,ng x 2 + 3 khōng c6 uōe so nguyen t6 dQ,ng 6 k + 5. 
Ch4tng minh. Gi& sfl ngupe lpi, t6n tpi x vā p — 6k + 5 sao eho 

x 2 + 3 = 0 (mod p). 

VI n6u x thōa mān ddng du thfle trfin thi x + p eflng thōa mān ddng du thfle n6n ta c6 thi giā 
stf x 16. Pāt x = 2y + 1, ta suy ra 

4y 2 + 4y + 4 = 0 (modp). 


Do (4, p) = 1 nōn ta c6 
hay 


y 2 + y + l = 0 (modp), 


y 3 = 1 (mod p). 

Nāng hai v§ len lūy thfla 2k + l, ta dfldc 

y 6fc+3 = 1 (mod p). 


Māt khāe, theo dinh ly nhō Fermat thi 

y 6fc+4 = 1 (mod p). 

Ket hdp v6i tren, ta dudc y = 1 (mod p), tfl d6 suy ra 3 = 0 (mod p), māu thuān. Vāy dieu 
giā sfl lā sai vā ta eo dieu phāi ehflng minh. □ 

Bāi tāp 8. Chflng minh eo vō s6 so nguyen to dang 6A: + 1. 

Bāi toān 3. ChHng minh rhng khōng tdn tai s6 len> 1 sao eho 3 n + 1 ehia het eho n. 

ehHng minh. Ta ehflng minh bāng phfldng phāp phān ehflng. Giā sfl t6n tui n 16, n > 1 sao 
eho 3 n + 1 ehia h6t eho n. Gpi p 1 ā u6c nguyōn t6 nhō nhāt efla n, khi d6 p 16 vā ta c6 

3 n + 1 = 0 (mod p). 


Suy ra 


3 2n = 1 


Māt khāe, theo dinh ly nhō Fermat thi ta eo 

3P" 1 = 1 


(mod p). 
(mod p). 


Vi p lā u6c so nguyen to nhō nhāt efla n nen ta eo (n, p — 1) = 1, suy ra (2n, p — 1) — 2. Theo 

dinh ly Bezout, ton tai eāe so nguyen x, y sao eho 2 nx + (p — 1 )y = 2. Ap dung eāe dong du 
thfle ō tren ta suy ra 

3 2 = 3 2nx+(p - 1)u = 1 (mod p), 


hay 

8 = 0 (mod p). 

Mau thuān vi p lā so nguyen t6 le. Vāy diōu giā sfl lā sai vā ta c6 dieu phāi ehflng minh. □ 
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Bāi toān 4. CMng minh rang moi udc so ngugen to eua so F n = 2 2 ” + 1 eo so <kc ba,ng 1 khi 
ehia eho 2 n+1 . 

ChvCng minh. Giā sil F n = 2 2 " + 1 ehia het eho so nguyen to p. Khi do ta c6 

2 2 " +1 = 1 (mod p). 

Goi h lā so nguyen duong nhō nhāt sao eho 2 h = 1 (mod p). Khi d6 do 2 2 " +l = 1 (mod p) nen 
ta suy ra h 12 n+1 , tufe h = 2 k . N6u k < n thi ttf day ta suy ra 2 2 " = 1 (mod p), māu thuān vdi 
dieu kien 2 2 " = — 1 (mod p). Vāy 

h = 2 n+1 . 

Bay gid, āp dung dinh ly nho Fermat ta eo 

2 P_1 = 1 (mod p). 

Tā dinh nghla eūa h, ta lai suy ra p — 1: h = 2 n+1 vā do ehinh lā dieu phāi ehūng minh. □ 
Bāi tāp 9. 

1. (Viet Nam, 2001) Cho so nguyen ducfng n vā hai sō nguyen nguyen tō eung nhau a, b 16n 
hon 1. Giā sū p, q lā hai u6c le 16n hon 1 eūa a 6 ” + 6 6 ". Hāy tim so du trong phep ehia 
p 6n +q en cho6-(12) n . 

2. Chūng minh rāng phuong trinh x 7 + y 7 = 1998 z khōng eo nghiem nguyen duong. 

3. Cho k lā mpt so nguyen duong 16n hon 1. Ghflng minh rāng t6n t'ai vō so so nguyen 
duong n sao eho 2 2 " + k lā hpp. āo. 

4. (Viet Nam, 2011) Cho dāy so nguyen ( a n ) dupc xāc dinh bōi ao =? 1, a\ = — 1 vā 

a n = 6a n _i + 5a„_ 2 , 

v6i moi n ^ 2. ChUng minh rāng 02012 — 2010 ehia hāt eho 2011. 

4 He mā RSA 

V6i su būng no eūa Internet, eāe giao thtfe giao dich dien tū dā trō thānh mpt thānh phān 
khōng the thieu dupc trong d6i song, nhūng khāi niem nhu thanh toān dien tū, ngān hāng 
dien tū, ehū ky dien tū... dā trō ben quen thuōe. Vā nen tāng bāo mat eūa eāe giao thūe dipn 
tū do lā eāe hp thong mā eōng khai mā thōng dung vā noi bat nhāt lā hp mā RSA do ba nhā 
Toān hoe Rivest, Shamir vā Adleman de xuāt vāo nām 1978. Co sō Toān hoe eūa thuat toān 
nāy ehmh lā dinh ly Euler. 

Thuat toān dupc xāy dung nhu sau: NguPi ta lāy hai so nguyen to dū 16n p, q vā tfnh n = pq, 
4>{n) — (p — 1 )(q — 1). Sau do nguPi ta ehon mōt so nguyen duong e sao eho (e, (f>(n)) = 1. 
Cap (e, n) dupc eōng khai vā lā khoa lāp mā. 

NguPi ta dūng thuāt toān Euclide tlm dupc so nguyen duong d sao eho ed = 1 (mod (f>(n)). d 
se lā khōa bi māt, dūng dō giāi mā. p, q, (f>(n) vā d dupc giū bi māt. 

De lāp mā, v6i vān bān eān mā h6a lā P, nguōi ta tinh C = P e mod n. C ehinh lā vān bān dā 
dupc mā hoa. Sau khi nhān dupc vān bān dā dupc mā hōa C, muon tim lai P, nguōi ta tmh 
C d mod n bāng eāeh sū dung dinh ly Euler: 

C d = (P e ) d = P^ = p!+^( n ) = p ( mo d n). 
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Tinh an toan eūa he mā RSA dita tren do kho eūa hai bāi toān sau: 

(a) Neu bi§t P e mod n, e vā n thi khō tim dupc P (bāi toān logarith rōi rae). 

(b) Viee phan tieh so nguyen ductng n ra thūa so nguyen to (de tim p, q, qua do tim dudc 
4>(n) vā sau dō tim dupc d) lā khō (bāi toān phan tfeh ra thūa sō). 

Chmh he mā RSA dā bien ly thuyet So tū mōt khoa hoe thuan tūy ly thuyet thānh mpt mōn 
khoa hoe ūng dung. Hien nay, So hoe Thuāt toān lā mpt mōn hoe khōng the thilu dupc trong 
eāe khoa māy tinh eūa eāe truōng Dai hoe. 

Bāi tāp 10. Cho n = pq. Chūng minh rang nlu ta biet n vā 4>(n) thi eō the biet dupc p, q. 
Tū dō suy ra dō khō eūa bāi toān tim 4>(n) tuong dudng vōi dō khō eūa bāi toān phan tieh n 
ra thūa so. 
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ŪNG DUNG LUOl DIEM NGUYEN GlAl TOĀN 

SŌ HOC VĀ TO HOP 

• • 


Huynh Tan Chāu 2 


Tren māt phāng toa do Oxy, moi diem co hoānh dō vā tung dō lā cāc so nguyen dupc goi lā 
mot diem nguyen vā tāp hpp cāc diem nguyen goi lā luōi di£m nguyen (hay ludi Gauss). Do 
ehi gidi han trong tap Z nen viee suf dung luāi diem nguyen to ra thuān lpi khi giāi quyet eāe 
bāi toān So hpe. - 


Bāi viet nāy se trinh bāi mōt so Ung dung eūa luāi diem nguyen trong giāi toān. Truāe hlt, 
ehūng ta se bāt dāu bāng bāi toān sau 4āy: 

Bāi toān 1. Cho p, q € Z + vā ( p, q) = 1. ChvCng minh rāng 

(p-l)(q-l) 


p 

+ 

2 p 

+ •• 

•• + 

(q-i)p 

_ 

q 

+ 

2 q 


(P ~ 1)9 

_q. 


. q. 



: q . 


_P_ 


.P . 


. P . 


d dāy |_a_|- lā phān nguyen eua so a, ttie so nguyen ldn nhat khōng vuat qua a. 

Chiing minh. Trong māt phang toa dp Oxy, xet eāe dilm nguyen nām trong hinh ehū nhāt 
duāng eheo OA, vāi A(p, q). Ta thāy ngay eo (p — l)(q — 1) dilm nhu the. 



Do (p, q) = 1 nen khōng eo diem nāo nām tren duāng eheo, do do OA ehia ehūng thānh hai 
phān doi xūng nhau. Xet phān nam duāi OA, ta thāy so diem nām tren duāng thāng x = i, 
0 < i < p lā 

' W 


[. MN ] = 

Vāy so diem nām duāi dudng eheo OA lā 

iq 


IP J 


p-i 


(p — i)(q — i) 


Do tinh doi xūng eūa p vā q nen ta eo dieu phāi ehūng minh. 
2 Giao vien trvfdng THPT Chuyen LifOng Vān Chanh, Phū Yen. 


□ 
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Vāi eāeh nhin nhvr tren, ban doc eō the d§ dāng giāi quyet duqc bāi toān: 

Bāi toān 2. Cho a, b € Z + vā (a, b ) = 1. Tim so eāe s6 tu nhien n sao eho 

n {ax + by | x, y € N}. 

Bāy giō, ta tiep tue vōi: 

Bāi toān 3. Vdi m<?i s6 thue t > 0, goi d(t) lā so e&e phān s6 toi giān 2 mā 0 < p, q < t. Vōi 
m, n E Z + , hāy tinh tong 

Ldi giui. TVong māt phāng toa do Oxy, ta dong nhāt mōi phān so | (khōng nhāt thiet toi 
giān) vōi diem M(a, b). Xet eāe diem nguyen khōng nam ngoāi hinh ehū nhat duōng eheo AB, 
vōi >1(1, 1) vā B(m, n). Giā sut mōt dvlōng thāng l nāo dō qua O vā ehōa eāe diem nguyen 
(p, q), (2 p, 2 q), ..., (kp, kq) vōi (p, q) = 1. Vi kp ^mvkkq ^n nen ta eō 

m . m _ n n 


m 

T K k-1 


<--<V q< k K k -1 


< 


n 


Suy ra phan so toi giān ® dupc tinh k lān trong eāe so d (y) , d (y) d (^) . Dieu dō eho 
thāv S ehinh lā sō tāt eā eāe diim khōng nām ngoāi hinh ehū nhāt duōng eheo AB, vā nhu 
vay ta eō S = mn. □ 

Bāi toān 4. 

(a) CMng minh rang vōi moi n € N, tōn tai duy nhat x n , y n € N sao eho 

2n ~ (%n "b J/n) "f" 3x n "b J/n- 


(b) Vōi eae eāp (x n , y n ) ūm āuoe ō eāu (a), hāy ehveng minh 

X\+ X2 + - h £2015 = 2/1 + 2/2 + • • ■ + 2/2015 = 41664. 

Ohvtng minh. Trong māt phāng toa dō Oxy, goi T n lā diim thū n trong dāy diim ehi ra tren 
hinh ve duōi dāy. 




tfng dung \\S(A diem nguyen giāi toān So hoe vā To htfp 
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De dāng ehting minh neu toa dō eūa T n lā (x n , y n ) thi ta eo (x n + y n ) 2 + 3x n + y n — 2n. Do 
do, klt quā eāu (a) lā hien nhien. 

Bay giā, ta ehūng minh eāu (b). Dl y rāng T 2015 lā diem thū 62 tren tryc hoānh vā 


2015 




i=l 


/2015 2015 

: 


\<=i 


»=1 


GQi v lā veetor dudng eheo hinh vuōng don vi. De thāy tong eāe veetor ōfi vdi eāe diem T 
nam tren eanh huyen eūa tam giāe eanh k vuōng ean 6 O bāng k ( k ^ v, do do 


f = ^(1.2 + 2 ■ 3 + • • • + 62 • 63) = ^[l • 2 • (3 - 0) + • • • + 62 ■ 63 • (64 - 61)] = 41664u, 

U 


tū dāy suy ra dieu phāi ehūng minh. □ 

Ūng dung luōi diem nguyen, ehūng ta eō mot phuōng phāp thuan tien de thiet lāp vā ehūng 
minh eāe eōng thūe to hdp: Trong he tQa dō Oxy, ngUdi ta goi mōt dudng di tū M tāi N lā 
mōt duōng gāp khūe noi M vā N, eōn duŌng di ngān nhāt lā duōng gāp khūe tao bōi eāe doan 
thāng don vi ngang vā doc sao eho so doan thāng lā lt nhāt. Phuong phāp ehūng minh mōt 
eōng thūe tō hQp bōi so duōng di ngān nhāt gQi lā phuōng phāp quy āao. 

Chāng han, eōng thūe quen thuōe C n = C n Z\ + C n _ x eo thō nhin nhan nhu sau: eo C n duŌng 
di ngan nhāt de di tū 0(0, 0) tōi A(n, n — k), trong do gdm C n Z\ duōng di ngān nhāt tū O tōi 
B(k — 1, n — k) vā C n _ x duŌng di ngān nhāt tū O tōi C(k, n — k — 1) (lūu y rāng moi duōng 
di tū O tōi A nhāt thiāt phāi qua B hoāe C). 


Bāi toān 5. Cho m, n, k € Z + vām> k. CMng minh rang 

r*k — r’k r * 0 t /nrfc-i ri\ . .. _i_ /70 r'k 
'-'m+n+l ~ '- / m°n + u m-l u n+l + + '-'m-fc ( -'n+fc- 


Chvtng minh. C6 C^ +n+1 duōng di noi 0(0, 0) vōi M(m + n — k + 1, k). Māt khāe, de thāy 
eo C^ZiC n+i dūōng eāt dūōng thāng x = n 4- 5 tgi diōm eo tung dō * (i = 0, 1, ..., A;) gom: 
C n+i duōng noi O vōi diem (n, i), 1 duōng noi diem (n, i) v 6 i diem (n + 1 , i) vā C^Z\ duōng 
noi diem (n -f 1, i) v 6 i M. Tū do, ta eo dieu phāi ehūng minh. □ 


Cān lūu y rāng bān ehāt eūa phuong phāp quy doo lā sū dung song ānh bāng eāeh dem so 
phān tū mōt tāp hop theo hai eāeh khāe nhau. Bān ūqc eo the tlm thāy lōi giāi khāe eūa bāi 
toān 5 trong bāi “Phuong phāp song ānh trong toān to hop” (xem 6 [5]). 

V 6 i eāeh sū dung phuong phāp quy dāo nhu tren, bān doc hāy thū giāi bāi toān sau: 

Bāi toān 6. Cho m, n G Z + vā m ^ 2n — 1. Chāng minh rhng 

C n /~m— 1 , rtn—1 . , rm—1 

m ~ t -'m—1 + < -'m-2 _l L/ m-n- 


Bay giō ehūng ta se khāo sāt truōng hop phūe tap hon lā eāe duōng di bi ehān b 6 i mōt duōng 
thāng nāo do. 

Bāi toān 7. Co m + n nguōi di mua ve (n> m), trong do eo m ngudi mang tiin loai 2 ddng, 
n nguōi mang tien loai 1 dong vā mSi ve giā 1 dong. Biet rang ban dau nguōi bān ve khong 
mang theo tien, hoi eo bao nhieu eāeh xep m + n ngudi vāo mua ve de nguefi nāo eūng duōc 
thoi tien (niu eo) ngay lāp tite? 
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Ldi giāi. Dāt a t = xi + x 2 + ■ • • + Xi, trong do Xi bāng 1 neu nguāi thu! i mang tien loai 1 
dong vā bāng —1 n§u nguoe lai. 


y ‘ 






^m+n 



a 2 

Ai/ 


a 2 


/ 

\ 

/ 


ai i 

Ai 

• 

. ^ 


•^3 

, j 


0 


1 

1 1 
2 

1 \ 

3 m + n 


y= -i 







Bāi toān quy ve viee d§m so dudng di qua eāe diem Ai(i, af) mā khōng nām dudi true hoānh 
trong māt phāng toa dp Oxy. Muōn vāy ta se dem so duōng di eāt duāng thāng (d) : y = — 1. 
Xay dUng mpt song ānh th mōi duōng Q nhu vay den mōt duāng Q' lā dudng nhān dupc tit Q 
khi eho d 6 i ximg phān eua Q ki tuf diem dāu tien gāp (d). Neu Q' eo x doan huōng len vā y 
dofm huōng xuong thi x + y = m + n vā y — x = n — m + 2, suy ra y = n + 1. Vāy so duāng 
Q' lā C^f. n , tfit do suy ra dāp so eān tim lā C” +n — □ 

Dō thāy rō hdn hieu quā eua phuong phāp, ta se dting mōt eāeh khāe de giāi bāi toān tren 
trong truōng hpp dāc biet hdn lā khi m = n, eu thl lā: 

Cdch ehvfrig minh khāe eho trriifng hefp m = n. Giā sut eō 2n nguōi khāeh, n ngubi 
trong do eo 1 dong vā n nguōi eōn lai eo 2 dong. Ta eūng eān tinh so eāeh sap xep 2n 
nguōi nāy thōa mān dieu kien de bāi, tfife lā nguāi bān ve eo thl bān dUdc ngay ve eho nhūng 
nguāi khāeh mā khōng eo ai phāi dūng ehā. 

Ta xet bāi toān dudi mōt hinh thūe khāe eho d§ lap luan. Dāt 2n so, bao gom n so 1 vā n so 2 
len mpt hāng vā dānh so ehūng tit 1 den 2n theo ehieu tfit trāi sang phāi. V 6 i moi 1 ^ i < 2n, 
ta goi ūi, bi lān lupt lā so eāe so 1 vā so eāe so 2 tinh tfit vi trf i tr 6 v§ tru 6 c, d§ thāy rāng 
i = ūi + bi, Vi = 1, 2n. Chūng ta eān tinh sō trUāng hpp thoa Oj > bi, Vi. Ta gpi S lā tap hdp 
eāe hoān vi (t\, t 2 , h, ..., t 2n ) eūa 2n phān tū tren thoa d§ bāi vā T lā tāp hdp eon lai. Khi 
do, \T\ = C% n — |S| vā ta se tinh )T| truāe. 

Do eāeh xāc dinh T nen v 6 i moi phān tū t = (ti, t 2 , h, ..., t 2n ) eūa T, ta thāy ton tai lt nhāt 
mōt so i thōa a t < bi. Goi f(t) lā so thū tu dāu tien thoa mān a, < 6 », tūe lā trU 6 c do, a, vān 
khōng be hdn b, vā ngay tai thāi diem do thi bi hdn a* dūng mōt phān tū, tūe lā f(t) phāi lā 
sō le vi f(t) = ūi + bi. Khi do, ta tmh dudc 


a m ~ 


m ~ 1 
2 


b m = 


m +1 

2 


t m = 2 . 


Tai thāi diem nāy, so eāe so 2 hdn so eāe so 1 dūng mōt ddn vi nen khi ta dōi giā tri eūa eāe 
vi tri phia sau t/( t ), tū 1 sang 2, tū 2 sang 1 thi ta se eo mōt hoān vi eūa n + lso2vān — 1 



Ū’ng dung li t&i diem nguyen giāi toān So hoe vā To hOp 
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so 1. Xet vi du minh hoa trong trUdng hop n = 6 nhtf sau 

. T = {1,2, 2, 1,2, 2, 2, 1,2, 1,1,1}, 
«i = {1, 1, 1, 2, 2, 2, 2, 3, 3, 4, 5, 6}, 
bi = { 0,1,2, 2, 3, 4, 5, 5, 6, 6, 6, 6}, 
f(t) = 3, a 2 = 1, b 2 = 1, t 3 = 2, 
g(t) = {1, 2, 2, 2, 1, 1, 1, 2, 1, 2, 2, 2}. 


Khi do, g la mōt ānh xa tijf T sang U, vdi U lā mōt hoān vi eūa n + 1 so 2 vā n — 1 so 1. Ta 
se ehūng minh g lā song ānh. Thāt vāy, goi u lā mōt phan tū eūa U. Ta se dem so eāe so 1 vā 
so eāe so 2 tū trāi sang phāi. Cūng goi i lā vi tri nho nhāt sao eho neu tinh tū do ve trtfōe thi 
so eāe so 2 lōn hon so eāe s6 1, do eāeh xāc dinh U nen vi tri do luōn ton tai duy nhāt. Tiep 
tue chuyen doi 1 sang 2, 2 sang 1 6 cāc t vi tri phia sau i. Ban dāu, so eāe so 2 hon so eāe sō 1 
dūng mōt don vi tai i vi tri dāu vā dilu nāy eūng dūng tai 2n — i vi tri sau. Sau khi thay dōi 
sō eāe so hon so eāe so 2 dūng mōt don vi tai 2n — i vi tri sau; nghla lā so eāe so 1 vā so eāe 
so 2 lā bang nhau; tūe iā no ttfOng ūng vōi 1 phān tū eūa T. Do do, g lā mōt toān ānh. 


Tiep theo, ta se ehūng minh g lā dOn ānh. Goi t vā t! lā hai phān tū khāe nhau eūa T. Giā sū 
i lā vi tri dāu tiōn mā eāe so 6 t vā t' khāe nhau. Khōng māt tfnh tong quāt, giā sū U = 1 vā 
t( = 2. Khi dō de thāy f(t) ^ i. Ta eō hai trtfōng hop: 


• Neu f(t) < i, thi f(t') = f(t) vi tai i - 1 vi tri dāu, eāe s6 lā gi6ng nhau. Mā t$i vi tri 
thū i, U = 1, tt = 2 nen g(t) ^ g(t'). 


• Xet tntōng hop f(t) > i. Khi dō vi tri thū i eūa g(t) lā U = 5. Tpi i — 1 vi tri dāu, eā hai 
ben dōu giōng nhau nen f(t') ^ i. Do dō, vi tri thū i eūa g(t') lā tf { = 2. Tūe lā ta eūng 
eo g(t) ^ g(t'). 

Nhtf vay, ta luōn eo g(t) ^ g(t') v6i moi t^t' nen g lā don ānh. Ket hop v6i tren, ta suy ra g 
lā song ānh. Vā nhtf the, ta trnh dtfOc |T| = \U\ = C£- 1 , suy ra 


\S\ = ctf n - etf- 


n— 1 


Ket quā nāy ttfOng ūng v6i dieu ta thu dtfOc trong bāi toān tren vā rō rāng de nhān dtfOc dieu 
nāy thi eāe btf6c lap luan rae rōi hon khā nhieu. □ 


Bang eāeh sū dung phtfOng phāp ttfOng ttf nhtf bāi toān 7, ta eūng eo the giāi dtfc)c “bāi toān 
bāu eū” noi tieng sau (ban d<?c eo the thū sūe): 


Bāi toān 8 (Bāi toān Bertrand). Trong mōt euōe bāu eū, 6ng A eo a phieu bāu, ong B eo 
b phiiu bau (a > b). Gia thiit rang moi phieu deu hoge bau eho A hoge bau eho B, khong c6 
phieu trang vā khong eo phieu ggeh bo ea hai. Hoi xa,c sudt mā ong A luōn thang ong B tgi 
moi thdi diem? (Dāp so: 

Cuoi eūng, ehūng ta dōn v6i mōt bāi toān So hoe pha trōn To hpp ttfOng doi kho sau day: 

Bāi toān 9 (IMOSL, 2000). Cho p, q € Z + vā (p, q) = 1. Hoi eo bao nhiāu tgp S gom eāe so 
tu nhien sao eho 0 G S vā neu x € S thi x + p vā x + q eūng thuōe S ? 

L&i giai. Moi so nguyen n dtfOc bieu dien duy nhāt dtf6i dang px + qy, v6i 0 < x < q, nen ta 
eo the dong nhāt moi so nguyen n v6i diem (x, y) trong māt phāng toa dō. 
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Rō rang S ehiia mQi etiem n khōng nām dildi true hoānh, nen bāi toān quy ve viee tim so eāeh 
dānh dau eāe diem nām trong tam giāe vuōng eanh huyln OA vdi A(q, —p), sao eho neu mōt 
diem duoc dānh dāu thi nhūng diem ben phāi va nām tren no eūng duqc dānh dāu. Ta thāy 
rang moi eāeh dānh dāu nhu vāy tUdng ūng vōi mōt ehuoi gom q s6 0 va p so 1 the hiōn mōt 
eon duōng di tU O tōi A (0 lā sang phāi, eon 1 lā di xuong) mā nām hoān toān tren duŌng OA 
(de y lā trū hai dāu mūt, doan OA khōng ehūa diem nguygn nāo). 

Phān hoaeh tāt eā eāe chu6i thānh eāe ldp, mā hai chu6i bāt ky trong mōt ldp lā hoān vi vōng 
quanh eūa nhau. De thāy m6i ldp e 6 p + q ehuoi, hdn nfla trong moi ldp ehi eo dūng mōt ehuoi 
thoā mān. Tfl do ta di tdi dāp so lā □ 

Ban doc hāy suy nghl de giāi quyet bāi toān tUdng tu sau: 

Bāi toān 10. Co bao nhieu eaeh āānh dāu eāe āiern nguyen nām trong hinh ehū nhāt dudng 
eheo OM (M lā mot diim nguyen duōng) sao eho neu diem N duac ddnh ddu thi tāt eā eāe 
diim nam trong hoāe tren egnh hinh ehū nhgt ON (tdt nhien trū N) khōng dU0c dānh dāu? 

De ket thūe bāi viet nāy, xin neu them mōt so bāi toān de luygn tap: 

Bāi tāp 1 . Cho eāe s6 nguyen dudng dōi mpt nguyen t6 eung nhau ox, 02 , ..., a n . Hāy tim 
so tāt eā eāe s6 tfl nhien m sao eho 

m ^ [a\X\ + 02 X 2 H-1- a n x n \ Xi € N}. 

Bāi tāp 2. Chūng minh rāng vdi moi n € N, thi 

C^ = (^) 2 + (^) 2 + --- + (C^) 2 . 

Bāi tāp 3. Tim so eāe dāy hflu han (o<)" =0 thoā dong thōi eāe tinh ehāt: 

(a) a 0 = 0 vā a< € N, VI < i ^ n; 

(b) |a< - a i+ i| = 1, VO < i < n - 1. 

Bāi tāp 4. Giā sū A(a, a ), B(b, /3) lā eāe diōm eo toa dō nguyōn, hdn nōa b > a ^ 0, a > 0, 
/? > 0, vā A'(a, —a) lā diem doi xūng vdi A qua true Ox. Chūng minh rāng so eāe duōng di 
tfl A den B eāt true Ox hoāe c6 diem ehung vdi Ox bāng so eāe duōng di tfl A' den B. 



tfng dung lu'al diem nguyen giāi toān S6 hoe vā To htfp 
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Bāi tāp 5 (Viet Nam, 2003). Trong māt phāng tpa dp, eho bon diem phan biet A(0, 0), 
B(p, 0), C(m, q), D(m, n ) vdi m, n, p, q lā bon so nguyen dvrong thōa mān p < m vā n < q. 
Xet mpt ditdng di / tiif A den D vā mpt duōng di g tā B den C.thōa mān dieu kipn: eāe dudng 
nāy ehi di theo ehieu duong eūa eāe true toa dp vā ehi dōi huōng (tū huōng dupng eūa true 
toa dp nāy sang huPng dUPng eūa true tpa dp kia) tai eāe diem eo tpa dp nguyen. Goi S lā so 
eāe eāp dudng di (/, g) sao eho ehūng khōng eō diem ehung. Chūng minh rāng 


_ /~m (~<q _ (~iq 

'~'m+n'~ / m+q—p '- / m 


m+g'-'m+n—p- 


Bāi tāp 6. Cho so nguyen dupng n. Ky hieu r„ lā so uōe so eūa n vā a n lā tong eāe Uōe sō 
eūa n. Chūng minh rāng 


(a) 

t\ + r 2 + • • 

■ + r„=[! 


(b) 

er l + (72 + ■ 

-h On — 

TJ + *lfJ + - + -lsl 
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MŌT SŌ VAN DE CŪA GIĀI TICH TO HOP 
TRONG CHUONG TRINH THPT 

Nguyen Khae Minh 1 


Trong bai vi§t nay, ehūng tōi se trinh bay mot so van de eo lien quan mat thiet dln eāe kien 
thūe eūa Giāi tfeh To hop nām trong khuōn khō eūa ehuōng trinh giāng day 6 eāe truōng 
THPT noi ehung vā 6 eāe truōng THPT chuyen ban noi rieng. Dl dām bāo tmh he thong, mōt 
sō kiōn thūe, mae dū dā duoc trinh bāy trong eāe sāeh giāo khoa, vān se duoc neu lai trong 
eāe phān vilt duōi day. • 

1 Mot so khāi niem eef bān 

Dinh nghla 1. Hai tāp hōp A vā B āuoe goi lā tuong āuong v6i nhau, ky hieu A ~ B (hoae 
B ~ A), niu ton tai mot song ānh f tū A den B. 

Dinh nghla 2. Gia sii hai tāp hop A vā B tuong āuong vāi nhau, khi do ia noi rang A vā B 
eo eung lue luong. 

Dl ky hieu lute luong eūa tāp hop A ta c6 th! sū dung mōt trong ba ky hieu |A|, f^A vā cardA. 
Trong bāi viet nāy, d! ehi lue luong eūa tap hop A, ehūng tōi se sū dung ky hi@u \A‘. 

Dinh nghla 3. Tāp hop A duoc goi lā tāp hūu han neu hoāe A lā tāp rōng hoāe tōn tai so 
ngugen āuong n sao eho A tuong duong v6i tāp hop gōm n so ngugen āuong dau tien. 

Trong truōng hop A lā tap hflu han thi khāi niem lfle luong eūa tāp A e6 th! duc)c thay the 
bōi khāi niem so luong phan tvt, eua tāp A (hay, noi vān tat, so phan tū eūa tāp A). 

Dinh nghla 4. Neu A lā tāp rōng thl noi rang sd phan tii eūa tāp A bang 0 (hay cdn noi tāp 
A eo 0 phān tū). Neu tāp hop A tuong duong v6i tāp gōm n so nguyān duong dāu tien thi noi 
rāng s6 phān tū eūa tāp A bang n (hay cdn noi tāp A eo n phān tū). 

Nhān xet. Tfl eāe dinh nghla tren eo the thāy: Khi noi tap so A eo n phān tū 
eān hi!u rang A gom vā ehi gom n so dōi mōt khāe nhau. 

2 Cāc phep toān tren eāe tap hefp 

Dinh nghla 5. Hop eūa n tāp hop (n € N*, n ^ 2) A\, A 2 , ..., A n , ky hieu (J" =x Ai, lā tāp 
hop gom tāt eā eāe phāri tū mā mōi phān tū thuoe it nhāt mgt trong eāe tāp Ai, A 2 , ..., A n . 

Dinh nghla 6. Giao eūa n tāp hop (n € N*, n ^ 2) A\, A 2 , ..., A n , ky hi$u n”=i A», lā tāp 
hop gām tāt eā eāe phān tū mā mōi phān tū deu thuge tāp hop Ai v6i moi i = 1, 2, ..., n. 

^Oue Khāo thf vā Kiem dinh ehat luong giāo duc. 


(n E N*) thi 
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Chu y. Ō eae dinh nghla tren, thay vi eho eāe. ky hieu (J” =1 Ai, Pl" =1 Ai, nguōi ta eon sii dung 
eāe ky hieu Ai U A-i U • • • U A n , Ai fl Ai fl • • • fl A n . 

Dinh nghla 7. Hieu aua tāp hōp A vā tāp hōp B, ky hieu A\B, lā tāp hōp gom tat eā eāe 
phān t'ā ehi thuoe A mā khong thuoe B. Dac biet, neu B C A thi hi$u A\B cdn āvtōe goi lā 
phān bu eua tāp B āoi vōi tāp A. 

Dinh nghla 8. Tieh Descartes eua n tāp hōp (n € N*, n ^ 2) A\, A 2 , ..., A n , theo thve tu 
do, lā tāp hōp gSm tat eā eāe bo phān tū (oi, a%, ..., o„) mā o» € Ai vdi moi i = 1 , 2, ..., n 
vā duōc ky hieu bdi Ai x A? x ■ ■ ■ x A n . 

Dinh nghla 9 (Tieh Descartes suy rōng). 

(o) Vdi hai tāp hūu hān A, B vā so nguyen k eho truōe mā k < |B|, ta xāy dyng tāp h<?p 

mōi, ky hi$u M(A, B, k) nhu sau: 

% 

M(A, B,k) = {(o, b) | o € A, b € B vā mōi phān tū a thuāe A dU(fc ghip eāp 
vōi dung k phan tvt thuōe tāp hōp B}. 

Khi do, tāp M(A, B, k) dUōc goi lā tieh Descartes suy rOng eua hai tāp hōp A vā B theo 
thvt tu do. Dāc biet, khi k = |5| thi M(A, B, k) lā tieh Descartes eua hai tāp hōp A, B 
theo thū tu do. 

(b) Vōi n tāp hūu hpn (n € N*, n ^ 2) Ai, A 2 , .. ., A n vā n so nguyen duōng k x , k 2 , ..., k n 
eho truōe mā ki = |i4i|, ki < |Aj| vōi mpi i = 2,n, ta xāy āifing eāe tāp hāp mdi nhu sau: 

Mi=A x , 

M 2 = M(M\, A 2 , k 2 ), 

M 2 = M(M 2 , A 2 , k 2 ), 


Mi = M(M*_i, A h ki), 


M n — M(M„_i, A n , k n ). 

Ta ga% tāp M n lā tieh Descartes suy rOng eua n tāp h(fp A\, A 2 , ..., A n theo thvt t\C d6, 
vā se ky hi$u tāp M n bdi M(Ai, A 2 , ..., A n , ki, k 2 , ...., k n ). 



Tinh ehāt 1. Neu A, B lā hai tāp hūu han rdi nhau (nghia lā AC\B = 0) thi 

\AUB\ = \A\ + \B\. 

ChvCng minh. Neu lt nhāt mōt trong hai tap hdp A, B lā tap 0 thi khāng dinh lā hien nhien. 

Xet truāng hdp A^ 0 vh B ^ 0. Giā suf |^4| = m vh \B\ = n vdi m, n 6 N*. Khi do, theo hai 

dinh nghla 1 vā 4, ta eo: 

• Ton tgi song ānh f : A-> {1,2, ..., m}. 

• Ton tai song ānh g : B —> {1, 2, ..., n}. 
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Mot so vān de eūa Giāi tieh To hefp trong eht/efng trinh THPT 


Vi A fl B = 0 nen vāi moi t £ A U B ehi eo the xāy ra mōt trong hai khā nāng: 

(i) t £ A vā t £ B. 

(ii) t £ Avkt £ B. 

Tāt eā nhōng dieu tren day eho phep ta xay dung ānh xa: 

h : A U B —> {1, 2, ..., m + n} 

f(t) neu t £ A 


t£ AuBy-+ 


{ 


g(t) + m neu t £ B 


De dāng ehōng minh duōc h lā song ānh tit tāp A U B den tāp {1, 2, ..., m + n}. VI the, 
āUB~{l,2,...,m + n}, vā di6u nāy ehōng tō \A U B| = m + n = |A| + |5|. □ 

He quā 1. Neu B lā tāp eon eua tāp hūu hq,n A thi 


\A\B\ = \A\-\B\. 

Chttng minh. Vi B C A nen A = (A \ B) U B vā (^4 \ B) D B = 0. Do vāy, theo tinh ehat 1, 
ta eo \A\ = |>1\B| + |B|, tōe \A\B\ = \A\ - \B\. □ 

Tmh ehāt 2. Neu Ai, A 2 , ..., A n (n £ N*, n ^ 2) lān tāp hūu han ddi mōt rdi nhau thi 

\Ai U A2 U ■ • • U A n \ — |^4i| + l^l H-1- \An\. 


Chxtng minh. De dāng ehōng minh dupc kgt quā nāy bāng phuong phāp quy nap theo n. □ 
Tinh ehāt 3. Vōi A, B lā hai tāp hūu han bat ky, ta luōn eo 


\AUB\ = \A\ + \B\-\ADB\. 

Chv!ng minh. Ta eo 

AUB = Au(4\(>lnB)). (1) 

D§ thāy, j4nBCBvāi4n(B\(>ln B)) = 0. Vi thi, tō (1), theo tmh ehāt 1 vā hō quā 1 ō 
tren, ta suy ra ^ 

|>1UB| = \A\ + |B\(>lnB)| = \A\ + |B| - |yln£|. 

Tinh ehāt 3 duqc ehUng minh. □ 


Tiinh ehāt 4. Vdi A\, A 2 , ..., A n (n £ N*, n ^ 2) lā n tāp hūu hg,n bat ky, ta luon eo 

\JA, 


i =1 


= Ef - 1 )*' 1 £ 


fc=l 


fc 

n+ 

j =1 


Chvtng minh. Day ehmh lā tong quāt eūa tmh ehāt 3 vā no eo the dudc ehUng minh de dāng 
bāng eāeh sū dpng quy nap theo n. □ 

Tinh ehāt 5. V6i A, B lā hai tāp hūu hg,n bdt ky, ta luon eo , 

\Ax B\ = \B kA\ = \A\ • |B|. 
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Cac chuyen de boi di/cfrig hoe sinh giōi Toan 


ChvCng minh. De th§,y neu lt nhat mpt trong hai tap A, B la tap rong thi khāng dinh hien 
nhien dūng. Xet A ^ 0 , B ^ 0 . Dat |j4| = m, m G N* vā giā sū A = {oi, 02 , ..., o m }. Dat 
|B| = n, n € N* vā giā sū B = { 61 , 62 , • • •, b n }. Khi do, tū dinh nghla eūa A x B, de thāy 

A x B = A\ U A 2 U • • • U A m , (1) 

trong do A { = {(a i? 61 ), ( 0 ^, b 2 ), • •., ( 0 *, 6 „)} vdi moi i = 1 , 2 , ..., m. 

Hien nhien A^ fl Aj = 0 , Vi ^ j e {1, 2, ..., m}. Vi the, tū (1), theo tmh ehāt 2, suy ra 

\A x B| = |^4i| + I+I 2 I + • • • + \A m \. ( 2 ) 

Vi ^4j ~ B vdi moi i = 1, 2, ..., m (de dāng ehūng minh) nen tū ( 2 ), ta eo 

|AxB|=m|H| = |v4|-|H|. 

Tnong tn, ta eūng ehūng minh dūdc \B x A\ = |A| • |B|. □ 

Tfnh ehāt 6 . Vdi A\, A 2 , ..., A n (n E N*, n > 2) lan tāp hūu han bāt ky, ta luon eo 

\A\ x A 2 x • • • x A n \ = |>li| • \A 2 \■ ■ • |i4„|. 

Chvtng minh. De dāng ehūng minh dūdc ket quā nāy bang phūdng phāp quy nap theo n. □ 

Bāng eāe phtrong phāp dā sū dung d§ ehūng minh eāe tinh ehāt 5, 6 , ta se ehūng minh dūpc: 

Tmh ehāt 7. Vōi A\, A 2 , ..., A n (n G N*, n ^ 2) lā n tāp hūu han bat ky vā k\, k 2 , ..., k n 
lā n so nguyen āūOng eho trūōe thoa mān k\ = |j4i|, k, ^ |.Ai|, Vi = 2 , 3, ..., n, ta luōn eo 

\M(A\, A 2 , ..., A n , k\, k 2 , ..., k n )\ = k\k 2 • • • k n . 


4 So phan tuf eūa mot so dang tāp hOp 

Giā thiet dūdc neu ra dūdi dāy se lā giā thiet ehung eūa eāe bāi toān 1, 2, 3, 4: Cho eāe so 
nguyen āūōng k, n. Xet tāp A eo n phān tū vā A = { 01 , a 2 , ..., a n }. 

Bāi toān 1. Goi T\ lā tāp gom tat eā eāe bo (a^, Oi 2 , ..., a, k ) eo thū tū thoa mān a^ E A, 
Vj = 1, 2, ..., k vā ūi x , Oi 2 , ..., ūi k khong bdt buoc doi mot khāe nhau. Chūng minh rang 

|Ti| = n k . 

ChvCng minh. De thāy Ti = A\ x A 2 x • • • x Ak, vdi A\ = A 2 = • • • = A k . Tū do, theo tmh 
ehāt 6, ta eo ngay dieu phāi ehūng minh. □ 

Bāi toān 2. Giā sū k ^ n. Goi T 2 lā tāp gom tat eā eāe bo (a^, a\ 2 , ..., a ik ) eo thū.tū thoa 
mān a i} € A, Vj = 1, 2, ..., k vā a ix , a i2 , ..., a ik doi mot khāe nhau. Chūng minh rang 

\T 2 \ = n(n — 1) • • • (n — k + 1). 


ChvCng minh. De thāy T 2 = M(A\, A 2 , ..., A n , k\, k 2 ..., k n ), trong do A\ = ■ ■ ■ = A k = k 
va. n\ = n, n 2 = n — 1, ..., n k = n — k + 1. Vi the, sū dung tfnh ehāt 7, ta eo ngay dieu phāi 
ehūng minh. □ 
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Dinh nghla 10. Mōi phān tū eūa tāp d tren ditōc goi lā 'mot ehinh hefp ehāp k eūa n phān 
ti£ ai, a 2 , • • • j a n . 

Dinh nghla 11. Khi k = n thi moi phān tū eūa tāp T% d tren āuoe goi lā mot hoān vi eūa n 
phān tū a\, 02 , • • •, a n . 

Tif ket quā bāi toān 2 , ehūng ta eo: 

He quā 2 . Co tāt eā n\ hoān vi eūa n phān tū a\, a^, • •'•, a n . 

Bāi toān 3. Gia sūk < n. Goi T 3 lā tāp gom tāt eā eāe bo (a n , a i2 , ..., a, fc ) khong eo thū tu 
thōa mān a^ € A, Vj = 1, 2 , ..., k vā a it , a i2 , ..., a ik āōi mot khāe nhau. Chūng minh rang 

|rp | n! 

1 3 ' = k\ (n — k)\’ 

Chvlng minh. Phan hoaeh tap T 2 thānh*cāc tāp eon T ilji2 .. in) v 6 i Tj li i 2 i ... i t n lā tap gom tāt 
eā eāe phān tū t 6 T 2 mā t dupc tao nen bōi k phān tū dōi mōt khāe nhau a ix , a i2 , ..., a ik eūa 
tap A. Goi T* lā tap gom tāt eā eāe tap eon eūa phān hoaeh noi tren. De thāy T* ~ T 3 , nen 

|T*| = |T 3 |. (1) 

Do |T ilii2i ... iifc | = A;! (theo he quā 2) nen ta eo 

IT*I = n ( n - 1 )---( n ~ k + 1 ) = n ■ 

1 1 k\ k\ (n — k )\’ 


Ket hop v 6 i (1), ta duoc dieu phāi ehūng minh. □ 

Dinh nghla 12. Mōi phān tū eūa tāp T 3 āuoe goi lā mot k-tāp eon eūa tāp A eo n phān tū, 
hay eon duoc goi lā mot to hop ehāp k eūa n phān tū a\, a%, ..., a n . 

Chū y. S 6 phān tū eūa ,tap T 3 thtfōng dtfOc ky hieu b 6 i C n , hay 


Bāi toān 4. Goi T 4 lā tāp gom tāt eā eāe bo (a n , a i2 , ..., a ik ) khōng eo thū tu thoa mān 
a n € A, Vj = 1, 2, ..., k vā a n , a i2 , ..., a ik khong bat buoc doi mot khāe nhau. Chūng minh 
rang, khi do taeo 

Rl = <&*-,. 

Chūng minh. Xet tāp S = {(*i < ii < • - ■ < 4) |ij € (1, 2, ..., n}, Vj = 1, k}. D§ thāy 

(1) 


Xet ttfOng ūng 

(*i ^ *2 ^ ^ ik) G S !->• (*i, «2 + 1, ■ -., h + k — 1). 

De dāng ehūng minh dtfOc rāng ttfOng ūng noi tren xāc lap mōt song ānh tū S dln S*, trong do 
S* lā tap gom tāt eā eāe bō (ti, ..., t*,) khōng eō thū ttf thoa mān tj E (1, 2, ..., n + k — 1} 
v 6 i mQi j = 1 , 2 , ..., k vā ti, t%, ..., t*, dōi mot khāe nhau. Vi vay, ta eo 


S~S*. ( 2 ) 


Tū (1) vā (2), ta suy ra T 4 ~ S*. Mā |5*| = C n+k _ x (theo ket quā bāi toān 3) nen ta eo 


Do lā dieu phāi ehūng minh. 


|T„| = |5| = |5*| = 


□ 
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Cac chuyen de boi du’Sng hoe sinh gioi Toān 


Bang philelng phāp dā suf dung ō bāi toān 3, difa vao ket quā bāi toān 2 ta se giāi quyet dUdc: 

% 

Bāi toān 5. Cho tāp A eon ph&n tū (n € N*) vā A = {ai, a 2 , ..., a n }. Cho n +1 so tijt nhien 
k u k^, ..., k n , k thoa mān āieu kien ki + k 2 + ■ ■ • + k n = k. Ggi T$ lā tāp gdm tdt cd eae bo 
(ūi ,, ūi 2 , ..., ūi k ) eo thā tu mā trong mōi bo ta diu thay phan tū a^ xuat hien dūng ki lan vōi 
moi i = 1 , 2, ..., n. Chūng minh -rang 



k\ 

ki\k2 } .' • • k n \ ‘ 


5 Cāc bāi toān āp dung 

Bāi toān 6. Cho eāe sd nguyin duōng k vā n. Ggi A lā tāp gom tdt cd eāe s6 nguyen āuetng 

a khōng vU(ft quā n vā thda mān a : k. Hāy tim |A|. 

« 

Ldi giai. D§ thāy A — {k, 2k, ..., mk}, vāi m lā so thōa mān di§u ki§n 

mk^n<(m + l)k. (1) 

Tut do suy ra A ~ {1, 2, ..., m}. Vi the \A\ = m = J (do (1)). □ 

Bāi toān 7. Cho s6 nguyen ductng n vā eho k s6 nguy€n ductng ai, ū 2 , ..., a^ doi mōt nguyen 
t6 eūng nhau. Ky hi$u A = {a 6 N* | a < n; a ‘/.ūi, Vi — 1, 2, ..., k}. Hāy tim \A\. 


Ldi gi&i. Vdi m 6 i i — 1, 2, ..., k, d&t Ai = {a € A* | a: Oj}, vdi A* lā tāp g 6 m n s 6 nguy§n 
dttdng dāu tien. Ta c 6 


Do Ai lā tāp eon eūa tāp A* nen 


>i = A*\ [\jAi . 

i / 


U^C>1*. 

i=l 


(i) 


Vi the tū ( 1 ), theo h§ quā 1 vā tinh ehāt 4, suy ra 


U* 


= w - E(-i r - 1 £ 

1 ^* 1 <* 2 < •<*».<* 


m=1 


14 = 1^1 - 

( n n n \ . 

— + — +•••+ — +--- + (-l) fc 

aij [a 2 J l a k\J 


n+ 

1.7=1 


n 


aia 2 • • • Ofc 


Bāi toān du<?c giāi quyet xong. 


□ 


Bāi toān 8 . Cho so nguyen duōng n. Goi A lā tāp gSm tat ea eāe so nguyen duōng a^n vā 
(a, n) = 1. Hāy tim |/1|. 

Ltfi giai. Giā sū n eo phān tfeh ehuān lā 

n = Pi‘p 2 2 • • • , 

trong do ki, k 2 , ..., k m € N* vā p\, p 2 , ■.., p m lā tāt eā eāe Uāe nguyen to eūa n. Khi do 

A = {a e N* | a < n; a /p u V* = 1,2,..., m}. 
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Vi the, theo ket quā bāi 'toān 7, ta eo 


E 


n 


i=l Pi l(i<Km PiP i 


+ (-l)" 


n 


PlP2-'-Pm 


Bāi toān duqc giāi quyet xong. 


Bāi toān 9. C/io s 6 nguyān āiletng n. Goi A lā tgp gdm tat ea eāe sS nguyen āuong a thoa 
mān n ehia het eho a. Hāy tim |yl|. 

Ldi giai. Giā suf n eo phan tieh ehuān lā n = Pi'p* 2 • trong do k\, k 2 , ..., k m e N* vā 

Pi, P 2 , ■ ■ ■, p m lā tāt eā eāe Uāe nguyen to eūa n. Khi d 6 , moi o G A deu eo dang t 

a = Pi 'Pt-'-Pm, 

trong do U € N vā ti ^ ki vdi mQi i = 1,2, ... ,m. 

Tir dāy suy ra A ~ B, v 6 i B lā tap gom tāt eā eāe bo eo thū tu (ti, t 2 , • ■ • > t m ) thoa mān 
U e N vā U ^ ki, Vi = 1, 2, ..., m. Māt khāe, de thāy 

B = Bi x B 2 x • • • x B m , 


trong d6 Bi = {0, 1, ..., A*}, Vf = 1, 2, ..., m. 

Vi vay, |A| = |B| * m • |B 2 | • • • |B n | = (1 + *i)(l + k 2 ) • • • (1 + k m ). □ 

Bāi toān 10. Cho eāe so nguyān duong k vān thoa mān diiu kiān n > k 2 — k + 1. Xet n tāp 
hop A\, A 2 , ..., A n thoa mān ddng thdi eāe diiu kien: 

(i) \Ai\ = k, Vi = 1, 2, ..., n; 

(n) |A U Aj\ = 2k - 1, Vt ^ j e {1, 2, ..., n}. 

Hāy tim | U"=i M- 

Ldi gi&i. TU eāe giā thiāt eūa bāi toān suy ra 


\AinAj\ = l, Vi^j€{l, 2, ...,n}. 


X 6 t mOt tāp bāt ky, ehlng han A\. Khi do, do ( 1 ) ta eo 


( 1 ) 


|i4ini4i| = l, V* = 2, 3, ..., n. 

Mā tāp A\ c 6 k phān tū nen, theo nguyen ly Dirichlet, phāi ton tai phān tū o G ^4i lā phān tū 
ehung eūa lt nhāt m tāp trong so eāe tāp A 2 , ..., A n , v 6 i 


m > 


n — 1 
k 


> k — 1 . 


( 2 ) 


Neu m < n — 1 thi se ton tai Aj mā o ^ Aj. Khi do, tū (1) vā (2) suy ra \Aj\ ^ m + 1 > k. 
Dieu vūa nhān duoc eho thāy m = n — 1 , vā vl the 




Tū dāy d§ thāy | Ur=i M = n (k - 1) + 1. 


□ 
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Bai toān 11. Hoi til eāe ehū so 1, 2, 3, 4, 5 ta eo the lāp ātiōe tat eā bao nhieu so eo 15 ehū 
sō mā trong mōi so, mōi ehū sō deu eo mat āūng 3 lān vā khong eo ehū so nāo ehiem 3 vi tri 
lien tiep trong so? 

Ldi giāi. Goi A* lā tap gom tāt eā eāe sō thōa mān yeu eāu de bāi, vā goi A lā tap gom tāt 
eā eāe so eo 15 ehū sō dudc lap nen bōi eāe ehū so 1, 2, 3, 4, 5 mā moi ehū so deu eo mat dūng 
3 lān trong sō. D§ thāy . 




( 1 ) 




trong d6 A { lā tap gom tāt eā eāe so thuōe A mā trong moi sō, ehū so i ehiōm dūng 3 vi tri 
lien tiep, i = 1, 2, 3, 4, 5. 

Xet 1 ^ k ^ 5. D§ dāng ehūng minh dūdc rang 

k t 

n* 


*=i 


(15- 2Jb)! 


3 5 - fc 


Do do tū ( 1 ), theo he quā 1, tinh ehāt 4 vā ket quā bāi toān 5, suy ra 

|A*| = ^-C‘.^ + Cf ■ y | + - C| ■ |1 = 2858830680. 

Bāi toān dūdc giāi quyet xong. □ 

Bāi toan 12 . Cho k, n e N* vā 1 < k < n. Hoi eo tāt eā bao nhiāu e&eh ehgn ra k s6 doi mōt 
khae nhau tū n so ngmgen dūōng dāu tiSn sao eho trong mōi bō k s6 dūōc ehon ra, khong eo 
hai so nāo lā hai so ngugen lien tiep? 

Lōi giāi. Goi m lā sō ean tim. Ta eo m = |A|, v 6 i A lā tāp gōm tāt eā eāe bō khōng eo thū 
tū (aj, a 2 , ..., a*;) thōa mān a* e { 1 , 2 , ..., n} vōi moi i = 1 , 2 , ..., fe vā |Oj — Oj| ^ { 0 , 1 } 
v 6 i moi i^jE ( 1 , 2 , ..., fe}. 

Khōng māt tinh tōng quāt, vōi mōi (a^, a 2 , ..., a*,) € A, ta eo the giā sū a^ < a 2 < • ■ ■ < a k . 
Xet tūdng ūng 

(ai, a 2 , ..., a*;) e A i-> (ai, a 2 — 1, ..., a k — k + 1). 

D§ thāy, tūdng ūng noi tren xāc lāp mpt song ānh tū A den B, vōi B lā tāp gōm tāt eā eāe 
bō (&i, h^, ... ,b k ) khōng eo thū tif thōa mān b, e {1, 2, ..., n — fe + 1 }, Vi = 1, 2 ..., fe vā 
bi bj, Vz ^ j e {1, 2 , ..., fe}. Tū dāy suy ra A ~ B, vā nhū vāy ta eo |i4| = \B\ = C%_ k+1 
(theo ket quā bāi toān 3). □ 

Bāi toān 13. Cho e&e so ngugen dūōng n, k, m thoa mān diiu kien 1 < fe ^ n. Hoi eo tāt eā 
bao nhieu eāeh ehon ra k so phān biet ai, a 2 , ..., a k tū n so ngugen dūōng dāu tien sao eho 

K - ūj\ > m, Mi^ j e{\,2, ...,k)? 

Ldi giāi. Bang phūdng phāp dā sū dung de giāi bāi toān 12, ta d§ dāng ehūng minh dūdc so 
ean tim bāng C*_ (fc _ i)m . □ 

Bāi toān 14. Cho n, k, m e N* thoa mān dieu kien m > 1 w 1 < fe < n. Hoi eo tāt 
eā bao nhieu ehinh hōp ■ ehgp k (ai, a 2 , ..., a k ) eūa n so ngugen dūōng dāu tien mā mdi 
ehinh hōp (a\, a 2 , ..., a k ) deu thoa mān it nhāt mot trong hai dieu kien: hoge ton tgi hai so 
i j e { 1 , 2 , ..., fe} sao eho i < j vā a, > ūj, hoge tōn tgi i e { 1 , 2 , ..., fe} sao eho a, — i 
khōng ehia het eho m,? 
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Lefi giāi. Goi A la tap gōm tāt eā eāe ehinh hop ehap k eua n so nguyen duong dāu tien. Goi 
A* lā tap gōm tāt eā eāe ehinh hpp thoa mān yeu eāu de bāi, vā goi B lā tap gom tāt eā eāe 
ehinh hpp khong thōa mān yeu eāu de bāi. Hign nhien ta eo 

A* — A\B. ( 1 ) 

Xet tap B. Ta eo 

B = {(oi, a 2 , ..., a k ) e A | ai < a 2 < • • ■ < a k \ a { — i : m, Vi € {1, 2 ..., k}}. 

Xet tuong tfng 

(a i, a 2 , ..., a k ) € B M- (ai + (m - 1), a 2 + 2 (m - 1), ..., a k + k(m - 1)). 

De dāng ehvmg minh dupc tuong utng noi tren xāc lap mot song ānh tir B den B \, trong do B\ lā 
tāp gom tāt eā eāe bp khōng eo thu: tu (6 1} 6 2 , ..., b k ) thoa mān 6 » € { 1 , 2 ,..., n + k(m — 1 )} 

vā bi: m, Vz 6 {1, 2 ..., k}. Th do suy ra 

B ~ B\. 


Māt khāe, theo ket quā bāi toān 6 vā bāi toān 3 thi 


\B\\~C 


i^rj+ fc ' 


Vi vay, th ( 1 ), theo h 6 quā 1 vā bāi toān 2 , tadupc |yl*| = n(n— 1 ) • • • (n-k+l)-C ( n _ k , 

L th J 


-\-k 


□ 


Chu y. Trong bāi toān tren, khi eho m = 2 ta se eo bāi 3 eua de thi Quōc gia ehon hoe sinh 
gioi Toān THPT nām 1996 (bāng A). 

Bāi toān 15. Cho eae so k, n G N* vā 1 < k < n, n > 3. Cho da giae loi A\A 2 ... A n . Hoi 
eo tat cd bao nhieu eāeh tō māu k āinh eua da giāe do sao eho trong mdi eāeh tō khōng eo hai 
dinh ki nhau nāo eūng duoc tō māu? 


Ldi giāi. Goi T lā tāp gom tāt eā eāe eāeh tō māu thoa mān yeu eāu de bāi. Goi Ti lā tap 
gōm tāt eā eāe eāeh tō māu thuōe T mā trong moi eāeh tō, ta deu thāy dinh A\ khōng dupc 
tō māu. Dāt T 2 = T\T\. Hien nhien T = Ti U T 2 vā Ti fl T 2 = 0 . TU do, theo tinh ehāt 1 vā 
dua vāo ket quā bāi toān 12, ta de dāng ehUng minh dupc |T| = ^rfcC fc _ fc . □ 


6 Cac bāi tāp de nghi 

Bāi tāp 1 . Trong mōt ky thi tuyen sinh vāo mpt truāng Dai hoe eo 48 thi sinh dupc 10 diem 
Toān, 37 thi sinh dupc 10 diem Ly, 42 thi sinh dupc 10 dilm Hoa, 75 thi sinh dupc 10 aiem 
Toān hoāe Ly, 76 thi sinh dupc 10 diem Toān hoāe Hoa, 66 thi sinh dupc 10 diem Ly hoāe 
Hoa, vā eo 4 thi sinh dupc 10 dilm eā ba mōn. Hoi eo bao nhieu thf sinh dupc lt nhāt mōt 
diem 10 vā bao nhieu thi sinh ehi dupc dūng mōt diōm 10 ? 


Bāi tāp 2. Mōt 16p hoe eo 40 hoe sinh. Biet rāng trong 16p eo 25 hoe sinh gioi Toān, 22 hoe 
sinh giōi Vān, 22 hoe sinh giōi Ly, 33 hoe sinh giōi Toān hoāe Vān, 32 hoe sinh giōi Toān hoāe 
Ly, 31 hoe sinh giōi Vān hoāe Ly, vā 10 hoe sinh giōi eā ba mōn. Hōi eo bao nhieu hoe sinh ehi 
giōi mōt mōn vā bao nhieu hoe sinh khōng giōi mōn nāo? 
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Cāc chuyen de boi difdhg hoe sinh gioi Toān 

Bāi tap 3. Cho tāp T={neN*|l^n< 10 4 ; 2 n — n 2 7}. Hāy tim |T|. 

Bāi tāp 4. Cho T lā tap gom tāt eā eāe b$ s6 nguyen (x, y) khong eo thii tn thoa mān 
0 < x, y < 10 6 vā x 2 + y 2 49. Hāy tim |T|. 

Bāi tāp 5. Cho so nguyen n > 4 vā n doan thāng lān lupt c 6 dō dāi 1, 2, ..., n. Hōi c 6 tāt 
ea bao nhieu eāeh lāy ra bon doan thāng phan bi$t ttf n doan thāng do sao eho m 6 i bO 4 doan 
thāng duoc lāy ra lā d0 dāi eūa 4 eanh eūa mōt tū giāe ngoai tiep? Kāt quā eūa bāi toān se 
thay doi nhu the nāo neu 4 doan thāng lāy ra khōng bāt buQC phāi dōi mOt khāe nhau? 

Bāi tāp 6. Cho n e N*. Goi T lā tāp gom tāt eā eāe bō khōng eo thū tu (a, b, e, d) thōa mān 
a, b,‘ e, d € N vā a + b + e + d = 24n + 11. Hāy tim |T|. 



HĀM BĀC TRUNG CŪA TĀP HOP 
VĀ ŪNG DUNG 

Trln Nam Dung 1,2 


1 Mef dau 

Ham dāc trimg lā mot khāi niem quan trong eua Toān hoe vāi nhieu tfng dung trong ly thuyet 
Tap hpp, ly thuyet Nhom, ly thuyet Dō do vā Tieh phan, ly thuylt Xāc suat. Trong bāi viet 
nāy, ehūng ta de eap den hām dāc trimg eūa tap hpp vā nhūng ūng dung eūa nō trong ly 
thuyet Tāp hpp vā eāe bāi toān d!m. Cāch’ tiep eān hām dāc trrmg se giūp hoe sinh lām viee 
d§ dāng hon vāi eāe bāi toān ve tāp hpp vā giūp ehūng ta giāi thfeh mōt eāeh de hieu phuong 
phāp dem theo phān tū - mōt ky thuāt dem hieu quā. 

2 Djnh nghTa vā eāe tmh ehat eor bān 

Ta xet mōt tap hpp E vā tap hpp tāt eā eāe tāp eon eūa E (ky hipu lā P(E), hay 2 E ). Tap 
hpp E dūpc gpi lā tāp npp vū tru, ehūa tāt eā eāe tāp hpp mā ta quan tām den. Chū y lā E 
vā 0 eūng lā tāp eon eūa E, tūe lā phān tū eūa P(E). 

Dinh nghia 1. Vdi moi tāp eon A eūa E, hām dāc tntng xa (doc lā ehi-A) eūa A lā hām so 
xāc dinh tren E vā nhān giā tri trong {0, 1}, duoc xāc dinh nhu sau: 

f 1 neu x € A 

x a(x) - j o n £ uv £ A 

Nhū vāy, hām dāc trimg ehi nhān giā trj 0 hoāe 1, vā xa(x) nhān giā tri 1 khi vā ehi khi x 
thupe A. Vi the hām dāc tnmg eūa tāp hpp eon dūpc gpi lā hām thuoe hay hām ehi. 

Mpt tāp hpp se hoān toān dūpc xāc dinh neu ta biet hām dāc trūng eūa no. Hai tāp hpp bāng 
nhau khi vā ehi khi hai hām dāc trūng eūa no bāng nhau (tūe lā ehūng bāng nhau tai moi diem 
x thupe E). Dāy ehmh lā cd sā de ta vān dung hām dāc trūng trong viee ehūng minh eāe tinh 
ehāt lien quan din eāe phep toān tren tāp hpp. Trūāe het, ta eā eāe dinh nghia cd bān sau: 

Dinh nghla 2. Xet hai hām so xi vā Xi xāc dinh tren E vā nhān giā trj trong R. Ta viet: 

(i) Xi = X 2 khi vā ehi khi Xi(^) = X 2 (x),Vx e E] 

(ii) Xi ^ X 2 khi vā ehi khi Xi(®) ^ X 2 (x), Vx € E\ 

(iii) Xi + X 2 la mōt hāfn so tū E vāo R, xāc dinh bdi (xi + X 2 )(x) — Xi(^) + X 2 (x)\ 

(iv) XiX 2 lā mot hām sō fū E vāo R, xāc dinh bdi (xiX 2 )(^) = Xi( x )X 2 ( x ). 
l IVuōng Dai h<?c Khoa hoe Tu nhien, Dai hoe Quoc gia thānh pho Ho Chf Minh. 

2 Trich bāi giāng tai hoi thāo “B6i dtrdng phāt trien chuyen mōn giāo vien THPT chuyen”, Bāc Ninh, 07/2011. 
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Cāc chuyen de boi dtf(Jng hoe sinh gioi Toān 


Ngoāi ra, ta eūng se sut dung 0 vā 1 de ky hieu eāe hām'dong nhat 0 tren E vā dong nhāt 1 
tren E (nōi eāeh khāe 0 = Xe>, 1 = Xe)- 

Cāc tinh ehāt cd bān eūa hām dāc trung dūdc t 6 m tāt trong dinh ly sau: 

Dinh ly 1. Neu A, B lā eāe tāp eon bāt ky eua tāp vū tru E thi ta eo 

(1) (Xa) 2 = Xa1 

( 2 ) -Xā =1 -Xa] 

(3) Xahb = XaXb\ 

(4) Xaub = Xa + Xb ~ XaXb\ 

(5) Xa\b = Xa- XaXb\ 

( 6 ) Xaab = Xa + Xb niod 2. 

Phep ehūng minh dinh ly sū dung dinh nghla eūa hām dac trung, eūng nhu dinh nghla eāe 

phep toān tren tap hdp. Ō day ehū y lā ta ehon tāp ānh eūa hām dac trung lā { 0 , 1 } eo mōt 

thuan ldi lā 0 2 = 0 vā l 2 = 1 do do mā eo tlnh ehāt (1). Cuoi eūng, eūng eān nhae lai lā ky 

hieu AAB bieu thi eho hieu doi xūng eūa hai tap hdp, tūe lā tap eāe phān tū thupe dūng vāo 

mot trong hai tap hdp: 

* 

AAB = (A \ B) U (B \ A) = (A U B) \ (A n B). 

3 lJng dung hām dac tri/ng de chdng minh eae dang thuTe, 
bao hām thuTe ve tap htfp 

V 6 i eāe tinh ehāt cd bān dā neu 6 phān 2, hām dac trung eo the dupc sū dung mot eāeh hieu 
quā de ehūng minh eāe dang thūe tāp hdp. Chūng ta bāt dāu bāng eāe vl du ddn giān sau: 

VI du 1 (Quy tāe De Morgan). Neu A, B lā eāe tāp eon bdt ky thuoe E thi ta eo 

(a) ĀUB = ĀnB-, 

(b) āāTb = āub. 

ChvCng minh. (a) Ta eo 

Xāūb = 1 — Xaub = 1 ~ (Xa + Xb ~ XaXb) = (1 — X>i)(l ” Xb) = XĀXb = XĀn§- 

Tū do suy ra _ _ 

A U B = A n B. 

(b) Sū dung eāe tlnh ehāt cd bān eūa hām dāc trUng, ta eo 

XĀn§ = 1 ~ XAnB = 1 ~ XaXb- 

Māt khāe, lai thāy 

XāJb = Xā + Xb~ XāX§ = 1 - Xa + 1 - Xb ~ (1 - Xa)(1 ~Xb) = 1 - XaXb, 
nen ta suy ra hām dāc trung eūa Af)B vh AU B bāng nhau, do do ehūng bāng nhau. □ 
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Vi du 2 (Trnh phān phōi giōa phep hdp vā phep giao). Nāu A, B, C lā eāe tāp eon bat ky 
thuoe E thi ta cd 

(a) (4UB)nC = (4nC)u(ōn C); 

(b) (AnB)uC = (AuC)n(BUC). 

Chv!ng minh. Ta ehi ehtfng minh phān (a), phān (b) eo the ehōng minh tutong ttf. Ta eo 

X(^uB)nc = XaubXc = (xa + Xb — XaXb)Xc■ 

Māt khāe, 

X(Anc)u(Bnc) = XAnc + XBnc ~ XAncXBnc = XaXc + XbXc ~ XaXcXbXc 
= XaXc + XbXc — XaXbXc = (Xa + Xb — XaXb)Xc- 

Hai hām dac trtfng bāng nhau do do hai tap hdp 6 hai ve bang nhau. □ 

Bāi tāp 1. 

1. Chtfng minh rang phep hieu doi xtfng eo tinh kgt hdp, ttfe lā vdi moi tap hdp A, B, C, 

(AAB)AC = AA(BAC). 

2. Ohtfng minh rā.ng nlu An B = AnC AU B = A(JC tM B = C. 

♦ 

3. Chtfng minh neu A, B, C Ih eāe tap eon bat k^ eua E thi ta eo 

(a) (ā\B)U(ā\C) = ā\(BflC); 

(b) (A\B)\(A\C) = (A\B)nC= (AnC)\B. 

Hām dāc trtfng eon eo the lām yiec hieu quā v 6 i eāe bao hām thtfe, v 6 i ehtf y lā A C B khi vā 
ehi khi xa ^ Xb- Sau dāy lā mōt so vi du: 

Vi du 3. Chūng minh rang neu AnC ' C B nC vā A\C C B\C thi A C B. 
ehvtng minh. Ttf giā thiet ta suy ra 

XaXc ^ XbXc 
vā 

- XaXc ^ Xb ~ XbXc■ 

Cpng eāe bāt dāng thtfe ve theo ve, ta dtfdc \a ^ Xb, ttfe lā A C B. □ 

Vi du 4. Chilng minh rang neu AnB = CnD,CuD = E,CcAvāDcBthi 

C = A, D = B. 

Chvtng minh. Theo giā thiet ta eo 

(1) XaXb = XcXd; 

(2) Xc + Xd~XcXd = 1; 

(3) Xc ^ Xd ^ Xb ■ 
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Cāc chuyen de boi dirfng hoe sinh giōi Toān 

Ta eān ehumg rainh eāe bāt dāng thufe 6 (3) phāi lā eāe dāng thufe. Giā sut ngut(?c lai, ton tai 
mōt diem x mā 6 do mōt trong hai bāt dāng thāe d (3) lā bāt dāng thāe thue sU. Khōng māt 
tinh tong quāt, giā sut Xc(x) < Xa(%)- Khi dō 

Xc(x) = 0, xa(x) = 1. 

Lūe nāy, do (1) nen xb(x) = 0. Tut ket quā nāy vā bāt dāng thūe xd < Xb, ta suy ra xd(x) = 0. 
Nhimg diāu nāy māu thuān vdi (2). ū 

Bāi tāp 2. Cho E lā mōt tap hdp vā X, y, Z, X', Y', Z' € P(E). Giā sūt 

XLiYL>Z = E, xn Y = X'C\Y', x n z = x' n z', Ynz = Y'nz’ 


va 


X e X', Y e Y', ZC Z'. 

Chūtng minh rāng X = X' , Y = Y',Z = Z'. 

4 Lfng elung hām dac truTng trpng eāe bāi toān dem 

Mōt trong nhūng ūtng dung dep de vā eo ehieu sāu nhāt eūa hām dāc trung lā ūtng dung trong 
eāe bāi toān dem. Vā cd sd eūa ūtng dung nāy lā eōng thūe hien nhien sau: 

\A\ = ^2xa(x). ( 1 ) 

xeE 

Truōe het, ta se sūt dung eōng thūe nāy de ehūng minh lai eāe nguyen ly eō bān eūa phep dem. 
Dinh ly 2. Cho hai tāp hefp A vā B. Khi āo ta eō 

(1) (Nguyōn ly eōng) Neu A fl B = 0 thi \Al) B\ = \A\ + |£|. 

(2) (Nguyen ly nhan) \A x B\ = |A| • |J3|. 

(3) (Nguyōn ly trū) \A\ = |E| - \A\. 

(4) (Nguyen ly bū trū) \A U B\ = |A| + |jB| — fl B\. 

ChvCng minh. Rō rāng nguyen ly eōng vā nguyen ly trū lā hō quā eūa nguyen ly bū trū, do 
do ta ehi eān ehūng minh nguyen ly bū trū lā suy ra hai nguyen ly eon lai. Ta eo 

Xaub = Xa + X.b ~ XaXb = Xa + Xb ~ Xadb■ 

Tū do suy ra 

Xaub(x) = xa(x) + Xb(x) - Xahb(x). 

Cho x chay qua khap E roi eōng lai, ta duoc 

Y^Xaub(x) = Y Xa(x) + Y * b ( x ) ~ Y Xahb(x) 

x€E xe E xeE x€E 

Nhung dieu nāy, theo eōng thūe eo bān 6 tren, eo nghla lā \A U B\ = |^4| + |B| — \A fl B\. 
Nguyen ly bū trū duoc ehūtng minh. 

Tiep theo, ta se ehūng minh nguyen ly nhān. Theo dinh nghla thi Xaxb(x, y) = Xa(x)xb(v)- 
Tū dā.y, ta eo 

\AxB\= Y Xaxb(x,v)= Y Xa(x)xb(v) = Y x a(x)Y X b ^ = \ A \'\ B \' 
(x,y)eExF ( x,y)eExF xeE yeB 

Nhu vay quy tāe nhān dā duoc ehūng minh. □ 
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Bāi tāp 3. 

1.. Cho A, B, C lā eāe tap hdp bā,t ky. Chting minh rang 

\A U B U C\ = \A\ + |B| + \C\ - (|A n B\ + \A n C\ + \B n C|) + \A n B n C\. 

2. Chting minh eōng thtie bao hām vā loai trti (nguyen ly bu trti) tōng quāt: 

53 l^* n+ • • • + nn • • • n A n \. 

i=l i=l l^i<j<n 

Tiep theo, ta se ting dpng eōng thtie (1) de giāi thfeh phiiōng phāp dem theo phān tti. Ta minh 
hpa phtidng phāp nāy qua bāi toān sau. . 

Vi du 5. Cho E = {1, 2, ..., n} vā F = P{E). Hāy tmh 

s- E \ AnB \- 

(. A,B)€F 2 

Leti giāi. Bāi nāy eō the giāi bāng hai eāeh, eāeh 1 lā dem theo tāp hdp vā eāeh 2 lā dem theo 
phān tti. V6i eāeh 1, ta goi s(k) lā s6 tāt eā eāe b$ (-4, B) E F 2 sao eho 

1-4 n J5| = Ār. 

The thi rō rāng 

n 

S = ^2k-s(k). 

k =0 

Nhti vāy ta ehi eān di tim s(k). V6i moi k eo dinh, eō C£ eāeh ehon ra mpt tap eon gom k 
phān tti. Giā sti do lā C. Neu ta eho A n B = C thi \A n B\ = k. De dām bāo dieu nāy, sau do 
m6i phān tti thuQc E\C eo the: 

(a) Khōng thupe A, khōng thuOe B\ 

(b) ThuOe A, khōng thuOe B\ 

(e) Thuōe B, khōng thupe A. 

Ttie lā eo 3 eāeh chQn. Tti do suy ra 

s(k) = C* T~ k . 

Cuoi eiing, ta dtidc S = X)fc=o & ’ s (^) = Ylk= o kC^Z n ~ k = n • 4" -1 (tai sao?). 

Lōi giāi tren lā khā phtie tap, bao gom 2 bti6c ly luan kho: 

(1) Tinh dtipc s(k)\ 

(2) Rut gon tong kC k 3 n ~ k . 

k=o ■ 
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Cāc chuyen de bōi di/Sng hoe sinh giōi Toān 


Tuy nhien, dāp so bāi toān lai khā ddn giān: n • 4 n_1 . Ta thut tim mōt eāeh tilp ean khāe eho 
ra thāng dāp sō nāy. Va thila so n 6 dāp so gdi eho ehūng ta den phddng phāp dem theo phān 
tū, tūe lā dem so lān mōt phān tū x xuāt hien trong eāe tāp hdp A fl B. Cu the ta eō 

s= Y \ Af]B \= J2 XAnB ( x )=J2 XAnB ( x )’ 

(A,B)&F 2 (A,B)eF 2 a:e£; x€E(A,B)eF 2 

6 dāy ta dā dāo thū tir lāy tong. 

V6i mōt phān tū x e E = {1, 2, ..., n} eo dinh, xet tōng Y^(A,B)eF* Xahb(x). Ta thāy 
Xacb{x) = 1 khi vā’ehi khi A fl B ehūa x. Nhu vay 

J2 XAn B (x) = \{(A,B)eF*\xeAr)B}\, 

(A,B)eF 2 

tūe lā tong tren bang so bō (A, B) sao eho eā A vā B deu ehūa x. Co 2 n_1 tap eon eūa E ehūa 
x. Do do, theo quy tae nhan, so bō (A’B) de Af) B ehūa x bāng 2 n_1 • 2 n_1 = 4 n_1 . Tū do 


s=Y2 E XAnB ( x ) = 4 " 1 =«• 4 ’ 

x€E (A, B)eF 2 


n —1 


□ 


xe£ 


Nhān xet. Tū ket quā bāi toān nāy ta suy ra ket luān sau: Neu lay ngau nhien hai tāp eon 
A, B thuoe E = {1, 2, ..., n} thi gia tri ky vong eua \A D B\ lā j. 

Vx du 6 (APMO, 1998). Xet tāp hōp E = { 1,2,..., 1998} vā F lā tāp hop tdt ea eāe tāp eon 
eūa E. Hāy tinh tong 

S= |Ai U A.2 U • • • U A n \. 

{Ai,A 2 . A n )eF” 

Ldi giāi. Neu giāi bāi nāy bang philōng phāp dem theo tap hdp se gāp khā nhieu kho khān. 
Tuy nhien, phildng phāp dem theo phān tū eho ta ket quā mōt eāeh nhanh ehong 


Y \Ai U A 2 U 

(Ai,A 2 ,..;A n )eF n 


UA n |— Y, XAiUA 2 u -uA n (%) 

(Ai,A 2 . A n )eF n x€E 

=XAiuA 2 u-'jA n (x). 
x£E (Ai,A 2 ,...,A n )eF n 

Tong ben trong dūng bāng so eāe bQ (A\, A<i, ..., A n ) 'mā A\ U A 2 U • • • U A n ehūa x. Ta eo 
tong so eāe bō (A\, Ai, ■ ■■, A n ) bāng (2 1998 ) n (2 1998 lā so eāe tap eon eūa E). Tong so eāe bo 
(Ai, A<i, ..., A n ) mā AiU A<i U • • • U A n khōng ehūa x bāng (2 1997 ) n (2 1997 lā so eāe tap eon 
eūa E khōng ehūa x). Suy ra, so eāe bō (Ai, A 2 , ... ., A n ) mā A\ U A 2 U • • • U A n ehūa x lā 

Tū day, ta tinh dudc S = 1998 [(2 1998 ) n - (2 1997 )"] = 1998(2" - l)2 1997n . □ 

Bāi tāp 4. 

1. Cho E = {1, 2, ..., n}. V6i moi k = 0, 1, 2, ..., n, dāt F^ = {A C E \ \A\ = k} (tūe lā 
tap hdp tāt eā eāe tap eon eo k phān tū eūa E). Hāy tinh tōng Yh(A,B)eF p *.F q \ A C B\. 

2. (Viet Nam, 2002) Cho tāp hdp S gom tāt eā eāe so nguyen trong doan [1, 2002]. Goi T 

lā tāp hdp tāt eā eāe tāp hdp eon khōng rong eūa S. V6i mōi tap eon X thuōe T, ky hieu 
m(X) lā trung binh eōng eūa tāt eā eāe so thuōe X. Dāt m = ^ m (X), 6 day tong 

lāy theo tāt eā eāe tāp hdp X thupe T. Hāy tinh giā tri eūa m. 
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5 Cac u'ng dung khae eūa phu'efng phāp dem theo phan tū' 

Phuong phap dem theo phān tii dnpc trinh bāy 6 mue 4 eo the dupc tōng quāt hoa nhu sau: 
Cho F lā ho eāe tap eon eūa X. V6i x thupe X, ta goi d(x) lā so phān tū eūa F ehūa x. 

Dinh ly 3. Cho F lā ho eāe tāp eon eūa tāp hop X. Khi do 


£>(*) = X>i. 

xeX AeF 

» 

Chiing minh. Xet ma tmn ke M = (m XiA ) eūa F, nghla lā M lā ma tran 0 — 1 vdi \X\ dong 
dānh so bdi eāe diem x G X vā |F| ept dānh so b6i tap A e F sao eho m x<A = 1 khi vā ehi 
khi x € A. De y rāng d(x) bāng sō so 1 tren dong thū x eon |*4| lā so sō 1 tren eōt thū A. Nhu 
vay eā vl trāi vā vō phāi deu biōu dien so so 1 eūa M. □ 

• 

Neu ta xet do thi G = (V, E) tren tāp dinh V nhu mōt ho eāe tāp eon 2 phān tū eūa V thi ta 
eo dinh ly Euler. 

Dinh ly 4 (Euler). Trong moi do thi, tong bāc eae dinh eūa no bang hai lan so eanh eūa no 
vā nhu the, luon lā mot sō ehan. 

Dinh ly sau eo the dupc ehūng minh bāng eāeh tuong tu: 

Dinh ly 5. Vdi mgi Y C X, ta eō 


« X rf w = Xi ynj4 i; 

x£Y AeF 

m X d w 2 = X X = X X i' 4 n B i- 


xe Y 


AeFxeA 


AeF BeF 


(Hai tong d dang thūe dāu ūng vōi so so 1 tren eāe hāng Y. Cāc tong d dāng thūe thū hai dem 
sō lān xuāt hien eūa x trong eāe tāp eo dang A fl B). 


Truōng hpp dāc biet khi F = E lā tāp eon 2 phān tū, ta eo 
Dinh ly 6. V6i dd thi G = (V, E), ta eo 

f 

Y^d( x ) 2 = Y [d( x ) +d (y)]- 

x€V x,yeE 


Dinh ly sau dāy eūa hinh hoe to hpp eo nhieu ūng dung hieu quā trong eāe bāi toān dānh giā 
dien tieh vā dupc ehūng minh dua tren y tuūng eūa eōng thūe bao hām vā loai trū, eūng nhu 
phuong phāp dem theo phān tū (dū 6 dāy ehūng ta khōng lām viee v6i tāp hpp hūu han). 


Dinh ly 7. Tren mat phang eho n hinh. Goi 5^;..^ lā dien tieh phān giao eūa eāe hinh vōi ehi 
sō i\, ..., i k . S lā dien tieh phān mat phang duac phū bdi eāe hinh tren, Mk .lā tong tāt eā eāe 


Si 


n-ik 


Khi do ta eo 


(a) S = M\-M 2 + --- + (—1 ) n+1 M n - 

(b) S ^ £™i( — l) l+1 Mi khi m ehan vā S ^ X)ili( — l) l+1 M khi m le. 
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ehting minh. (a) Goi W rn lā dien tieh phān māt phāng dupc phū bdi dūng m hinh. Phān 
māt phāng nāy tao thānh tif eāe māu, moi mpt māu dupc phū bdi m hinh xāc dinh nāo do. 
Dien tieh moi mōt māu nhvf vāy khi tinh M k dupc tinh lān, vi tū m hinh eo thā thiet lāp 
dupc phān giao eūa k hinh. Vi vay 

M k = C k k W k + C k + 1 k W k+1 + ■■■ + C k W n . 


Tū day, ta suy ra 

M 1 -M 2 + --- + (-l) n+1 M n = C 1 1 W l + (Cl-Ci)W 2 + --- + (C 1 n -Cl + C*----)W n 

= w, + w 2 + ■ ■ ■ + w n , 

vi ei-ei+ei — (-irc- = (-i+c^-c^+-.-)+i = -(i-ir+i = i. 

Cuoi eūng, vūi ehū y rāng £ = W^ + W 2 H- 1 - W n , ta thu dupc dieu phāi ehūng minh. 

(b) Chūng minh phān nāy xin dupc dānh eho ban doc. □ 

Ta xem xet mpt ūng dung trUe tiep eūa dinh ly 7. 

Vi du 7. 

(a) Trong hlnh vuong dien tieh 6 eo 3 hinh da giae eo dien tieh mSi hinh bKng 3. Chiing minh 
rang trong ehung ton tai 2 hinh da giae eo dien tieh phan ehung khong nho hōn 1 . 

(b) Trong hinh vuōng dien tieh 5 eo 9 hinh da giāe c6 di$n Ueh moi hinh bāng 1. CMng minh 
r&ng trong ehung tdn tai 2 da giāe eo diin tieh phan ehung khong nho han |. 

Chvtng minh. (a) Theo dinh ly 7, phān (a) thi ta eo 

6 = 9 — (S 12 + S 2 3 + £ 13 ) + £ 123 . 

Tū do suy ra 

£12 + £23 + £13 = 3 + £123 ^ 3. 

Dieu nāy ehūng t 6 mpt trong eāe so £12, £23, £13 eo giā trj khōng nho hon 1. 

(b) Theo dinh ly 7, phān (b) thi 5 ^ 9 — M 2 , tūe lā 

, M 2 ^ 4. 

Vi tū 9 hinh da giāe eo the tao ra ^ = 36 eāp, nen dien tieh phān trong eūa mpt trong eāe 
eāp nhu vāy khōng nho hdn ^ |. □ 

Bāi tāp 5. 

1 . TVong hinh ehū nhat dien tfeh 1 eo 5 hinh eo dien tieh moi hinh bāng 

(a) Ghūng minh rāng ton tai hai hinh eo dien tfeh phān ehung khōng nho hdn 

(b) Chūng minh rāng ton tai hai hinh eō dien tieh phān ehung khōng nho hdn 
(e) Chūng minh rāng ton tai ba hinh eo dien tieh phān ehung khōng nho hdn 

2. (Nga, 1996) Trong Duma eo 1600 dai bieu, tao thānh 16000 ūy ban, moi ūy ban eo 80 
nguōi. Chūng minh rāng ton tai hai ūy ban eo ehung lt nhāt 4 thānh vien. 
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NHĀP MŌN LY THUYET DŌ THI 

• • 

Nguyen Chu Gia Vi/ōng 1 


1 Khai niem ccf ban 


1.1 Djnh nghTa dāu tien 

Trirdc h§t, ta dita ra mōt vai vi du dau tien nham minh hoa eho eāe khāi niem vā do thi. 

Vi du 1. Trong mot nhom n ^ 3 ngildi, mdi ngutdi quen biet vdi it nhat 2 ngieōi khae. Chv£ng 
minh rhng eo thi tim thay k ^ 3 ngudi A\, A^, ..., Ak sao eho vdi mōi 1 ^i k, Ai quen vōi 
Ai-i vā A i+ 1 - 


Vf du 2. Trong mot euoe gāp māt n ngvtōi, mōi ngudi lā ban lā ban eūa it nhat mōt ngUāi 
khāe. Biet rang trong mōi nhom ba nguōi bat ky khong eo ehinh xāc hai eāp nguāi bqn. Chūng 
minh rang moi nguāi deu lā bqn eūa nhau. 


Vi du 3. Trong mot thi tran eo ba ngoi nhā A, B, C vā ba nhā māy dien, nudc vā khi dot. 
MSi ngōi nhā ean phāi duōc noi vōi mSi nhā māy trān bdi mqt dudng d&n. Hoi eo thi thue hten 
duōc. eāe dudng ong sao eho hai dudng 6ng ddi mqt khōng giao nhau hay khSng? 


Vdi eāe tinh hiiong nhu tren, y ttfōng ttf nhien lā thtfe hien' mōt hinh ve: ehāng han, vāi hai vi 
du dau, ta ttfpng trtfng eho moi ngtfōi lā mpt diem trong mat phāng, hai ngtfāi quen biet nhau 
dtfpc mō hinh hōa bang mōt dtfōng nōi hai diem ttfpng trtfng eho hai ngtfōi dō. VPi vi du eon 
lai, moi ngōi nhā dtfpc mō hinh hoa bang mōt diōm, mōi nhā māy lā mōt diem, eāe dtfōng ōng 
nōi eāe ngōi nhā vōi eāe nhā māy dtfpc mō hinh hōa bang eāe dtfpng nōi giūa eāe diem. 

Cāc tinh huong nhtf vay dān den khāi niem tōng qūāt sau. 


Dinh nghla 1. Mot do thi G = (V, E) lā mōt eāp duqc tgo thānh tie mot tāp dinh V, trong do 
E C V x V goi lā tāp eāe egnh. 


VPi A, B lā hai dinh, ta goi (A, B) lā eanh noi A vā B neu (^4, B) € E. Khi do, ta noi A, B 
lā eāe dāu mūt eūa eanh {A, B). 

Nhān xet. 

• Noi ehung {A, B) vā (B, A) khōng trūng nhau. Trong trtfPng hpp nāy, ta noi do thi lā 
eo htfPng. Ngtfpe lai, neu ta khōng bao giP phan biet (A, B) vPi (B, A) thi ta noi do thi 
lā vō htfPng vā khi do ta noi A, B lā eāe dinh ke nhau. 

• Theō dinh nghla mā ta dtfa ra, mōi eap dinh dtfpc nōi vPi nhau nhiōu nhāt bōi mōt eanh 
(vā noi ehung, khong eo khugān, nghla lā khōng eō eanh nāo noi mōt dinh vdi ehrnh no), 
noi eāeh khāe, ta quan tam dōn eāe dō thi dōn. 

1 Vien Toān hoe. 
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• Chūng ta thuūng mieu tā eāe dō thi bāng eāe hinh ve: eāe dinh bōi eāe dilm vā eāe eanh 
bōi eāe duc)ng eong noi eāe diem. Noi ehung, vi tri tueing doi eūa eāe diem eūng nhu viee 
eāe dudng eong nōi ehūng eo eat nhau hay khong khōng eo vai tro nāo trong bāi toān 
(tuy nhien, ban doc luu y truōng hdp bāi toān do thi phāng). Noi rieng, eāe giao diem 
eūa eāe dudng eong khōng tao them dinh m6i eho do thi. 


Chū y rang 1 do thi eō the duoc bieu diōn bāng nhieu eāeh hinh hoe vā tō pō khāe nhau. 


1.2 Bāc 

Dinh nghla 2. Bq,c eūa dinh A lā s6 eanh, ky hieu deg(A), eūa dd thi nhān A lām dāu mūt. 

Menh de 1. Trong mgi d6 thi vōin^ 2 dinh, eo it nhdt hai dinh c6 eūng bāc. 

Chūlng minh. Do do thi lā ddn nen bāc eūa eāe dinh nām trong tāp {0, 1, ..., n — 1}. Tuy 
nhien khōng the c6 hai dinh A, B sao'eho deg(A) = 0, deg(B) = n — 1 dupc. Noi eāeh khāe, 
bac eāe dinh nām trong {0, 1, ..., n — 2} hoāe {1, 2, ..., n — 1}. Nguyen ly Dirichlet giūp ta 
ket thūe ehūng minh. □ 

Dinh ly 1. Cho mot dd thi G = (K, E). The thi 

£deg(A) = 2|£|. 

Aev 


Ō dāy \X\ ky hieu lue luōng eūa tāp hāp X. 


ChvCng minh. Theo dinh nghla, mōi eanh noi ehinh xāc hai dinh eūa do thi, do do ehūng 
dUdc tinh dūng hai lān trong tōng ben trāi. □ 


Nhān xet. Cōng thūe tren eho mōt hinh dung dāu tien vl bāc 16n nhāt vā bac nho nhāt eūa 
mōt do thi nāu biet so dinh vā so eanh: bac nhō nhāt < ^ bac 16n nhāt. 


VI du 4. Trong mōt cuqc hQp n ngitōi, mōi nguōi bat tay vōi mot so ^ 0 ngUōi khāe. ChUng 
minh rang so nguōi bat tay vōi mot s6 li nguōi khāe lā ehan. 

Chting minh. Rūt g<?n modulo 2 eōng thūe thiet lap t§d dinh ly ?? ō tren. □ 


1.3 Di/dng di vā tmh lien thong 

Dinh nghla 3. Cho A, B lā hai dinh eūa mōt d6 thi G. Mot dudng di tū A den B lā mot dāy 
eāe eanh {Ai, Ai+i), i = 0, ..., k — 1 vdi Aq = A, A^ = B. So eāe eanh {d dāy lā k) tao nin 
dudng di goi lā do dāi eūa dudng di. 

Mot do thi duac goi lā lien thōng neu vdi hai dinh bat ky, ta luon e.6 mot dudng di giūa ehūng. 

Chū y. Ta quy u6c mōt eanh dudc noi v6i ehinh n6 bōi mot dudng di eo dō dāi 0. 

Cho A lā mōt dinh eūa mōt do thi G. Tāp tāt eā eāe dinh B sao eho eo mōt du6ng di tū A 
den B dudc goi lā thānh phān lien thong eūa A, ky hieu lā Ca- Tāp eāe thānh phān lien thōng 
rō rāng tao nen mōt phan hoaeh eūa eāe dinh eūa do thi: 


• LLev — V; 

• V6i moi A, B € V, Ca = Cb hoāe Ca fl Cb = 0. 
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Noi mQt cach khae, eo the phān ehia eāe dinh mOt d6 thi thānh eāe nh6m doi mQt rdi nhau 
(eāe thānh phān lien thōng) sao eho hai dinh bāt ky trong mōt nhom dudc noi vdi nhau bōi 
eāe dudng di. 

Ta dua vāo mQt s6 xay d\mg hay sii dung sau dāy: Cho G lā mOt do thj. 

• Neu ta ehi loai bō mOt s6 eanh eūa G (giō nguyen eāe dinh) ho$c loai bo mQt s6 dinh 
eūng nhu tāt eā eāe eanh vdi lt nhāt mōt dāu mūt nām trong eāe dinh do thi ta nhān 
duoc mōt do thi m6i, goi lā mōt do thi eon eūa G. 

• Neu nhu ta gifl lai mōt so dinh eūa G vā mōt so eanh eūa G noi eāe dinh mā ta giō lai 
ta nhān dudc mot dd thi eām sinh tō G. 

• Neu ta thay th6 mot so eanh eūa G b6i eāe dō6ng di bang eāeh tao them mōt so dinh 
m6i trung gian (ehāng han thay the ( A , B) b6i (A, Ai), (A x , A 2 ), ..., A k B trong do M, 
lā eāe dinh dudc tao m6i) thi ta nhāp dudc mot do thi m6i, goi lā mōt ehia nho eūa G. 

Chū y rāng, trong mōt phep ehia nhō mōt do thj, ta khōng dudc quyen tao them mōt 
dinh m6i mā dinh do dong th6i lā dāu mūt eūa hai eanh. 

Nhān xet rāng de mōt do thi lā lien thōng, khōng th§ eo quā it eanh. 

Menh d§ 2. Cho G = (V, E) lā mot dd thi lien thong. The thi 

\E\>\V\-\. 

Chxtng minh. Ta ehōng minh bāng quy nap theo so dinh n eūa d6 thi. TrU6ng hdp n = 1, 2 
lā tām thu6ng. Goi N lā mōt s6 nguyen vā giā sū rāng mQi d6 thi lien thōng N dinh deu eo it 
nhāt N — 1 eanh. GQi G = (V, E ) lā mōt do thi N + 1 dinh. Luu y rāng do G lien thōng nen 
bac eūa moi dinh ^ 1. 

• Neu bāc eūa m6i dinh eūa G deu ^ 2 thi theo eōng thōe quen thuōe lien k6t eāe bac vā 
so eanh, ta eo 

2|£| = £deg(A)^2n, 

A€V 

tō do suy ra |E| ^ n. 

• Giā sū eo mōt dinh eūa G eo bāc 1. GQi A lā mōt dinh nhu vāy vā goi G' lā do thj dudc 

tao thānh tō G bāng eāeh loai bo dinh A vā eanh duy nhāt eūa G v6i mōt dāu mūt A. 
De thāy G' eūng lā mōt do th| lien thōng v6i N dinh vā |E| — 1 eanh. Ap dung giā thiet 
quy nap eho G' ta eo dieu eān ehūng minh. □ 

Dinh nghla 4. Cho G lā 1 dd thi (dōn). Mōt ehu trinh lā 1 dudng di do dāi ^ 0 noi mōt dinh 
vōi ehinh no, khong sH dung eanh nāo eūng nhu dinh nāo ( ngoāi dinh dau tien ) qud 2 lan. Mot 
ehu trinh, nhu vāy, lā mot dudng āi khep kin khong sū dung dinh nāo qud 2 ldn. Ta ky hieu 
mot ehu trinh A\A 2 ... A k A\. Chū y rang k ^ 3 vi eae do thi d dāy duōc giā thiet lā dōn. 

Dinh nghia 5. Mot do thi lien thōng khong eo ehu trinh duoc goi lā mōt cāy. 

Chū y rāng trong mōt cāy, giōa hai dinh bāt ky ton tai duy nhāt mōt dō6ng di: su tōn tai 
dudc bāo dām bōi tinh lien thōng, māt khāe, neu ton tai hai du6ng di phān biet giōa hai dinh 
thi bāng eāeh noi ehūng lai v6i nhau ta dōdc mōt ehu trinh. 

Bō de 1. Moi cāy deu eo mōt āinh bāc 1 (mōi dinh nhu vāy duoc goi lā mot la). 
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Chiing minh. Ta ehi ean ehting minh moi dd thi lien thong G vdi bac mōi dinh ^ 2 deu eo 
ehu trinh. That vay, ta di tren dō thi, bat dau trt mōt dinh bāt ky, tit dinh nay sang dinh khāe 
sao eho khōng sil dung lai eanh vita di. Do sō dinh lā hūu han, ta se quay lai dttc(ng dā di. 
Dieu nāy tao eho ta mōt ehu trinh. □ 

He quā 1. Cho G lā mot dd thj sao eho mōi bāc ^ 2. The thi G ehāa mot ehu tnnh. 

Ohvtng minh. Hien nhien. □ 

Nhgn xet. Moi cay deu eō the dupc xāy dung bāng eāeh bat dāu tit mōt dinh, moi lān them 
vāo cāy dā eo dūng mōt lā. That vay, moi cay dōu eo lt nhāt mōt lā. Ta eo thō huy mōt cāy 
bang eāeh lān lupt mōi lān bō mōt lā khōi cāy. Lāt ngupe quā trinh nāy ta dupc xāy dung nhu 
mong muōn. 

Cāc cāy eūng ehinh lā eāe dō thi lien t]iōng eo so eanh nhō nhāt. 

Dinh ly 2. Mot dd thf n dinh lā mot cāy khi vā ehi khi no lien thōng vā eo dung n — 1 eanh. 

Ohiing minh. Trūōe het giā sū rāng G lā mōt dō thi lien thōng, eō n dinh vā n — 1 eanh 
nhung G eo ehu trinh, ehāng han A \, A 2 , ..., A k , Ai. Nhān xet rang loai bō di eanh A\A 2 
do thi mōi vān eon lien thōng. Thāt vāy, neu eān di tū A\ tōi A 2 ta ehi eān di dudng vāng 
qua A\A k Ak-i. ■. A 2 . Tuy nhien, viee do thi mōi nāy eo n dinh, n — 2 eanh vā lien thōng māu 
thuān vōi ket quā thiet lāp tai menh dō ??. 

Dāo lai, theo bo de ??, moi cāy eo ft nhāt mōt lā. Bō mpt lā khōi cāy, hien nhien ta eo mpt 
cāy mōi vōi so dinh eūng nhu so eanh giām di mōt. Bāng suy luān quy nap theo s6 dinh ta eo 
dieu eān ehūng minh. □ 

Vf du 5. Cho G lā mot cāy. Goi A lā bāc ldn nhat. The thi, G eo it nhat A ld. 


Ohvtng minh. Goi A lā mōt dinh bāc A. V6i moi cāy eon v6i goe lā mōt dinh kō v6i A ehon 
ra mōt lā. Cāc lā nāy dōi mōt khāe nhau nōn so lā eūa cāy ban dāu khōng it hdn A. □ 


Ngoāi viōe eāe cay lā eāe dō thi liōn thōng eo so eanh nhō nhāt, ta eo the ehū y rang eāe cay 
sinh ra tāt eā eāe do thi liōn thōng. Cu thō hdn, 

Menh de 3. Moi dd thi lien thōng deu eo thi dUōc xāy dung bang eāeh them vāo mot so eanh 
vāo mgt cāy eo eung so dinh vdi do thi dā eho, vā mot cāy nhu vāy duōc ggi lā cāy bao trūm 
eūa dd thi. 


Chiing minh. Ta quy nap theo so ehu trinh e eūa do thi. Neu e = 0, do thi lā mōt cay vā ta 
khōng eo gi phāi ehūng minh. Giā sū kōt quā eān ehūng minh lā dūng v6i e ^ 0. Giā sū G lā 
mōt do thi eo e + .1 ehu trinh. Goi G' lā do thi eām sinh tū G bang eāeh giō nguyōn eāe dinh 
vā bō di dūng mōt eanh thuōe mōt ehu trinh nāo do, ehāng han eanh {A\, A 2 ) eūa ehu trinh 
A\, A 2 , ..., A k , A\. Chū y rang moi ehu trinh eūa G' deu lā mōt ehu trinh eūa G vā do ta dā 
phā di it nhāt mōt ehu trinh eūa G, so ehu trinh eūa G' vi thō ^ e. Ngoāi ra, G' vān eon liōn 
thōng (neu eān di tū A\ den A 2 ehi eān di vōng A\, A k , ..., A 3 , A 2 ). Theo giā thiōt, eo the 
xāy dūng G' tū mōt cay nāo do. Sau dō ehi eān thōm vāo G' eanh A\, A 2 de thu dupc G. □ 


Nhān xet. Ta biet rāng so eanh eūa mōt cāy bāng so dinh trū di 1. Nhu vay, de xay dung lai 
mōt do thi G = (V, E), eān thōm vāo |£'| + 1 — |V| eanh vāo mōt cāy bao trūm G. 
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1.4 Do thj day du, do thf da phan 

Dinh nghla 6. Ta goi dS thi ddy du lā mot do thi mā hai dinh bdt ky du<Jc noi vōi nhau bdi 
mot eanh. Ta ky hieu K n mot do thj dāy du n dinh. 

Nhu vāy, mōt do thi dāy du lā mot do thi eo so c?mh eiie dai tren mot tap dinh eho truōe. 


Trāi nguoe vōi tinh ehāt tren, 

Dinh nghla 7. Mot tāp eon eāe dinh eua mot dd thi duōc goi lā doc lāp vdi nhau neu hai dinh 
bāt ky trong do khong duoc noi vōi nhau bdi mot eanh. 

Dinh nghla 8. Mot do thi ducfc goi lā dd thi hai phan neu eo thi phān ehia eāe dinh eua no 
thānh hai tāp hōp, mōi tāp gom eāe dinh doc lāp vōi nhau. Tuong tu, ta eo dinh nghia eho e&e 
do thi 3 phān, ..., k-phgn. 

• 

Trong truōng hōp mot dō thi hai phān vōi X U Y lā mōt phān hoaeh eāe dinh thānh hai tāp 
dinh dōc lāp thoa mān moi dinh eūa X duoc noi v6i moi dxnh eūa Y (mot phan ehia nhu vay 
rō rāng lā duy nhāt) thi ta ky hieu Kx,y, hay K m , n (m, n tuong ūng lā lue luong eūa X, Y) 
eho do thi nhu vāy. 


Vi du 6. Do thi biiu diin bāi toān vi ba ngoi nhā vā ba nhā māy dien, nUōe, khi dot lā mot 
dS thi hai phan, eu thi han, lā riiot dS thi K 3 3 . 

Mōt d6 thi hai phān eo thō ehāp nhan nhieu eāeh phān ehia eāe dinh thānh hai tāp dinh doc 
lāp (vi du mōt do thi ehi gom eāe dinh eō lap). Ta eo eāeh mieu tā trūu tuong khāe ve eāe do 
thi hai phān nhu sau: 


Menh de 4 (Koenig). Mōt dS thi lā hai phān khi vā ehi khi khōng eo ehu trinh do dāi le. 

ehvtng minh. (a) Gia sū G lā mot dS thi hai phan. Rō rāng mot ehu trinh se di qua eāe 
dinh eūa moi tāp dinh doc lāp mōt eāeh luān phien vā do do ehi eo thō quay lai dinh dāu tien 
sau mot sō ehān lān. Noi eāeh khāe, moi ehu trinh (neu eo) eūa G phāi eo dō dāi ehān. 


(b) Giā sve G khong eo ehu trinh dō dāi le. Ta se xāy dxmg eu the mōt phān dōi eūa G bāng 
eāeh dua vāo hām khoāng eāeh. De thāy eo the giā thiōt G lien thong , neu khōng ehi eān tien 
hānh eho tifng thānh phān lien thōng roi ghep eāe phān dōi lai. Goi A lā mōt dinh bāt ky eūa 
G (lien thōng). V6i moi dinh B eūa G ky hieu d(A, B) lā khoāng eāeh giūa hai dinh A vā B, 
duoc dinh nghia nhu lā do dāi ngān nhāt trong so eāe dō dāi eāe duōng di tū A t6i B (nhu 
vāy d(A, A) — 0). Chū y rāng giā thiōt G lien thōng dām bāo eho viee dinh nghla nāy lā tot. 


Goi X, Y tuong ūng lā tāp eāe dinh eo dō dāi tōi A lā ehān, le. Hien nhien X, Y tao thānh 
mot phān hoaeh eūa tāp dinh eūa G. Hon nūa moi tāp X , Y lā mōt tāp dinh dōc lāp. Chang 
han, giā s vt B, C € X sao eho (B, C) lā mōt eanh eūa G. The thi bāng eāeh noi eāe duōng di 
dō dāi ngān nhāt tū A den B, roi eanh (B, C), du6ng di eo do dāi ngān nhāt tū C t6i A (eo 
the eān phāi bo mōt so eanh trūng nhau vā dinh lāp) ta se thu duqc mōt ehu trinh eo dō dāi 
le, māu thuān v6i giā thiōt ban dāu. □ 


Nhān xet. Ta se dua ra mōt dāc trUng khāe eūa eāe dō thi 2 phān thōng qua so sae to. 


He quā 2. Moi cāy lā mōt dS thi hai phSn. 

VI du 7. Chiing minh trUe tiep cāy lā mot dS thi hai phān. 
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Bāi tāp ti/ luyen 

Bāi tāp 1. Co 32 dOi bōng tham gia mot giāi dau bong dā. Ngāy dāu tien, m6i dpi ehoi dūng 
mōt trān. Ngāy thū hai, moi dōi ehoi them dūng mōt tran nūa. Chūng minh rāng sau ngāy thi 
dāu thū hai, ta eo the ehpn ra dupc 16 dpi b6ng sap eho hai dpi b6ng bāt ky trong so d6 ehua 
tūng thi dāu vdi nhau. 

Bāi tāp 2. Trong mOt quoc gia np eo ^ 101 thānh ph6 vā eāe dudng bay (hai ehieu) noi mpt 
so eāe thānh ph6. Bi6t rāng thū dō eo dudng bay true tiāp tdi 100 thānh pho khāe vā mpt 
thānh pho bāt ky, khōng phāi lā thū dō, eo dudng bay true tiep den dūng 10 thānh phō khāe, 
ngoāi ra hai thānh pho bāt ky dupc noi vdi nhau bāng mpt dudng bay trUe tiep hay giān tiep. 
Chūng minh rāng eo the dong mōt nūa so dudng.bay phue vu thū dō sao eho vān eo the bay 
tū mōt thānh pho bāt ky dgn mōt thānh pho bāt ky khāe. 

Bāi tap 3. Trong mōt nhom ngudi, mō{ so ngudi quen biet nhau vā mōt so ngudi khōng. Moi 
toi, mōt ngudi nāo do dāi tiee mdi tāt eā nhūng ngudi minh quen biōt vā gidi thieu ho eho 
nhap. Biet rāng, sau khi mōi nguōi deu dā to ehūe tiee van eon hai ngudi trong nhom ehua 
biōt nhau. Chūng minh rāng, tai būa tiee tiep theo, ho vān khōng dūdc gidi thieu eho nhau. 

Bāi tāp 4. Ngudi ta dāt eāe vien soi vāo eāe ō eūa mōt bāng vuōng n x n sao eho: 

(i) Moi ō khōng ehūa soi bāt ky ke (eo mōt eanh ehung) vdi mōt ō ehūa soi; 

(ii) Vdi hai ō ehūa sōi 0\, O2 bāt ky, eo mōt dāy eāe Ō ehūa sōi, bāt dāu tū O x vā k6t thūe 
tai Ō O2 sao eho hai ō lien ti6p trong dāy d6u ke nhau. 

Chūng minh rāng eo khōng lt hdn 2 ^ vien soi. 

Bāi tāp 5. Trong mōt mang xā hōi gom lt nhāt 7 ngudi, m6i ngudi trao doi thu tū vdi dūng 3 
ngudi khāe trong sō d6. Chūng minh rāng eo the phan ehia mang xā hpi ra thānh 2 nhom khāe 
rong sao eho m6i ngudi trao dōi thu tū vdi lt nhāt 2 ngudi trong nh6m mā minh nām trong. 

Bāi tāp 6. Trong mōt hōi nghi eo 2010 ngudi. Chūng minh rāng c6 the tim dupc hai ngudi 
tai hōi nghi sao eho hp eo mpt so ehān (eo the lā 0) nhūng ngudi quen ehung tai hpi nghi. 

Bāi tāp 7. Nhā vua mpt nudc np quy6t dinh xay dung n thānh pho vā n — 1 eon dudng lien 
k6t ehūng: moi eon dudng noi hai thānh ph6 vā khōng di qua mpt thānh pho khāe vā hai eon 
dudng bāt ky khōng giao nhau. Nhā vua eūng muon rāng khoāng eāeh nho nhāt giūa hai thānh 
pho (theo dudng bō) lā 1, 2, ..., n ^ 2 ~ 1 ^. Co the thue hien udc muon eūa nhā vua khōng neu: 

(a) n = 6; 

(b) n = 2011. 

Bāi tāp 8. Ngudi ta viet eāe so 0,1,..., 9, moi so dūng 10 lān, vāo eāe ō vuōng eūa mōt bāng 
10 x 10. Chūng minh rāng eo the tim dupc mpt hāng hay mōt eōt ehūa lt nhāt 4 so phān biet. 

Bāi tāp 9. Tai mōt mien no eo 50 khu dān eu vā mpt so eon dudng dāt giūa ehūng. NgUdi ta 
eo thō di chuyen tū mōt khu dān eu tūy y d6n mōt khu dan eu tūy y khāe bāng eāe eon dudng 
tren. Chūng minh rāng ngudi ta eo the trāi nhua mpt so eon dudng sao eho d moilehu dan eu, 
so eon dudng nhua di ra khoi do lā mōt so le. 
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2 Do thi phang 

2.1 Djnh nghTa 

Dinh nghla 9. Mot do thi sao eho ta c6 thi biiu diin eāe dinh bdi eāe diim trong m$t phdng 
vā eāe cQ,nh bdi eāe ditdng eong dōi mōt khōng giao nhau duoc goi lā mot do thi phdng. Khi do, 
ta goi mot biiu diin nhu vāy lā mot biiu diin phang eua dd thi 

Ta eo liru y quan trong sau: Mōt do thi eo the dudc bieu dien bāng nhieu eaeh khāe nhau. The 
nen khōng phāi vi mōt bi@u diōn nāo do eūa dō thi khōng lā phāng mā ta eo the ket luan. dupc 
rāng do thi khōng phāi lā do thi phāng. Mōt dō thi lā phāng neu eo mot bieu diōn phāng. 

Nhān xet. Co thō ehUng minh dupc rāng mōt do thi phāng eo mōt bieu diōn phāng sao eho 
tāt eā eāe eanh lā eāe doan thāng. 

Cho G lā mōt do thi phang vā eho mōt b‘iōu dien phāng eūa G. The thi eāe eanh eūa G phan 
ehia māt phāng thānh eāe vūng. 

Dinh nghla 10. Mot māt eūa do thi lā mot vūng eUe dai (theo quan hi bao hām) khong ehūa 
bāt ky dinh eūng nhu mot phān nāo eūa eāe eanh eūa dd thi. 

Noi rieng, mpt bieu dien phāng eūa mōt do thi phāng ehāp nhān lt nhāt mōt māt khōng bi 
ehān, tham ehf eo duy nhāt mōt māt khōng bi ehān. 

Menh de 5. Mot. do thi lā phang neu vā ehi neu eo thi biiu āiin tren mot māt eāu (sao eho 
khong c6 hai eanh nāo giao nhau thue su )■ 

ehvtng minh. Sū dung phep ehieu eāu vōi tam phep ehieu tgi Bāc eue: biln māt phāng thānh 

□ 


māt eau. 


Nhān xet. V6i bilu dien eāu, māt khōng bi ehān eūa do thi phāng ban dāu trō thānh thānh 
phān lien thōng (tren māt eāu) ehūa Bac eue. Tāt eā eāe māt trō nen bi ehān (vā eo vai trd 
nhu nhau). 


2.2 Cdng thtfe Euler 

Cho dū mpt dō thi phāng eo the c6 nhieu bieu dien phāng khāe nhau, tuy nhien so māt eūa 
mōt do thi phāng khōng phu thuōe vāo bieu dien. Cu the hdn, 

Dinh ly 3 (Cōng thūe Euler). Cho G lā mōt do thi phang lien thōng vōi n dinh, e eanh. Gia 
sū f lā so māt eūa mot biiu diin phang eūa G. The thi 


n — e + f = 2. 

Tōng quāt hōn, vōi eāe giā thiet vā ky hieu tren, nhung G khōng giā thiet lien thong nūa. Goi 
k lā so thānh phān lien thāng eūa G thi 

n — e + f = k + 1. 

ehvtng minh. Truōe tien ta giā sū G lien thōng. De ehūng minh eōng thūe eūa dinh ly, ta se 
kiem tra eōng thūe eho eāe cāy vā ehi ra rang dai lupng n — e + f khōng doi khi ta them vāo 
mōt eanh. Di!u nāy dupc suy ra tū viee moi do thi lien thōng dupc xāy dpng tū cāy bāng eāeh 
mōi lān eho them mōt eanh, hdn nūa, nōu mōt do thi phāng G nhān dupc tū dō thi G' bāng 
eāeh them vāo mōt eanh thi G' eūng lā mōt do thi phāng. Ta kiem tra eho cāy. Chū y rāng vōi 
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mōt cāy, n — e = 1. Hdn nūa, vāi mōt (biōu dien phāng eūa) cay, ehi eo duy nhat mōt māt, dō 
ehinh lā māt khōng bi ehān. That vāy, moi māt bi ehān se lām xuat hien eāe ehu trinh tren do 
thi. Nhū vay, v6i mōt cāy ta eo / = 1 vā eōng thūe dūdc kiem ehūng. 

Giā sū eōng thūe ta quan tam dūng eho mōt do thi phāng G' v6i n' dinh, e' eanh vā f' māt vā 
sao eho ta eō thl them mōt eanh vāo G' mā dō thi m6i G vān eon phāng. Thō thi G eō n = n' 
dinh, e = e' + 1 eanh. Māt khāe, eanh m6i them vāo ehia mōt māt eū (eūa G') thānh hai māt 
m6i (eūa G), eāe māt khāe khōng dōi. Thāt vāy, giā thiet G lā phāng ehūng to rang eanh m6i 
them vāo khōng eat bāt ky eanh nāo khāe eūa G', do do nam hoān toān trong mpt eāe māt 
eūa G', ngoāi ra, tinh lien thōng eūa G' ehūng tō rāng khōng mōt dāu mūt nāo eūa eanh them 
vāo lā eō lap. Nhu vāy, G eo / = /' + 1 māt. Cōng thūe eho G' keo theo eōng thūe doi v6i G. 

Bāy giō, ta xet truāng hdp tōng quāt mōt dō thi phāng G v6i k thānh phān lien thōng. Bōi 
vi eāe thānh phān lien thōng (theo nghla do thi) lā dōi mōt r6i nhau, ta eō the bieu diōn mōi 
thānh phān lien thōng nam trong māt khōng bi ehān eūa moi thānh phān lien thōng khāe. Ta 
āp dung eōng thūe thilt lap 6 tren eho* tūng thānh phān lien thōng roi eōng tāt eā eāe dang 
thūe lai. Tong eūa tāt eā eāe dinh eūng nhu eāe māt eūa moi thānh phān lien thōng lān lUdt 
eho ta tong sō dinh, tong so eanh eūa G. Māt khāe, tong so eāe māt eūa eāe thānh phān lien 
thōng ehinh ,bang so māt eūa G eōng v6i k — 1 bōi vi moi māt bi ehān dudc tinh dūng mōt 
lān, rieng māt khōng bi ehān dudc tmh k lān. Nhu vay ta eo eōng thūe eān tim. □ 

Mōt do thi (ddn) phāng khōng the eo quā nhieu eanh so v6i so dinh. Cu the, 

Menh de 6. Cho G lā mQt dd thi (dtin) phang vōin^ 3 dinh vā e eanh. The thi, 

e < 3n — 6. 

ChvCng minh. Theo eōng thūe Euler, dū G lā lien thōng hay khōng, ta luōn eo 


n + / ^ e + 2. 

Lai do G lā ddn, mōi māt sū dung lt nhāt 3 eanh. NgUdc lai, moi eanh tham gia eho viee hinh 
thānh eūa 2 māt. Tū do suy ra 3/ ^ 2e. Nhu vay ta eō n + |e ^ e + 2, hay e ^ 3n — 6. □ 

Nhān xet. 

• Dāu bāng trong bāt dāng thūe tren xāy ra khi vā ehi khi moi māt eūa G lā mōt tam giāe 
(hay bien moi māt lā mōt 3-ehu trinh). Mōt do thi nhu vay goi lā mōt tam giāe phān. 

• Noi rieng, moi do thi phang tren n dinh eo It hdn 3n eanh. 

Menh dl 7. Moi dd thi lien thong, phdng tren mot tāp hūu han dinh eo mot dinh bgc <5. 
Chiing minh. Goi 5 lā bāc nhō nhāt eūa mōt do thi phāng G = (V, E). The thi, neu |V| > 3, 

5|7|<^deg(yi) = 2|E|<2(3|y|-6). 

Aev 


Do dō <5 ^ 6 — ^ vā <5 ^ 5. Cāc truōng hdp |V| = 1, 2 lā tām thuōng. □ 

Ta eo hai vi du quan trong ve do thi khōng phāng. 

Dinh ly 4. Dō thi K$ khong phāi lā phang. 

ehvfrig minh. Āp dung menh de ??. □ 
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Dinh ly 5. Do thi ^3 3 khōng phai lā mot dd tM phang. 

ChvCng minh. Gia sut la mot do thi phāng vdi / māt. Theo eong thile Euler, ta eo 

6-9 + / = 2. 

Nhu vay, / = 5. Māt khāe, do K 3<3 lā mot do thi hai phān, khōng mot māt nāo eūa K lā tam 
giāe. Hon nūa, nrnt khōng bi ehān eūng khōng phāi duoc tg,o thānh tū mot tam giāe (khōng 
phāi lā phān bū eūa mQt tam giāe). Tū do suy ra moi māt eūa K 3 3 sū dimg ft nhāt 4 eanh. 
Rō rāng moi eanh lā eanh (bien) eūa hai māt. 

Cāc lāp luan tren ehūng tō 2 lān so eanh > 4 lān so māt /, nghia 1 ā / < |, mau thuān v 6 i 
/ = 5 thu duoc tū eōng thūe Euler. □ 

Ta vūa thāy rang eōng thūe Euler eho ta mōt dieu kien eān de mōt do thj lā phāng. Nhung no 
khōng giūp ta trong viee khāng dinh mōt do thi lā phāng. Cau hoi vā tmh phāng eūa mōt do 
thi duoc giāi quy 6 t hoān toān (vō māt ly‘thuylt) bōi Kuratowski. Theo nhūng gi ta thiet lāp 6 
tren, eāe do thi K 3 3 vā K 5 khōng phāi lā do thi phang. Tū day, ta de dāng suy ra rāng eāe dd 
thi ehiia mot ehia nho eua do thi Kz^ hay K 55 khong phāi lā do thi phang. Khāng dinh dāo 
eūng dūng, dō ehfnh lā nōi dung eūa Dinh ly Kuratowski. 

Dinh ly 6 (Kuratowski). Mot dd thi lā phang khi vā ehi khi no khōng ehila mot ehia nho eūa 
Ks t 3 hay K$. 

Chv£ng minh. Ta ehāp nhān ket quā nāy. □ 

Vf du 8 . Vōi n lā mot so nguyān duong, ky hi$u G n lā dd thi tren tāp { 1 , 2 , ..., n} vā hai 
dinh a b duoc n6i vōi nhau neu a + b lā mōt s6 nguyen t6. Xdc dinh eāe giā tri n sao eho 
G n lā phdng. 

Ldi giāi. G n phāng khi vā ehi khi n < 8. B 6 i vl G m lā do thi eon eūa G n neu m < n nen 
khāng dinh duoc ehūng minh neu ta ehi ra 

• Gs lā phāng; 

• Gg khōng phāng. 

Ta ehi ra mōt bieu dien phāng eūa G% nhu sau: 



3 

Cōn Gg khōng phāng vl ehūa mōt ehia nho eūa Kz,z nhu dUQc ehi ra tgi bieu dien sau day: 
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2.3 Cac khoi da dien deu 

Cāc dinh vā eāe eanh eua mOt kh6i da di?n loi c6 thl dupc eoi nhtr mQt do thi phāng (bilu 
dien eāu eua mOt do thi phāng). Ta eo eāe quan sāt ddn giān sau day. GQi n, e, / lān ludt lā 
so dinh, s6 eanh vā so māt eua mot da dien l6i P. 

(a) Bac eua mōi dinh ^ 3 (neu khōng se khōng tao thānh khdi\); 

(b) n — e + f = 2. Noi eāeh khāe eong thiie Euler eho da āien loi; 


(e) Cōng thiie tong eāe bāc 2e = ^2 A A lh dinh cūa p deg P dUQc md rōng thānh 

£ degP = 2e = ]T>/ fc , 

A, A lāi di»h eūa P k 

trong do / fc lā sō eāe k -māt eūa da dien (eāe māt lā eāe fc-giāc, noi rieng tōng lāy tren 
eāe k ^ 3). Dieu nāy dudc suy ra tū su kien mōi eanh lā giao eūa dūng hai māt. 

Ta eo the dinh nghla mōt khoi da dien (lōi) deu lā mōt da dien (lōi) mā mōi māt lā mōt da 
giāe deu kieh thuōe bāng nhau vā mōi dinh eo bac nhu nhau. 


Viee phan loai eāe da dien dlu dudc biet den tU lau bōi Platon. 

Dinh ly 7. Co tat ea 5 loai khoi da dien deu. 

Ghttng minh. Co the eoi mot khōi da dien deu nhu mOt dō thi G phāng tren n dinh, mōi 
dinh eo bāc k, mōi māt .eō bien lā mōt ehu trinh dō dāi l (so eanh eūa da giāe dōu). Gqi / lā 
so māt, e lā so eanh. The thi ta c6 eāe eōng thUe sau 


kn = 2e = If. 

Vay n = l = y. Lāp eāe eōng thūe nāy vāo eōng thUe Euler ta eo 



Noi rieng | — 1 + | > 0, hay 

(ib — 2)(I — 2) < 4. 

Māt khāe ehū y rāng k ^ 3, l ^ 3. Ket hdp vāi bat dāng thUe ( k — 2)(l — 2) < 4, ta suy ra 
3 ^ k, l < 5. Thū lai ta thāy eāe bō thōa mān eāe bāt dāng thUe tren lā 

(k, l) = (3, 3), (3, 4), (3, 5), (4, 3), (5, 3). 

Dāo lai, Ung vdi eāe giā tri nāy ta eo eāe da di0n dōu: tU dien deu, khoi lap phUdng, khoi bāt 
dien dlu, khōi thāp nhi dien deu (muōi hai māt) vā nhi thap dien (hai mUdi māt) deu. 



□ 
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Bāi tāp tuT luyen 

Bai tāp 10. C6 11 thānh pho dirdc ket nōi dōi mōt bdi hoāe ditōng ō tō, hoāe duōng tāu hōa 
(hoat dōng theo eā hai ehieu). Chu:ng minh rāng eō lt nhāt mōt giao lō giūa' hai duōng ō tō 
hoāe giūa hai duōng tāu. 

Bāi tāp 11. Ton tai hay khōng mōt da dien loi eo 2011 dinh, 4019 eanh vā khōng eo māt nāo 
lā mōt tam giāe? 

Bāi tap 12. Chūng minh rāng mQi da di$n loi khōng eo māt lā tū giāe hay ngū giāe phāi eo 
lt nhāt 4 māt tam giāe. 

Bāi tāp 13. Cho mOt da difn loi P vdi tāt eā eāe māt lā tam giāe. Moi dinh c6 bac ^ 5 (eo 
lt nhāt 5 eanh ke), ngoāi ra khōng c6 hai dinh bāc 5 nāo ke nhau. Chūng minh rāng da difn 
P c6 mOt māt vdi eāe dinh b§c tūōng ūng lā 5, 6 vā 6. 

Bāi tāp 14 (IMOSL, 2006). Xet mOt da di$n loi khōng c6 hai eanh song song eūng nhū khōng 
c6 eanh nāo song song v6i bāt ky māt nāo ngoāi hai ke no. Hai diem eūa da dien dūdc goi lā 
doi eūe neu ton tai hai māt phāng song song, di qua hai diem do sao eho da dien dā eho nām 
giūa hai māt phāng nāy. Goi A lā sō eāp dinh doi eūe, B so eāp trung diem eāe eanh doi eūe. 
Bieu diōn A — B theo so eanh, dinh vā māt eūa da dien. 



DINH LY LAGRANGE VĀ ŪNG DUNG 

• • 

Dang Du"c Trong 1 


Trong ehuong trinh Giāi tfeh phō thōng, eō mōt dinh ly phāt bieu rat ddn giān nhimg lai eō 
nhūng ūng dung rāt sau sāe. Do lā dinh ly Lagrange ve giā tri trung gian. Bāi viet nāy trinh 
bāy ve dinh ly Lagrange vā eāe dinh ly lien quan, eūng nhu nhūng ūng dung phong phū eūa 
ehūng trong giāi toān. 


1 Oinh ly Cauchy ve giā trj trung gian 

Dinh ly Cauchy ve giā tri trung gian phāt biōu rang: 

Dinh ly 1. Mot hām so lien tue tren mot āoan nhān moi giā tri trung gian, nghla lā, neu hām 
so lien tue nhān hai gia tri khāe nhau, thi no nhān moi giā tri nam giūa hai giā tri nāy. 

De ehūng minh dinh ly nāy, truōe het ta eān hieu the nāo lā mōt hām lien tue. Do thj eūa mōt 
hām so lien tue, noi nōm na eo tmh ehāt lā no eo th§ ve mā khōng dūt net būt khōi māt giāy. 
Cōn dinh nghla ehāt ehe eūā no nhu sau: 

Dinh nghla 1. Ta nāi hām so f lien ty.c tai āiim xq, niu vōi moi e > 0, tōn tai 6 > 0 sao 
eho niu |x — xo| < 6 thi . 

\f{x)~ f{x 0 )\< £. 

Hām so āuoe goi lā lien tue tren mot āoan, neu no lien tue tai mgi āiem eūa āoan. 

Tū dinh nghla nāy suy ra, nōu hām sō khāe 0 tai mōt diem nāo do, thi no se giū nguyen dāu 
tai mpt khoāng (hay nūa khoāng, neu diem do lā dāu mūt eūa doan thāng) ehūa diōm nāy. Ta 
ehi eān den tinh ehāt nāy. 

Bāy giō, ta se tim eāeh ehūng minh dinh ly Cauchy. Chū y rāng dl thue hi§n dieu nāy, thue 
ehāt ta ehi eān ehūng minh: 

Dinh ly 2. Mgt hām so lien tue tren mot āoan, nhān 6 hai dāu mūt eāe giār tri trāi dāu, se 
nhān giā tri 0 tren doan nāy. 

Ta ehūng minh dinh ly Cauchy trong eāeh phāt bieu nāy, tim kiem nghiem eūa hām so bāng 
phuong phāp “ehia de tri”. 

Chvtng minh. Ta ehia doan thāng thānh hai phān. Neu nhu tai diem nāy hām sō bang 0 thi 
dinh ly dudc ehūng minh. Nōu nhu tai diōm nāy hām so khāe 0, thi tren mōt trong hai doan 
thāng, hām so se nhan eāe giā tri trāi dāu tai hai dāu mūt. 

Ta lai ehia doan thāng nāy lām dōi vā eū tiep tue nhu the. Neu nhu trong quā trinh thue hien 
ta khōng gāp mōt diōm giūa eo giā tri hām s6 tai do bang 0 thi ta se thu dudc dāy eāe doan 
thāng long nhau [aq, bi] D \a 2 , b 2 ] D ■ • ■ D \a n , 6„] D • ■ • eo dō dāi dān den 0. 

Theo bō de ve eāe doan thāng lōng nhau, ton tai diem £ thupe tāt eā eāe doan thāng. Theo tlnh 
ehāt ve bāo toān dāu, giā tri hām so tāi £ phāi bāng 0. Dinh ly Cauchy dudc ehūng minh. □ 

1 Trudng Dai hoe Khoa hoe Tu nhien, Dai hoe Quoc gia thanh pho Ho Chi Minh. 
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Tir dinh ly Cauchy suy ra mōt kgt quā dc)n giān nhimg khā quaii trong v§ nghiem eua da thhe: 
He quā 1. Moi da thiie bāc li vōi he so thite diu eo it nhat mot nghiem thue. 

Chvlng minh. Chū y rāng moi da thūe lā hām so lien tue tren toān true sō. Giā sū 

f(x) = x 2n+1 + a 2n a: 2ra -I-1- a\x + oq. 


Khi do, vāi x duong, ta eo 


f(x) = x 2n+1 



a 2n 

x 


+ 


ai 

+ ~4: + 


x 


2 n 


_Oo_\ 

x 2n+l) ’ 


Nhu the, v6i x dū 16n, f(x) se 16n hdn 4^—, tūe lā f(x) lā m0t so duong. Hoān toān tudng 
tU, eo the ehūng minh rāng v6i x dū nhō thi f(x) se ām. Do vay, theo dinh ly Cauchy ve giā 
tri trung gian, f(x) eo nghipm. □ 


Dinh ly Cauchy eōn c6 m0t hp quā khāe: 

He quā 2. M$t hām liSn t\ic tit doQ.n thdng vāo ehinh n6 c6 diim bat d$ng (nghia lā, niu f lā 
mot hām liSn ty.c trSn [a, b\, a < b vā a ^ f(x) ^ b vōi mgi x thuge [a, 6] thi tSn tg.i diem xq 
thuōe [a, 6] sao eho f(x 0 ) = x 0 ). 

Ban doc eo the tU ehūng minh k6t quā nāy. 


2 Oinh ly Weierstrass ve ei/e tri eūa hām so lien tue tren 

• «/ • • • • 

mot doan 

• • 

Dinh ly Weiestrass vā eāe mō rōng eūa no eo nhiiu ūng dung trong Toān hoe. Dmh nāy 
dupc phāt bieu khā ddn giān nhu sau: 

Dinh ly 3. Hām liSn tue tren mot doan thang se dat duoc giā tri ldn nhat vā giā tri nho nhat 
tren doan nāy. 

Chvlng minh. Giā sū f(x) lā hām lien tue tren mpt doan thāng nāo do. Khōng māt tmh tong 
quāt, giā sū d6 lā doan I = [0, 1]. Tru6c het ta ehūng minh rang / bi ehān tren I. 

Giā sū ngupe lai, / eo the nhān tren I eāe giā tri 16n tuy y. Khi do v6i moi sō nguyen dudng 
n, ton tai diim x n thuōe I sao eho f(x n ) > n. Nhu vay tren I ta xay dung dudc mōt dāy vō 
han eāe diem. Chia doan thāng ra lām dōi. Tren mōt trong hai doan thāng se eo ehūa vō so 
diem. Lai ehia doan dō ra lām dōi vā eū tiep tyc nhū the. 

Theo bo de ve dāy eāe doan thāng long nhau, ton tāi mpt diem thupe vāo tāt eā eāe doan 
thāng nāy. Tū dmh nghia lien tue suy ra tren mōt doan nhō ehūa diem nāy, hām so bi ehān, 
nhung dieu nāy trāi v6i eāeh xāy dung diem ō tren. 

Ta dā ehūng minh rāng f(x) bi ehān tren. Giā sū / khōng dat giā tri lōn nhāt. Dieu nāy eo 
nghla lā ton tai so M sao eho f(x) < M vōi moi x thuōe I, dong thōi f(x) nhān eāe giā tn 
gān M tuy y. V6i moi so nguyen dudng m, ton tai diem y m sao eho 

f(ym) > M~^~. 

fiv 

Ta lai xay dung mōt tāp hdp vō han eāe diem. Tiōp tue ehia doan thāng I lām hai phān vā 
lām giong nhu phān ehūng minh tinh bi ehān eūa f(x) Ō tren. Vā eūng nhu ō tren, ta tim dupc 
dilm £ thūpe vāo tāt eā eāe doan thāng. 

Theo eāeh xay dung vā tū dinh nghla lien tue, ta thāy /(£) phāi bang M. Tudng tu ehūng 
minh eho giā tn nhō nhāt. Dinh ly Weierstrass dupc ehūng minh. □ 



Djnh ly Lagrange vā u"ng dung 


67 


3 Bo de Fermat 

Bo de Fermat eung v6i dinh ly Weierstrass lā cO sō eua ehuoi eāe dinh ly dep de vā sau sāe 
lien quan dān dao hām vā vi phān. Noi dung eua bō de dupc phāt bieu nhu sau: 

Dinh ly 4. Neu hām so f(x) lien tue tren doan [a, 6], khā vi tren khoāng ( a, b) vā dat eUe tri 
tai diim £ € (a, b) thi /'(£) = 0. 

Chvtng minh. Rō rāng ta ehi ean ehUng minh eho truāng hop £ lā diem eue tieu eua /. De 
ehuing minh, ta xet dao hām ben trāi vā dao hām ben phāi eua / tai diem £: 

f((+) = lim , f (r) = lim 

x-*(+ x — £ x — £ 

Chū f rāng, do / d?it eUe tieu t$i Uiim^ nen vōi x dū gān £ thi f(x) - /(£) luōn khōng am. 
Vi v|y giā trj duōi dāu lim d dāng thūe thU nhāt luōn khōng ām, eōn d dāng thUe thU hai luōn 
khōng duong. Do vāy, dao hām ben phāi tgi diem £ khōng ām, eōn dao hām ben trāi t$i diem 
£ luōn khōng duong. Vi / khā vi nen hai dao hām nāy bāng nhau vā vi the bāt buōc phāi bāng 
0. Bō de Fermat duoc ehUng minh. □ 

TU ket quā nāy, ta se lān luot thu duoc eāe dinh ly Rolle, Lagrange vā Cauchy duōi day. 


4 Cac djnh ly Rolle, Lagrange vā Cauchy 

Dinh ly 5 (Rolle). Giā sū hām s6 f(x) lien tue tren [a, 6] vā khā vi tren (a, b). Ngoāi ra, giā 
sū rāng f(a) = f(b). Khi do tren khoāng (a, b) tōn tgi diim £ sao eho 

n o=o. 

Noi mot eāeh khāe, giūa hai giā tri bang nhau eūa mot hām khā vi luōn eo nghiem eūa dgo 
hām eūa hām sō nāy. 

Chvtng minh. De ehUng minh, truōe hōt ta āp dung dinh ly Weirestrass eho hām lien tue 
f(x). Hām so nāy dat giā tri lōn nhāt M vā giā tri nho nhāt m tren doan [a, 6]. C6 thl xāy ra 
hai truōng hqp: 

• Niu M = m, thi f(x) lā hām hāng trōn [a, b} vā v6i mQi £ thuōe (a, b), ta eō /'(£) = 0. 

• Xet truāng hop M > m. Do f(a) = f(b) nen mōt trong hai giā tri M vā m phāi dat duoc 
tgi mpt dilm £ thupe (a, b). Nhung khi dō, hām sō f(x) dat eue tri tgi diem nāy vā theo 
bo de Fermat, ta eo /'(£) = 0. 


Nhu vāy dinh ly dā duoc ehUng minh. 

TU dinh ly Rolle, ta suy ra dinh ly Lagrange, hay tuong duong lā eong thūe Lagrange. 


□ 


Dinh ly 6 (Lagrange). Cho f(x) lā hām lien tge tren [a, 6] vā khā vi tren.(a, b). Khi do, tōn 
tai £ thuoe (a, b) sao eho 


hay 


b — a ’ 

f(b)-f(a) = m(b~a). 
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Cong thiie dāu tien eo mōt y nghia hinh hoe ddn giān lā tren duōng eong y = f[x), giūa hai 
di§m A[a, f[a )) vā B[b, f[b)) eō mōt diem C sao eho tiep tuyen eūa duōng eong tai C song 
song vōi dāy eung AB. 

Cōng thūe 6 dang thū hai dupc goi lā eōng tMe Lagrange vi sō gia Mu han. No eon eo thl 
dupc viōt lai du6i dang 

f[x) = f[x o) + /'(0(® ~ ^o)- 

Dāy ehinh lā eōng thūfe Taylor khai trien den bāc thāp nhāt. Tū dāy, ta eūng suy ra eōng thūe 
tfnh gān dūng bāng vi phān: 

f[x + Ax) ~ f[x) + f[Ax)Ax. 

Chū y rang, dl ehūng minh dinh ly Lagraiige ta ehi eān xet hām so 

rōi āp dung dinh ly Rolle eho hām so nāy (do g[a) = g[b) = f[a)). Nhū vāy, dinh ly Lagrange 
dupc ehūng minh thōng qua dinh ly Rolle. Mat khāe, ta eūng de thāy dinh ly Rolle ehinh lā 
mpt trūōng hpp dac biet eūa dinh ly Lagrange. Dinh ly sau dāy mō rōng dinh ly Lagrange: 

Dinh ly 7 (Cauchy). Neu mōi mot trong hai hām so f[x) vā g[x) āeu lien tue tren [a, b ], kha 
vi tren [a, b) vā ngoāi ra g'[x) f 0 vōi moi x thuoe [a, b) thi tren [a, b) ton tai āiem £ sao eho 

f[b) ~ f[a) f '[0 

b — a g'[f) 

Chūng tōi dānh viee ehūng minh dinh ly Cauchy eho ban doc. Chū y lā dinh ly Lagrange ehinh 
lā mōt truōng hpp rieng eūa dinh ly Cauchy, khi g[x) = x. 

Tū eāe dinh ly eP bān tren dāy, ta eōn suy ra nhilu he quā vā dinh ly quan trong khāe nhu 
quy tae L’Hopitale ve khū dang vō dinh, eōng thūe Taylor, ... Ban doc eo thl tu tim hieu 
them vl eāe ket quā thū vi (vā quan trong) nāy. 

5 Lfng elung eūa eae djnh ly eor bān eūa Giāi tfeh 

Trong phān nāy ehūng ta xem xet nhūng vi du āp dung eūa eāe dinh ly tren. 

VI du 1. CMng minh rang parabol [P) : y = x 2 — 2x vā ellip [E) : \ + y 2 = 1 eat nhau tai 
bon āiim phān biet A, B, C, D. 

Chvtng minh. Phūōng trinh hoānh dp giao diem eūa (P) vā [E) lā 

^ + (x 2 -2x) 2 = l, 

hay tuong duong 

9x 4 - 36x 3 + 37x 2 -9 = 0. 

Dat f[x) = 9x 4 — 36x 3 + 37x 2 — 9 thi ta eo 

/(—1) = 73 > 0, /(0) = —9 < 0, /(1) = 1 > 0, /(2) = —5 < 0, /(3) = 81 > 0. 

Tū do, āp dung dinh ly Cauchy ve giā tri trung gian ta eo phuong trinh f[x) = 0 eo lt nhāt 
mōt nghiem thuōe (—1, 0), mōt nghiem thuōe (0, 1), mōt nghiem thuōe (1, 2), mōt nghiem 
thuōe (2, 3). Nhu the, phuong trinh hoānh dō giao diem eo 4 nghiem phan biet, do do (P) vā 
[E) eat nhau tai 4 diem phan biet. □ 
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Vi du 2. Chi£ng minh rang vdi moi so ngugen ātiōng n, ta c6 bat dāng thiie 


—<ln (l + - 
n+1 V n 


1 

< -. 
n 


Chitng minh. Ap dung dinh ly Lagrange eho ham f(x) = lna; tren doan [n, n + 1], ta eo 

f(n + 1) - /(n) = f'(c), ce(n,n+ 1). 

Ti3f dāy ta eo ln(n + 1) — ln n = £, hay 


ln 


( 1 + ^) = ? ee (ri, « + 1). 


De dang suy ra duoc dieu phāi ehting minh tif dāng thiie nāy. □ 

Mot trong nhūng ūng dung dep de eua dinh ly Lagrange lā phep chuyen bieu thūe dōi xufng 
eua n biln sō ve bieu thūe doi xūng eua n — 1 bien so. 

Ta minh hoa utng dung nāy qua vi du sau. 

Vi du 3. Cho x\, X 2 , x 3 , x 4 > 0. Xet da thūe P(x) = (x — xf)(x — X 2 )(x — x 3 )(x — x 4 ). 

(a) Chi2ng minh rang P'(x) eo nghiem y\, y 2 , y$ > 0; 

(b) CMng minh rang 4j/ij/2j/3 = X\X 2 X 3 + x\X 2 x 4 + x\x 3 x 4 + x 2 x 3 x 4 , 

(e) Cho a, b, e, d> 0. Āp dung, eMng minh rang 


abc + abd + acd + bcd _ ab + ac + ad + bc + bd + cd 


Co the thāy dinh ly Rolle vā dinh ly Lagrange khā hieu quā trong eāe bāi toān lien quan den 
nghiem eua phtfdng trinh. 

Vi du 4. Cho a, b, e lā eāe so thve thoa mān diāu kien 


a b 
3 + 2 +C 


0 . 


CMng minh rang phuong trinh ax 2 + bx + e = 0 eo it nhat mōt nghiem thuoe (0, 1). 

Chxtng minh. Bāi toān nāy eo the giāi khōng dimg den dinh ly Lagrange mā ehi eān suf dung 
tinh ehāt hām lien tue. Cu the, xet /(0) = e, / (^) = f + | + e vā /(1) = a + b + e thi rō rāng 


f(0) + 4f^-)+f(l)=0. 

Tōng ba so bāng 0 thi hoae tāt eā bang 0, hoāe eo hai so trāi dāu. Vā nhut the, theo dinh ly 
Cauchy ve giā tri trong gian, ta eo lt nhāt mōt nghi$m nām trong (0, |) hoāe (0, 1), hoāe 
(^, l) . Noi eāeh khāe, ta eo lt nhāt mōt nghiem thuōe (0, 1). 

Tuy nhien eāeh giāi nāy tUdng doi thu eōng vā thieu trf nhien. Bay gid ta dtfa ra mōt eāeh giāi 
khāe dep de hdn; Xet hām so f(x) = |a; 3 + |a; 2 + cx thi ta eo 

f(0) = 0, f(i) = 5 + | + c = o. 

Theo dinh ly Rolle thi ton tai a;o thuōe (0, 1) sao eho f'(x 0 ) = 0. Nhung f'(x) = ax 2 + bx + e 
nen ta eo dieu phāi ehufng minh. □ 

Ngoāi nhiing vi du dtfdc xet 6 day, eōn rāt nhieu nhōng ufng dung khāe eua dinh ly Lagrange 
vā eāe dinh ly lien quan. Chūng ta tap hdp eāe bāi toān nāy trong mue sau de eūng thāo luan. 
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6 Mot so djnh ly vā bāi tāp āp dung 

Bāi tap 1. Gia sut hām so / : [0, 1] -+ [0, 1] eo dao hām tren [0, 1]. Ghutng minh rang neu 
\f'(x)\ <1 vāi moi x € [0, 1] thi phu!dng trinh f(x) = x eo nghiem duy nhat tren [0, 1]. 

Bāi tāp 2. Oho m > 0 vā eāe sō thue a, b, e thoa mān dieu kien 

a b e 

-_ -|-- -|-— 0 . 

m + 2 m + 1 m 

Ohtfng minh rāng phitdng trinh ax 2 + bx + e = 0 c6 lt nhāt mpt nghiem x 0 € (0, 1). 

Bāi tāp 3. Cho eāe s6 thvfe o, b, e thōa mān abc ^ 0 vā 

a b e n 
? + 5 + 3=°' 

Chiing minh rāng phudng trinh ax A + bx 2 + e = 0 eo lt nhāt mpt nghifm thue. 

Bāi tap 4. Cho n + 1 so thue a 0 , a\, ..., a n thōa mān 


^ + + 
12 


a„ 

+ -f-r =0. 

n +1 


Chutng minh rāng phudng trinh a n x n +-b a x x + ūq = 0 c6 lt nhāt mōt nghiem thvte. 

Bāi tāp 5. Cho n + 1 s6 thue a 0 , a\, ..., a n thōa mān 


oo oi 
12 


+ 


2 2 


2 n 


—— = a 0 + Oi + — a 2 H-b 

n + 1 3 n + 1 


a„ = 0. 


Chiing minh rāng no n x n_1 H-+ 2a\x + o 0 = 0 eo lt nhāt mōt nghiem thuōe (0, 2). 

Bāi tāp 6. Chutng minh rāng phudng trinh 

x n + ax + b = 0 


c6 khōng quā ba nghipm phān bipt. 

Bāi tāp 7. Cho eāe s6 thtfe a 0 , a\, ..., a n thōa mān a 0 ū 2 > 0. Xet da thute 

P(x) = a 0 x n + y /a 0 a 2 x n ~ 1 + a 2 x n ~ 2 H-b On-\x + a n . 

ehting minh rāng P(x) khōng the eo n nghiem phan biet. 

•5 

Bāi tāp 8. Cho tam thute bāc hai f(x) eo hai nghiem phan biet. Chilng minh rang vāi moi 
a 6 R, phudng trinh f(x) — af'(x) = 0 eūng eo hai nghiem phān biet. 

Bāi tāp 9. Cho da thūte P(x) eo ba nghiem phān biet X\ < x 2 < x 3 . Giā sut f(x) = x 2 + ax + b 
eo hai nghiem phan biet. Chūtng minh rāng da thūte P"(x) + aP'(x) + bP(x) eo It nhāt mōt 
nghiem thuōe (x\, x 3 ). 

Bāi tāp 10. Cho P(x) lā da thūfe bac bon eo 4 nghiem dudng. Chūtng minh rāng vāi moi 
a € R, da thūte P(x) — aP'(x) eūng eo 4 nghipm dudng. 
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Bāi tap 11. Cho hām so / lien tue tren [0, 1], khā vi tren (0, 1) vā /(0) = /(1) = 0. Chiing 
minh rāng ton tai e E (0, 1) sao eho f(c) = /(e). 

Bāi tāp 12. Cho hām so / lien tve tren [0, 1], khā vi tren (0, 1) vā /(0) = —1, /(1) = 0. 
Chumg minh rāng t6n tāi e € (0, 1) sao eho 10/'(c) — /(e) = 11 — e. 


Bāi tāp 13. Cho hām so / li§n tue tren [0, 1], khā vi tren (0, 1) vā /(0) = 0, /(1) = 1. Chting 
minh rāng ton tai hai so a, b phān biet sao eho f(a)f'(b) = 1. 


Bāi tāp 14. Cho hām so / lien tue tren [a, b] vā khā vi tren (a, b). Chutng minh rang t6n tai 
e G (a, b) sao eho 

M = exp { ( 6 _a)^}. 

Bāi tāp 15. Cho hām sō / lien tue tren [a, 6), khā vi hai lān tren (a, b) vā f(a) = f(b) = 0. 
Chung minh rāng vōi moi e € (a, b), ton tai a G (a, b) sao eho 

2/(c) = (e - a)(c - b)f(a). 

Bāi tāp 16. Cho hai so thue a, b. Chting minh eāe bāt dāng thiie 


(a) | sina — sin6| ^ |a — 6|; 


b — a b 

(b) —— < tan b — tan a ^ 


eos 2 a 


a .. _ , 7r 

—— veti 0 < a < b < -. 
eos 2 o 2 


Bāi tāp 17. Cho ba so thtfe du:ong a, b, e. Dāt S = a + b + e vā T — a 2 + b 2 + e 2 — ab — 6c — ea. 
Churng minh rāng _ _ 

3a < S - VT < S + Vf < 3c. 


Bāi tāp 18. Cho a, b, e, d lā eāe so thue dudng. Dāt 


A = a + b + e 4- d, B = ab + ab + ae + ad + bc + bd + cd, C = abc + bcd + cda + dab. 
Chdng minh rāng 

(a) 9 AC < 4B 2 ; 

(b) 3 AB ^ A 3 + 2 C. 

Bāi tāp 19 (Quy tae Descartes ve dāu). Cho P(x) = a 0 + a\x + a?.x 2 H-1- a n x n lā mōt da 

thdc eo he so thue. Goi k lā so lān dōi dāu trong dāy eāe he so khāe 0 eūa P(x) (giō dūng thū 
tu vā bō eāe he so bāng 0). Khi do so nghiem duong eūa da thūe P(x) bang k — 2 s, trong do 
0 ^ s < [|J . Hāy ehūng minh. 

Bāi tāp 20. Chūng minh rāng dao hām eāe oāe eūa hām so ehi eo eāe nghiem thue, 

hdn nūa lā eāe nghi^m ddn vā moi nghiem eūa dao hām bāc n nam giūa hai nghiem eūa dao 
hām bac n + 1. 

Bāi tāp 21 (Viet Nam, 1994). Giā sū rāng da thūe bāc bōn P(x) eo 4 nghiem dudng. Chūng 
minh rāng phudng trinh 

+ (i - p'M - p"W = o 


eūng eo 4 nghiem dudng. 
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Bāi tap 22. Chiing minh rang vāi moi n nguyen dnong vā vāi moi x, ta eā 

eos 2x eos 3x eos nx 

1 + eos x H---1---1-1--^O. 

>23 n 

Bāi tāp 23 (Quy tāe L’Hopitale). Cho hai hām so f(x) vā g(x) xāc dinh vā khā vi khāp noi 
trong mōt lan eān nāo do eūa diem a, ngoai trū eo the lā diem o. Giā sū rāng 

lim f(x) = lim g(x) = 0 


vā dao hām g'(x) khāe 0 khap noi trong lān eān nōi tren eūa diem a. Khi do neu ton tai giāi 
han lim^^a p|fy, thi eūng tōn'tai giāi han lim x _> a vā ta eo 

/(a) /'( a ) 


lim.^TT = lim ,/ v 

x->a g(a) x->a g (a) 


Hāy ehūng minh. 

Bāi tāp 24 (M6 rōng dinh ly Rolle). Cho 0 < a < b. Neu f(x) bāng 0 tai n + 1 diem eūa 

doan [a, b\ vā tāt eā eāe nghiem eūa da thūe a 0 + a^x + a 2 x 2 H-1- a n x n deu thue thi tai mōt 

diōm £ nāo dō thuōe (a, b ), ta eō dāng thūe 

°o/(£) + «i f(0 4-H On/ ( ”H0 = 0- 

Bāi tāp 25 (M6 rōng eōng thūe Lagrange). Cho hām s6 f(x) lien tue, khā vi 2 lān tāi lān eān 
diem x 0 . Chūng minh rang vāi moi x thuōe lān ean nāy, ton tai £ nām giūa x 0 vā x sao eho 

f(x) = f(x 0 ) + f(x 0 )(x-x 0 ) + ~^(x-x 0 ) 2 : 

Bāi tāp 26. Hām sō f(x) khā vi hai lān tren toān true so vā bi ehān. Chūng minh rāng ton 
tai diem x 0 sao eho f'(x 0 ) = 0. 



CĀC BINH LY LIEN QUAN DEN HĀM THl/C 

VĀ ŪNG DUNG 

Tran Minh Hien 1 


1 Ccf sd ly thuyet 

Dinh nghla 1. Goi T> lā mot khoang trong R. Cho hām sō f : V C R -» R, vā x 0 e D. Hām 
f duōc goi lā lien tue tai x 0 khi vā ehi khi Ve > 0, 35 > 0 sao eho \fx e T> mā \x — xo| < 5 thi 

\f(<x)~ f(x 0 )\<e. (1) 

Ta eo mot dinh nghla tuong ditong theo ngōn ngtf dāy nhir sau: 

Dinh nghla 2. Hām f du<lc goi lā lien tue tai xo neu vōi moi dāy {x n } e V mā x n —> xq thi 

f(x n ) f(x o). (2) 

Ta ehtfng minh hai dinh nghia tren lā ttfOng dtfOng. 

Chi2ng minh. (a) (1) =*► (2). Giā stf ta eo dāy {x n } C T> mā x n -> xo, ttfe lā Vej = <5 > 0, 
ton tai N > 0 sao eho Vn > N thi |x n — x| < 6. Theo dieu kien ve lien tue, ta eo 

|/(*n) - /(*o)| < 

vdi e > 0 tuy y. Vāy (2) duoc ehtfng minh. 

(b) (2) => (1). Giā stf ham / khōng lien tue tai x 0 - Khi dō ton tai e > 0 sao eho vdi moi 6 > 0 
mā |x — xo| < 6 thi 

\f(x)~ f(x 0 )\>e. 

Xet vāo truOng hop eu the, ton tai e > 0 sao eho vōi moi 6 = £ > 0 mā \x — x 0 | < ~ thi 

\f(x)~ f(x 0 )\^ e. 

• V6i <5 = 1, ehon mōt giā tri xj mā \x\ — x 0 | < 1, ta c6 |/(xi) — /(x 0 )| ^ e. 

• V6i (5 = |, ehon mot giā tri x 2 mā \x 2 — a: 0 | < ta eo |/(x 2 ) — /(a: 0 )| ^ e. 


• . . . 

• V6i 5 = ehon mōt giā tri x n mā |x n — x 0 | < ta eo |/(x n ) — /(x 0 )| ^ e. 

Ctf tiōp tue nhu vay ta dā ehon dupc mōt dāy {x n } C T> mā x n —> x 0 , tuy nhien v6i eāeh xay 
dung 6 tren thi f(x n ) f(x 0 ), māu thuān v6i (2). Vāy / lien tue. ’ □ 

^Giao vien trueing THPT Chuyen Quang Trung, Binh Phveie. 
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Dinh nghla 3. Cho ham so f xāc dinh tren tāp X C R. Ta noi f dat gia tri lōn nhat ta,i 
xq e X niu f(x o) ^ f(x), Vx e X. NgUōe lai, niu eo x o e X mā f(x o) < f(x), e X thi ta 
noi f dat giā tri nho nhat tgi Xq. 

Dinh ly 1. Cho hām sS f lien tge tren dogn [a, b] thi f dgt giā tri lān nhat vā giā tri nho 
nhāt tren dogn [a, 6]. 

Chvtng minh. Trilāe het ta ehūng minh / bi ehan tren doan [a, 6]. Giā sut ngildc lai, / khōng 
eō ehan tren. Khi d6, vōi moi n > 0, ton tai x n e [a, 6] sao eho f(x n ) > n. Nhn the dāy sō (x n ) 
bi ehan (a < x n < b), suy ra no ehuta dāy eon (x nk ) hōi tu ve diem e e [a, 6] (vi a ^ x nk < b 
vōi moi k). Vi / lien tue tai e nen khi k oo thi 

f( x n k ) -> f(c) € R. (1) 

Mat khāe ta lai eo f(x nk ) > n k nen khi k —> oo, 

f(x nk ) -> oo. ( 2 ) 

Tvt (1) vā (2) suy ra mau thuān. Vay /([a, 6]) phāi bi ehān tren. 

Ly luān tuong tu ta eūng eo / bi ehān du6i tren doan [a, 6], tif do suy ra / bi ehān tren [a, 6]. 

Bay gi6, do f([a, 6]) bi ehān tren [a, b\ nen ton tai M = sup/([a, 6]) vā m = inf f([a, ā]). V6i 
M = sup/([a, 6]) thi ton tai dāy y n = f(x n ) e /([a, 6]) sao eho 

f(x n ) -> M. 

Ta eo (x n ) lā dāy bi ehān (vi a ^ x n ^ b, Vn e N‘) nen ( x n ) eo ehūa mōt dāy eon (x Hk ) hōi tu 
ve e e [a, b], suy ra f(x nk ) —> f(c) (vi / lien tue) khi k —> oo. Vi {/(x nfc )} lā dāy eon hōi tu 
eūa dāy hōi tu {f(x n )} nen 

lim f(x n ) = lim f(x nk ), 

n—>oo k-±oo 

tūe lā M = f(c) e f([a, 6]) vā do dō / dat giā tri 16n nhāt tai e e [a, b]. 

Phān ehUng minh / dat giā tri nho nhāt tren [a, 6] lā hoān toān tUdng tu. □ 

Dinh ly 2 (Ve giā tri trung gian). Neu f lā hām so lien tue tren dogn [a, 6] vā f(a) < u < f(b) 
thi ton tgi e e [a, 6] sao eho f(c) = u. 

Chvftig minh. Dāt S = {x e [a, b\ : f(x) < it}. Ta eo f(a) < u nen a e S, tUe lā S ^ 0. 
Hdn nūa S C [a, b\ nen S bi ehān, do do tōn tai e = sup S. Rō rāng a ^ e < 6. Vic = sup S 
nen ton tai dāy (x n ) C S sao eho x n —>■ e, suy ra f(x n ) —> f(c), do tmh lien tue eūa /. 

Vi x n e S nen f(x n ) ^ u, suy ra 

f(c) < u. 

Ta eo f(c) < u <• f(b) nen phāi eo e^ b, tUe a < e < b. Xet dāy c n = e 4- £ (v6i n dū 16n de 
e < Cn <b) thi c n ^ S (vi c n > e = sup S). Do do f(c n ) > u,Vn e N, dān den lim f(Cn) ^ u. 
Mā / lien tue vā Cn -4 e nen tU day ta eo 

lim / (en) = f(c) ^ u. 

n-+ oo 

Ket hdp v6i tren, ta dudc f(c) = u. Vā do f(a) < u (theo giā thiet) nen e ^ a. Vāy ton tai 
e e (a, b) sao eho /(e) = u. □ 
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He quā 1. Neu ham so f lien tue tren doan [a, b] thi f([a, 6]) = [m, M], trong āo m, M lān 
hegt lā giā tri nho nhat vā giā tri lōn nhat eua hām so tren doan [a, 6]. 

ehvtng minh. Ta se ehtfng minh f([a,b]) C [m, M] vā [m, M] C f([a, 6]), tif do suy ra 

f([a, 6]) = [m, M]. 

(a) CMng minh f([a, 5]) C [m, M]. Vdi mōi y e f([a, 6]) thi eo x € [a, b] di y = f{x). Mā 
m ^ f{x ) < M nen ta eo y G [m, M]. Do do f{[a, 6]) C [m, M]. 

(b) Chitng minh f([a, 6]) D [m, M]. V6i moi y e [m, M], ta eo 

• Neu y = m thi y C f([a, 6]) (theo djnh ly 1). 

• Nōu y = M thi y € f([a, 6]) (theo dinh ly 1). 

• Neu m <y < M thi ta eo 


/(*i) = m< f(x) = y< f(x 2 ) = M, 

nen theo dinh ly 2, tōn tai e e (x\, x 2 ) C [a, b] thoa f(c) = y, the lā ta eo y € f([a, ā]). 
Do do [m, M] C f([a, 6]). □ 

He quā 2. Cho hām f lien tv,c tren doan [a, 6]. Neu f(a)f(b) < 0 thi phuong trinh f(x) = 0 
eo nghiem x € (a, b). 

ChvCng minh. Klt quā nāy drtdc suy ra true tiep bāng eāeh āp dung dinh ly 2 v6i u = 0. □ 

Dinh ly 3 (Dinh ly Fermat). Niu hām s6 f dgt eite tri tgi x 0 vā f khā vi tgi x 0 thi f'(x 0 ) = 0. 

Chvtng minh. Ta se ehi ehUng minh eho truōng hdp / dat eue dai tai x 0 , truōng hdp eon lai 
eo the ehumg minh tUdng tu. Giā sii / dat eue dai tai x 0 thi ta eo f(x 0 ) ^ f(x 0 + h) v6i h du 
nho de x 0 + h € V (V lā mpt lān ean eua a:o). Khi do 


f(x 0 + h) - f(x 0 ) ^ n 

h ^ U 

f(x 0 + h)~ f(x 0 ) > Q 


h> 0 
h< 0 


Cho h -+ 0 thi do / khā vi tai x 0 nen ta eō f + (x 0 ) < 0, fL(x 0 ) ^ .0 vā 


f'(x 0 ) = f + (x 0 ) = f_(x 0 ) = 0. 


Dāy ehinh lā dilu phāi ehUng minh. □ 

Dinh ly 4 (Dinh ly Rolle). Cho hām so f lien tue tren dogn [a, 6] vā khā vi tren khoāng (a, b). 
Giā sū f(a) = f(b) thi ton tgi e € (a, b) sao eho f(c) = 0. 

Chvtng minh. Nlu / lā hām so hāng thi f(x) = f(a), Va; € [a, b], dān dōn f(x) = 0 v6i moi 
x G [a, b] nen dinh ly 'dupc ehUng minh. 

Xet truōng hdp / khōng lā hām hāng. Do f(a) = f(b) nen tōn tai x 0 e (a, b) thōa f(x 0 ) > f(a) 
(hoāe f(x 0 ) < f(a)). Khōng māt tmh tong quāt, ta eo the giā sii f(x 0 ) > f(a). Khi āy, ton tai 
e e (a, b) sao eho 

M = f(c) = max f(x), 

x€[a, 6] 

hay noi eāeh khāe, / dat eUe dai tai e € (a, b). Do / dat eUe dai vā khā vi tai e nen theo dinh 
ly Fermat ta eo f(c) = 0. □ 
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Dinh ly 5 (Dinh ly Cauchy 2 ). Cho f vā g lā hai ham lien tue tren doan [a, b] vā eo dao hām 
trong khoāng ( a, b). Niu g(a) ^ g(b) vā g'(x) ^ 0, \/x E (a, b) thi ton tai e E (a, b) sao eho 

f(b)-f(a) f'(c) 

g(b) - g(a) g'(c)' 

Chvtng minh. Xet ham so <p(x) = [f(b) - f(a)]g(x) - [g(b) - g(a)]f(x). Vi f va g lien tue 
tren doan [a, b\ nen <p lien tue tren doan [a, b\. Ta eo /, g kha vi tren khoāng (a, b) nen <p eūng 
khā vi tren khoāng (a, b). Mat khāe, 

<p(a) = [f(b) - f(a)]g(a) - [g(b) - g(a)]f(a) = f(b)g(a) - g(b)f(a) = <p(b). 

Do do theo dinh ly Rolle, ton tai e € (a, b) sao eho <p'(c) = 0, tūe lā 

[/(&) - f(a)]g!(c) - [g(b) - g(a)]f'(c) = 0. 

Vi g(a) g(b) vā g'(c) ± 0 nen ta eo 

f(b)-f(a) f'(c) 

g(b) - g(a) g'(c)' 

Dinh ly Cauchy dudc ehūng minh. ^ □ 

Dinh ly 6 (Dinh ly Lagrange hay eōn gpi lā dinh ly giā tri trung binh). Neu f lien tue tren 
doan [a, b\ vā khā vi trān khoang (a, b) thi tSn tgi e € (a, b) sao eho 


Chvtng minh. Kgt quā dinh ly nāy eo the duqc suy ra true tiep bāng eāeh āp dung dinh ly 
Cauchy eho hām so g(x) = x. □ 

Dinh ly 7 (Cōng thūe L’Hopitale). Cho f vā g lā hai hām so eo dgo hām trong mōt lān egn 
eua a (a G M hoae a = ±oo ), ngogi trit tgi x = a vā thoa mān dong thāi eāe tinh ehat: 

(i) lim f(x) = lim g(x) = 0 (hoae lim f(x) = lim g(x) = ±oo). 

x—>a x~±a x-±a x—>a 

f'(x) 

(ii) lim J . . = a (a € M hoāe a = ±oo). 
x-4a g'(x) 

(iii) g(x) ^ 0 vā g'(x) ^ 0 vōi moi x E V\{a}. 


Khi do, ta eo 


lim M = lim 


/'M 

9'(x)' 


Chvlng minh. (a) Xet truōng hōp a E M vā f (x) = lim^a g(x) = 0. Ta mō rōng hām 

sō / vā g d§ ehūng lien tue tai x = a bang eāeh dāt f(a) = g(a) = 0. Xet x khā gān a vā āp 
dung dinh ly giā tri trung binh Cauchy thi ton tai ^ nām giūa a vā x sao eho 


f(x) - f(a) f'(Q 
g(x) - g(a) g'(0 ’ 


2 Dinh ly giā tri trung binh tong quāt. 
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suy ra 


/(*) m 


g( x ) g'(t)' 

Cho x -> a thi £ -> a nen ta eo p||y -> a va do do ^ -> a, tute lā ta dā ehutng minh 

f( x ) r f'( x ) 

hrn —= lim 

x-*a g(x) x->a g'{X) 

(b) Xet truōng hōp a = oo va lim x _> a f(x) = lim x _H, g(:r) = 0. Dāt F(t) — f (|) vā G(t ) = g (|) 
thi hai hām s 6 F vā G khā vi trong mōt lan ean W eūa t = 0, vā thoa 


1 


1 


**(*) =-?? I 7 ) > G'(t) = —~^g' ( 7 ) , t€iy\{0}. 


F' 


Lai eo 


limF(t) = lim f(x)’= 0, \imG(t) = lim g{x) = 0. 


t —>0 ' ' x —>oo ' ’ t—t 0 

Ap dung ket quā phān (a) eho hai hām F vā G, ta duoc 

F(t) 


lim F W 


lim 


tū do suy ra 


11111 . v - 11111 , . • 

t—>o G(t) t— >o G'(t) 


,. f(x) f(x) 

lim - 7-7 = lim 
x->oo g(x) x->oo g'(x) 


(e) Xit truōng hōp a e R vā lim x _» a f(x) = lim x _>. a g(x) = 00 . Ap dung dinh ly Cauchy eho 
khoāng (x, xq), ta thāy t 6 n tai e 6 (x, a; 0 ) thoa 

f(x) - f(x 0 ) f(c) 


g(x) - g(x 0 ) g'(c) 


(a < x < e < x 0 ). 


Ta lai eo 


f( x ) 

1 _ fi x 0) 

. /(*). 

g( x ) 

1 _ g( x 0) 
g(x) 


nen 


f( x ) f(c) 

9( x ) 1 - ^ 9 '(c)' 

Do lim x _> a = ot nen vōi moi e > 0, ton tai x 0 khā gān a sao eho 


/'(*) 


g'( x ) 


— a 


< e, Vx e (a, x 0 ). 


( 1 ) 


Chon mōt x 0 thoa dieu kien tren (sau do giō x 0 eo dinh), ta eho x — > a (dieu nāy khōng he bi 
trō ngai vōi a < x < x 0 ) thi eo f(x) —> 00 , g(x) ~> 00 nen -> 0 , —> 0 , tū do klt hop 

v 6 i (1) ta suy ra lim x _, a = a. Vāy ta dā ehūng minh dupc 

f(x) f(x) 

hm = lim 
x-*a g(x) *->a <7'(:r) 

(d) Vōi a = 00 vā lim^a f(x) = lim x ^ a d( x ) = 00 . Lām tUOng tu nhu truōng hpp a e R v6i 
eāe hām so F(t) = / (}) vā G(t) = g (}) . □ 
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Dinh ly 8 (Khai trien Taylor). Cho hām so f eo āao hām tōi eap n + 1 tren mōt khoang 
I = ( a, /3) thi vōi a € /, x E I ton tai £ € (a, x ) sao eho 


n 


/(*) = £ 

fc =0 



(x — a) k + 


(x - a) n+1 
(n +1)! 


/ (n+1) (6- 


Cōng thūe tren goi lā khai triin Taglor eūa hām f(x) tai a (di nhien a lā mot so eo āinh eho 
truōe, eon x thay doi vā do do giā tri eūa £ eūng thay dōi phu thuoe vāo x). 

Chvtng minh. Ta xet a < x (trrthng hdp a > x dndc xet tddng tvt). Xet eāe hām so 



f(x) 


f(a) + —|p(a>— a) + 


2 ! 


(x — a) 2 + • • • + 


/ (n) (°) 


n! 


(x — a) T 


vā * 

G(x) = (x — a) n+1 . 

Ta eo 

G'(x) r= (n + l)(x — a) n , G"(x) = (n + l)n(x - a) n ~\ ..., G (n+1 \x) = (n + 1)! 

vā 


no = no - - E 

F n (x) = f n (x) - f n (a), F (n+1 \x) = /( n+1 >(a:). 

Th do suy ra 

F(a) = F'(a) = ■■■ = F (n \a) = 0, G(a) = G'(a) = ■■■ = G (n) (a) = 0. 
Ap dung dinh ly Cauchy thi tōn tai ei 6 (a, x) sao eho 


F(x) = F(x) - F(a) _ F'(ci) 

G(x) G(x)-G(a) G'(ci)' 

Di nhien ei luōn thay doi. Lai āp dung tiep dmh ly Cauchy eho hai hām s6 F'(x), G'(x) thi 
ton tai C 2 £. (a, ei) mā 

F'(c i) F'( Cl )-F'(a) = F"(c 2 ) 

. G'(ei) G'(ei) — G'(a) G"(c 2 )' 

Cut thō tiep tue nhir vay, ta thāy ton tai a < e^ < (+_i < ■ ■ ■ < C \ < x thoa 

F (n) (Cn) _ F (n ~ 1) (Cn— 1) _ F'(ei) 

G (n) (Cn) G^^n-l) G'(Cl)‘ 


Māt khāe, eūng theo dinh ly Cauchy thi 

F (n) (cn) F (n) (c n ) — F (n) (a) F (n+1) (£) , ^ x 

G (n) (Cn) G (n) (Cn) - G (n) (a) G (n+1) (£) (° < * < 
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Lien ket tat eā eāe dāng thdc lai, ta suy ra ton tai £ € (o, c n ) C (o, x) C (a, y0) sao eho 

F(x) F ( n+1 \0 / (n+1) (0 


hay 


Th dō ta eo ngay 


F{x) = G{x) 


m 


G{x) G (n+1) (0 (n +1)! ’ 

/ ( n + D (0 / (n+1) (0 


(n + 1)! (n + 1)! 


(a: — a) 


71+1 


£w (I _. r+ £^ (x _ ar . 


/(®) =/(o) +/ , (fl)(* - a) +-^j-(x - o) +•••+ n , v ~ • ( n + 1 )i 
Cōng thile Taylor du<?c ehutng minh. 


□ 


Nhān xit. Khi hām so / xāc dinh fren khoāng I eo ehtla so 0 thi eong thute Taylor eua hām 
/ t$i 0 lā 


f{x) = /(0) + f{0)x + ^£ 2 + ■ • • + 


/ (n) (0)„„ , / (n+1) (0 «.n+l 


-x n + 


2! ' n! (n + 1)! 

Cōng thute nāy duoc gQi lā eōng thute khai triin Maelaurin. 


x n+ \ vāi £ G (0, x). 


Dinh ly 9 (Ve lien tue vā ddn dieu). Giā sū f : [a, b] -+ R lā hām lien tue vā lā dōn ānh tren 
(a, b) thi hoāe lā f āefn diāu tāng nghiem ngāt hoāe lā f dan diāu giam nghiem ngāt trān [a, 6]. 

Ohitng minh. Dāu tien ta ehtfng to rāng / ddn dieu tāng nghiem ngāt hoāe lā / ddn dieu 
giām nghiem ngāt tren (a, b). Xet hai so a < x\ < x 2 < b. Giā sā /( xi) < f{xf), ta se ehiing 
minh f{x) dong bien. Giā sut nguoe lai, ton tai a < a < /3 < 6 mā /(a) ^ /(/3). Do / ddn ānh 
nen /(a) > f{0). Nhu vay, ta eo F{x\, x 2 ) < 0 vā F{a, /3) > 0, vāi 

F{x, y) = f(x) - f(y)- 

Ta se tlm eāeh noi hai diem (x\, xf) vā (a, /3) bdi mQt dudng eong. Rō rāng duōng eong ddn 
giān nhāt lā mOt doan thāng noi hai diim do: 


x = x\ + t(a — £ 1 ) 
y - £2 + t(p-x 2 ) 


(t € [0, 1]). 


Ta se ehiSng minh tren doan thāng nāy c6 diim trung gian (y lt y 2 ) mā F(y 1 , y 2 ) = 0, til do 
suy ra māu thuān. Cq the ta lām nhu sau: Xet hām so 

h(t) = f(x 1 + t(a - £1)) - f(x 2 + t(P - £ 2 )).. 

Rō rāng h(t) lien tue tren doan [0, 1]. Mā h( 0) = f(x\) — f(x 2 ) < 0, h( 1) = f(a) — f(/3) > 0, 
nōn ton tai to € (0, 1) sao eho h(t 0 ) = 0, hay 


Do / ddn ānh nen ta eo 


f(x\ + t 0 (a-x\)) = f(x 2 + t 0 (P — x 2 )). 


x\ + t 0 (a - £ 1 ) = £ 2 + to(/3- £ 2 ), 
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hay 

(xi - rc 2 )(l - t 0 ) + t 0 (a - (3) = 0. 

Dieu nay khōng the xāy ra do x\ < x 2 , a < /3 vā 0 < to ^ 1. Vay / tāng tren (a, b). 
Trt day, ta thāy rāng vdi x > a thi f(y) < f(x), Va < y < x. Suy ra 

f(a) = lim f(z) ^ f(y) < f(x). 


Tuōng tu, ta eūng eo f(x) < f(b) vōi a < x < b. Dinh ly duoc ehūng minh. □ 

He quā. 3. Gia sii f : (a, b) R lā dcfn anh lien tue, khi do ta eo f((a, 6)) lā mōt khoāng 
md. Vā dāt f((a, b)) = (e, d) thi ta eo / -1 : (e, d) —> (ā, b) lā hām lien tue. 

Ohttng minh. Do / hoāe lā hām tāng nghiem ngāt hoāe lā hām giām nghiem ngāt nen 
f((a, b)) lā mpt khoāng md, dāt lā (e, d). Khōng māt tinh tong quāt, ta giā suf / lā hām giām. 
Lāy x E (a, b).Do f lā hām giām nen neu f(x) < f(y) thi y = / -1 (f(y)) < x = / -1 (f(x)), suy 
ra / -1 eūng lā hām giām. Bay giō, xet e > 0 eho truōe. Dāt e > B > 0 vā (x — B, x + B) C (a, b) 
thi ta eo f(x) € (f(x + p), f(x - /3)). Goi 

6 = min {/(x) - f(x + /3), f(x - P) - f(x)}. 


Khi do, neu |/( 2 ) — /(m) | < e thi ta suy ra 

= / -1 ( f(z)) e (x - /3, x + /3) C (x - e, x + e). 

Vā do do 

|/ _1 (/(*)) “ x \ = | f~'f(z) ~ / -1 (/(*)) | < £• 

Dilu nāy ehūng to hām ngUdc lien tue tai f(x). □ 

Nhān xet. Ngoāi ra, ta eo the ehūng minh theo ngōn ngū ve dāy nhu sau: Cho yo € (e, d) vā 
xet dāy sō {y n } trong (e, d) sao eho y n = f(x n ) —> yo (a < x n < b). Ta eān ehūng minh 

x n = / _1 (l/n) -+■ x 0 = f~ l (y 0 )- 

Giā sū ngUOe lai x n -f* x 0 . Do dāy {x n } bi ehān nen tōn tai dāy eon {x nk } hōi tu ve e ^ x 0 , 
(e e [a, b]\. Vi x nk -> e nen f(x nk ) ->• f(c) do / lien tue. Suy ra y nk -> f(c) vā do do f(c) = y 0 . 
Vāy e = f~ l (y 0 ) = x 0 , māu thuān. Tōm lai, f~*(x) lā hām lien tue. 

Dinh ly 10 (Diem eo dinh Knaster). Cho anh xa f : [0,1] —> [0,1] lā mot ānh xa tāng. Khi 
do, f eo it nhāt mōt diim c6 dinh (tūe lā ton tai x 0 6 [0, 1] sao eho f(x 0 ) = x 0 ). 

ChvCng minh. Xet tap A = {x e [0, 1] | f(x) ^ x} C [0, 1]. Vi / : [0, 1] —> [0, 1] nen 

••0</(®)<l, Vx e [0, 1]. 

Noi rieng /(0) ^ 0, hay 0 e A. Vi vay A 0 vā bi ehān tren bōi 1 nen theo ton tai supA. Rō 
rāng 0 ^ sup ^4^1. Dāt x 0 = sup A, ta se ehūng minh 

f(x o) = x 0 . 

Thāt vāy giā sū f(x 0 ) x 0 . Khi do ta eo hai truōng hdp xāy ra: 
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• x 0 < f{x 0 ) < 1. Chon Xi = \ [x 0 + f{x 0 )] C (x 0 , f{x 0 )) e [0, 1] thi do / tāng nen 

f{x i) ^ f{x 0 ) > X\. 

Tif day suy ra x\ G A vā xi > x 0 = sup A, vō ly. 

• 0 ^ f{x 0 ) < x 0 ^ 1. Dat e = x 0 — f{x 0 ) > 0, khi do theo ti»h ehat eua supremum thi 
tōn tai x e G A sao eho x e > x 0 — e = f{x 0 ). Vi x e € A nen ta eo 

f{x e ) ^x e > f{x 0 ). 

Mat khāe, do / lā hām tāng vā x e < x 0 nen 

fM< f{ x o)- 

Hai ket quā tren māu thuān vōi nhau. 

Vāy ta phāi eo f{x 0 ) = x 0 . □ 

Chu y. Khi āp dung eāe dinh ly trung binh ta thtfōng hay phāi dung hām phu, vāi ltfu y sau 

• (/ • e ax y = (/' + af)e ax ; 

• (/•e-“) , = '(/ , -o/)e"“; 

• [/ • (eos ax + sin ax)]' = {f' + af) eos ax + {f — af) sin ax. 


2 Cāc bāi tāp vān dung 

2.1 Bāi tap vān dung eāe djnh ly Rolle, Lagrange vā Cauchy 

2.1.1 Phan bāi tap eef bān 

Bāi toān 1. Chūng minh rang neu f lien tue trong khoāng āong \a, 6], khā vi tren khoāng md 
{a, b) vā f{a) = f{b) = 0 thi vdi m<?i a € R, ton tai x 0 G (a, b) sao eho 

af{x 0 ) + f'{x 0 ) = 0. 


ChvCng minh. Xet hām phu h{x) = e ax f{x) v6i x E [a, b]. Rō rāng h thōa mān dieu kien eūa 
dinh ly Rolle, do do ton tai x 0 € {a, b) sao eho 


0 = h'{x 0 ) = \af {x 0 ) + f'&o^e^ 0 . 


Tū dāy ta eo 


ocf{x 0 ) + f'{x 0 ) = 0. 


Bāi toān dtfpc ehūng minh □ 

Bāi toān 2. Cho f vā g lā eāe hām lien tue tren khoāng āong [a, 6] vā khā vi tren khoāng md 
{a, b). Giā sū f{a) = f(b) = 0, ehāng minh rāng ton tai x 0 € (a, b) sao eho 

g'{x 0 )f{x 0 ) + f'{x 0 ) = 0. 
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ehHng minh. Xet ham phu h(x) = e 9 ^f(x) vāi x € [a, b].V\h thoa mān dieu kien eua dinh 
ly Rolle nen tōn tai xo 6 (a, b) sao eho 

0 = h'(x 0 ) = [g[(xo)f(x 0 ) + f'(x 0 )]e^°>. 


Do e 9 ^ > 0 nen ta eo 


g'(x 0 )f(x 0 ) + f(x 0 ) = 0. 


Do ehinh lā dieu phāi ehtfng minh. 


□ 


Bāi toān 3. Cho f la hām lien tue tren āoan [a, 6], a > 0 vā khā vi tren khoang md (a, b). 
Ohiing minh rhng neu thi tōn tai x 0 € (a, b) sao eho 


x 0 f(xo) = f(x 0 ). 

ehHng minh. D$t h(x) = x € [a, 6]. De thāy h thōa mān dieu kifn eūa dinh ly Rolle, 
do do ton tai x 0 € (a, b) sao eho 


hay 


= h(b) - h(a) _ h , , _ f(xo)x 0 - f(x 0 ) 
b — a v x% 


f(xo)x Q - f(x 0 ) = 0. 


Bāi toān dnoc ehūng minh xong. □ 

Bāi toān 4. Giā sii f lien tue trSn \a, 6] vā khā vi tren (a, b). CMng minh rang nSu 

f 2 (b) — f 2 ( a ) = b 2 — a 2 , 

'phuōng trinh f(x)f(x) = x eo it nhāt mot nghiem trong (a, b). 

Ghvtng minh. Ta eo h(x) = f 2 (x) — x 2 , x € [a, 6] thōa mān dieu kien eūa dinh ly Rolle. Do 
do, ton tai a;o € (a, b) sao eho 

0 = ----- = h'(x 0 ) = 2f(x 0 )f(x 0 ) - 2x 0 , 

tū day suy ra 

f(xo)f(xo) = x 0 . 

Dieu nāy ehūng tō phuang trinh f(x)f(x) = x c6 it nhāt m$t nghifm xo € (a, b). □ 


Bāi toān 5. Cho f vā g lā eāe hām lien tue, āuang tren khoāng āong [a, b} vā khā vi tren 
khoāng md (a, b). Chvtng minh rang niu ffa)g(b) = f(b)g(a) thi ton tgi x 0 6 (a, b) sao eho 

f(x q) _ g'(x o) 
f(x o) g(x 0 ) ‘ 

Chvtng minh. Xet hām so h(x) = v6i x € [a, 6]. Tū giā thilt ta eo h(a) = h(b), do do h 
thōa mān dieu kien eūa dinh ly Rolle, suy ra ton tai x 0 € (a, b) sao eho h'(x 0 ) = 0, hay 

f(xo)g(x 0 ) - f(x 0 )gf(x 0 ) 
g 2 (x o) 
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Do g 2 (x o) > 0 nen ta eō 
hay 


f'(x 0 )g(x 0 ) - f(x 0 )gf(x 0 ) = 0, 
f'(x 0 ) g'(x 0 ) 


f(xo) 9(x o) 


Bāi toān duoc ehiing minh xong. 


□ 


Bāi toān 6. Cho hām so f lien tue tren khoāng āong [a, 6] (0 < a < b) vā kha vi tren khoang 
md (a, b). Chvtng minh rang ton tai xq. € (a, b) sao eho 


bf(a) - af(b) 
b — a 


= f(xo) - Xof(x 0 ). 


Chxtng minh. Si3f dung dinh giā trj trung blnh t8ng quāt eho hai hām s6 ^ vā ~ tren 
[a, 6], ta suy ra ton tai x 0 € (a, b) sao eho 


bf(a)-am m-l& 


_ 6 


o _ 


b — a 


i _ l 

b a 


= f(x o) - x 0 f'(x o). 


Dāy ehfnh lā ket quā eān ehiSng minh. 


□ 


Bāi toān 7. Cho hām f : [0, 1] -» [0, 1] li€n ty.c, khā vi trong khoāng (0, 1) vā f(0) = 0, 
/(1) = 1. ChHtng minh rāng tSn tgi hai sd thue a, b E (0, 1) vdia^b sao eho 

f'(a)f(b) = l. 

ChvCng minh. Xet hām s6 g(x) = f(x) + x — 1 vōi x 6 [0, 1]. De thāy g(x) lien tue tren doan 
[0, 1] vā khā vi tren khoāng (0, 1). Mat khāe, do #(0)<7(1) = —1 < 0 nen ton tai x 0 € (0, 1) 
sao eho g(x 0 ) = 0, hay f(x 0 ) = 1 — Xo- Theo dinh ly Lagrange, ton tai a E (0, x 0 ) sao eho 


vā t6n tai 6 e (a:o, 1) sao eho 


f» = 


f'(b) = 


f(x 0 ) - /(0) 1 - x 0 


x 0 - 0 


x 0 


f( 1 ) - /(* 0 ) * 0 


1 - X 0 ■ ■ 1 “ *0 

Tā hai dāng thile trōn, ta suy t8n tai o, b € (0, 1) sao eho f(a)f(b) = 1. □ 

Bāi toān 8. Cho hām s6 f(x) lien tue tren [0, 1], khā vi trong khoāng (0, 1) vā thoa rhān āieu 

kien f( 0) = /(1) = 0. Chv:ng minh rtng ton tai e £ (0, 1) sao eho .< 

f’(c) = f(c). 

ChvCng minh. Xet hām so g(x) = e~ x f(x). Ta eō 

9 '(x) = [f(x) - f(x)\e~ x . 

Māt khāe, d§ thāy g(0) = g(l) = 0 nen theo dinh ly Rolle ton tai e 6 (0, 1) sao eho g'(c) = 0, 

hay f(c) = f(c). Dāy ehinh lā ket quā eān ehiing minh. □ 
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Bāi toān 9. Cho hām so f(x) eo f'(x) tāng nghiem ngāt tren āoan [a, 6 ] vōi f(a) — |(a — b) 
vā f(b) = |(6 — a). Chiing minh rang ton tai ba so thife phān biet ei, c%, c 3 E (a, b) sao eho 

f^f&mes) = i. 

ChvCng minh. Theo dinh ly Lagrange, tōn tai ei E (a, b) sao eho 


f(c) = = 1 . 

b — a 


( 1 ) 


Bay giō, xet hām so h(x) = f(x) + x — ta eo h(a)h(b) = — (ā — b) 2 < 0. Do do tōn tai 
xo E (a, b), sao eho h(x o) = 0, hay 

tr \ a + b 
f( x o) - — - xo. 

Lai theo dinh ly Lagrange, tōn tai c 2 E (a, Xo), sao eho 

/'( C2 ) 1 /( z o) ~ /( Q ) b ~ x o 

3/0 0> 0C o CL 

Tnong tit nhu vay, ta eūng eo ton tai c% e (xq, b) sao eho 

/'M = MzIM = 

b - x 0 b — x o 

Rō rāng c 2 ^ c 3 vā 

f(c 2 )f(c 3 ) = 1 . (2) 

Tū ( 1 ) vā (2), ta suy ra ton t&i ei, c 2 , c 3 € (a, b) sao eho 

f(ci)f(c 2 )f(c 3 ) = 1 . 

Māt khāe, eo the thāy rang ba so nāy khāe nhau tifng dōi mōt. That vay, neu c 3 = c 2 thi ta 
c 6 /'(ei) = /'(c 2 ) = 1 , suy ra /'(c 3 ) = 1 (do f(c 2 )f(c 3 ) = 1 ). Mā f(x) lā hām dōng bien nen 
cj = c 2 = c 3 , māu thuān vi c 2 ^ c 3 . Tuong tu, ta eūng eo e^ ± c 3 . Vāy ei, c 2 , c 3 phan biet. Bāi 
toān duoc ehūng minh xong. □ 

Bāi toān 10 . Cho f(x) lien tue tren [0, f] vā khā vi trong (0, f) sao eho /(0) = / (f) = 0 
vā f 2 (x) + [f(x)] 2 ^ 0, Vx E (0, f) . Chxlng minh rhng tōn tai e E (0, f) sao eho 

tanc = Trf-frv 

m - f(c) 

Chiing minh. De thay tren [0, f] , hām so g(x) = f(x)(cosx + smx) thoa mān eāe dieu kien 
eūa dinh ly Rolle, suy ra ton tai e E (0, f) sao eho g'(c) = 0, hay 

[/'(e) + f(c)] eose = [/(e) - f(c)] sine. 

Tū dang thūe tren vā tū giā thiet 

° * /+)+ [/-(e )] 2 = 


ta suy ra f(c) + f(c) ^ 0, f(c) — f(c) 7 ^ 0. Vā nhu vāy, ta eō the viōt dāng thūe tren lai thānh 

sine f(c) + f(c) 


tane 


eos e f(c) - f(c)' 


Bāi toān duoc ehūng minh xong. 


□ 
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Bāi toān 11. Giā svt f lien tue tren [a, b] vā khā vi tren (a, b). Chūng minh rang neu f khong 
tuy€n tinh thi ton tai x\ vā x% thuoe khoāng (a, b) sao eho 

nxt) < < fiX2) . 

Chvtng minh. Chū y rllng hām tuyen tmh g(x) = mx + n eo mot dac diem quan trong lā 

= M x ,y, x ',y'e%xty, X '*y'. 

x — y x' — y' 

Vi / khōng tuyen tfnh nen tōn tai e € (a, b) sao eho 


hoāe 


b — a 


f(c) > !(a) + /(l,> f (a) (c - a). 
o — a 


Chāng han, ta giā sū f(c) < f(a) + -^ - _^ a ^(c — a). The thi 

f(c) ~ f(a) , f(b) ~ f(a) ^ f(c) - f(b) 

' - < -L- < - 7 -• 

e — a b — a e — b 

Sū dung dinh ly giā tri trung binh tren hai doan [a, e] vā [e, 6], ta thāy ton tai x.\ G (a, e) vā 
X 2 S (e, b) sao eho 

/'(*,) = f(c> -. rn M - m 


e — a 


e — b 


Tū day, ket hpp vdi tren, ta suy ra 


□ 


rw<M< /w . 

o — a 

Do lā dieu phāi ehūng minh. 

Bāi toān 12. Giā sū a 0 , a\, ..., a n lā eāe so thue thōa mān 

Uo U\ a n _ i 

—— + — + ••• + —T- + a n = 0. 
n +1 n 2 

CMng minh rang P(x) = aox n + a\X n ~ l -I- h a n _ \X + a n eo it nhat mōt nghiem thuoe (0, 1). 

Chiing minh. Xet da thūe Q(x) = -£+\X n+1 + ^x n H-1- a n x. De thāy Q(x) thōa mān dieu 

kien dinh ly eūa Rolle trong doan [0, 1] nen ton tai Xq G (0, 1) sao eho Q'(xq) = 0, hay 

o 0 Xq + ū\Xq 1 + • • • + a^^o + a n = 0. 

Dieu nāy ehūng tō rāng P(x) eo lt nhāt mōt nghipm xo 6 (0, 1). □ 

Bāi toān 13. Xet eāe so thue ūq, a\, ..., a n lā eāe so thue thoa mān 

a o 2ai 2 n ^On-i 2 n q n _^ 

12 n n +1 

CMng minh rhng hām so f(x) = a n \vL n x + a n _iln n_1 x H-1- ai ln x + ao eo it nhat mōt nghiem 

t^ong khoāng (1, e 2 ). 
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ChvCng minh. Xet ham so 

h(x) = -~ n -ln n+1 a: + 0,1-1 ln n x +-1- ^-ln 3 x+ ^-ln 2 x + ^lna;, x € [1, e 2 ]. 

n +1 n 3 2 1 

D6 thay h(x) thoa mān eāe di6u kien eūa dinh ly Rolle trong [1, e 2 ], do vay tōn tai e E (1, e 2 ) 
sao eho h'(xo) = 6. Mā 


h'(x 0 ) = 


a n ln n xq + a n _i ln” 1 Xq-\ -(- ai ln xq + ūq 


Xq 


nen ta eō 


a n ln n x 0 + a n _i ln n 1 x 0 H-h ai ln x 0 + ao = 0. 

Vāy f(x) c6 lt nhat mpt nghi^m thu0c (l, e 2 ). □ 

Bāi toān 14. Cho f khd vi liān ty,c trān doQ,n [a, 6] vā khā vi cdp hai trān (a, b). Gid svt 

f(a) = f(a) = f(b) = 0 . 


ChvCng minh r&ng tdn tai e € (a, b) sao eho f"(c) = 0. 

ChvCng minh. Sū dung dinh ly Rolle d6i vdi / trong [a, b\, ta eo ton tai x 0 € (a, b) sao 
eho f(x 0 ) = 0. Tiep d6 sū dpng dinh ly Rolle d6i v6i f(x) tren [a, xo], ta suy ra ton tai 
e € (a, x 0 ) C (a, b) sao eho f"(c) =0. □ 

Bāi toān 15. Cho a € (0, 1). Gid sūhām sS f(x) liān tue trān [0, 1] thda mān /(0) = f(l) = 0. 
Chvcng minh r&ng ton tai b € [0, 1] sao eho hoāe f(b) = f(b — a) ho$c f(b) = f(b + a — 1). 

ChvCng minh. M6 rong hām f(x) ra toān true thue de dttdc hām tuān hoān ehu ky T = 1. 
Do /(0) = /(1) = 0 nen hām m6i (vān ky hieu lā f(x)) lien tue tren R. Xet hām so 

g(x) = f(x + a) - f(x). 

Do / tuān hoān ehu ky 1 nen theo eāe tmh ehāt eūa tfeh phān, ta eo 

/ • ' " • ' ■ ■ 

/ 11 1 1+0 1 
~ = J 9 {cc)dx = J f(x + a)dx- J f(x)āx= J f(x)dx - J f(x)dx = 0, 

0 0 0 a 0 

suy ra t6n t?d e € (0, 1) sao eho g(c) = 0, hay 

f(c + a) = f(c) = f(c + a - 1). 

Neu c+ a 6 [0, 1] thl ta c6 th6 chQn b = a + e de c6 f(b) = f(b — a). Neu e + a > 1 thi ta eo 
the chQn b = e de eo b 6 [0, 1] vā f(b) = f(b + a — 1). □ 

2.1.2 Bāi tāp nāng eao 

Bāi toān 16. Tim tSt eā eae hām so f(x) xdc dinh tren doan [0, 1], khā vi trān khoang (0, 1) 
vā thoa mān eāe dieu kien: 

(a) f(0) = f(l) = 1; 

(b) 2003f(x) + 2004/(x) ^ 2004, Vx 6 (0, 1). 
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L&i giāi. Xet hām so g(x) = e kx [f(x) — 1] vefi k = Khi do tijf giā thiet (b) ta eo 

g'(x) = e kx [f'(x) + kf(x ) - k] > 0, Vx € (0, 1). 

Suy ra g(x) dōng bien tren doan [0, 1]. Māt khāe, theo (a) ta lai eo g(0) = <?(1) = 0. Tit hai 
dieu tr6n, ta suy ra g(x ) = 0, \/x G [0, 1]. Vāy f(x) = 1, Vx G [0, 1]. □ 

Bāi toān 17. Cho hai hām so f(x), g(x) : [a, 6] -+ [a, 6] thoa mān ddng thdi eāe dieu kien: 

(a) f(x), g(x) lien tue tren [a, 6]; 

(b) f{g(x)) = g(f(x)), \/x £ [a, 6]; 

(e) Hām so f(x) dan dieu 

Chdng minh rang ton tai xq € [a, 6] sao eho f(x o) = g(x o) = Xq. 

Chvtng minh. Giā suf / lā hām ddn dieu tāng (trtfāng hdp / giām dtfdc xet ttfdng ttf). Dāt 
h(x) = g(x) — x. De thāy h(x) lien tue tren doan [a, b] vā 

. h(a) = g(a) — a ^ 0, h(b) — g(b) — b < 0. 

Do do ton tai e € [a, 6] sao eho h(c) = 0, hay g(c) = e. Neu f(c) = e thi ta eo ngay dieu eān 
ehufng minh nen ehi eān xet f(c) ^ e. Dāt x\ = f(c), x-i = f(xi), ..., x n = f(x n - 1 ). Rō rāng 
{a:„} lā dāy ddn di$u vā bi ehān trong [a, 6] nen h$i tu. Dāt lim x n = x 0 6 [a, b] thi ta c6 

9(x l) = 9(f(c)) = f(9(c)) = f(c) = X\. 

Giā sut g(xk) = Xk v6i k ^ 1. Bāng phtfdng phāp quy nap, ta ehtfng minh dtfdc g(x n ) = x n v6i 
moi n ^ 1. Do f(x) vā g(x) lā eāe hām lien tue nen ta eo 

lim x n = limf(x n -\) = f(x 0 ), limx n = limg(x n ) = g(x 0 ). 

Vāy f(x 0 ) = g(x 0 ) = x 0 . □ 

Bāi toān 18. CMng minh rhng khōng ton tai hām f(x) lien tue tren M vā thoa mān 

f(x + 2002) [/(*) + v^ŌŌā] = -2004, Vx G R. 

Chvtng minh. Giā stf ton tai hām f(x) thoa mān 

f(x + 2002) [/(®) + \/2ŌŌ3 = -2004, Va; € R. (1) 

Khi do f(x) 0 vā f(x) ^ — \/2003 v6i mpi x G R. Do f(x) lien tue nen ehi eo the xāy ra mōt 

trong ba trtfōng hdp: Im/ C (—oo, — \/2003) , Im/ C (—\/2003, 0) vā Im/ C (0, +oo). 

• V6i Im/ C (—oo, — \/2003) , thi ve trāi eua (1) > 0 > —2004, vō ly. 

• V6i Im/ C (0, +oo), thi ve trāi eua (1) > 0 > —2004, vō ly. 

• Trong trtfōng hdp Im/ C (—\/2003, 0) , ta eo — \/2003 < f(x) < 0 vā 

0 < f(x) + v^ŌŌ3 < \/2ŌŌ3. 

Khi d6 ve trāi eua (1) eo tri tuyet doi nho hdn 2003, vō ly. 
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Cāc chuyen di boi du’3ng hoe sinh giōi Toān 


Vāy kliōng ton tai hām so thōa mān yeu eāu bāi toān. 
Bāi toān 19. Chting minh rang vōi moi a ^ 3, ta eo 


□ 


sinx 

x 


^ eos x, Vx e ^O, . 


Chv£ng minh. Vāi x e (0, f) thi ta eō 0 < sina; < x nen 0 < ^ < 1, th dō suy ra 


sina; 


x 




smre 


x 


Va £ 3. 


Nhtf vāy, ta ehi eān ehufng minh bat dāng thiie eho a — 3, vā trong trtfōng hop nāy bāt dang 
thtfe eua ta eō the viet lai thānh 


smi 


eos X 

Xet hām so f(x) — -^125= — x tren [0, f) . Ta eo 


>x, Vx e (o, D . 


f'(x) = 


2 cos J x — 3 cosx\/cōsx + 1 
3cOSXv/cŌs~X 


Ta se ehtfng minh 


( 1 ) 


f(x) ^ 0, Va; e [0, . 

Dāt t = eosa;, 0 < t < 1 thi bāt dāng thtfe tren ttfeing dtfōng vāi 

g(t) = 21 2 - 3 t\Tt + 1 0. 

Ta eo g'(t) = 4 (t — \/t) < 0, Vt e (0, 1] ngn g(t) lā hām nghieh bien tren (0, 1] vā 

g(t)>g( i)-o, Vt e (o, l]. 

Vāy (1) dung, suy ra f(x) lā hām dong biln tren [0, f) . Ttf dāy, ta eo 

f(x) ^ /(0) = 0, Va; e 0, . 

Bāi toān dtfoc ehtfng minh. □ 

Bāi toān 20. Cho f(x) khā vi tren [o, 6] thōa mān f(a) = f(b) = 0 vā f(x) f 0, Vx e (a, b). 
Chiing minh rang ton tai dāy { x n } C (o, b) sao eho 

f'M 


lim r- 


= 2002 . 


(\fe — 1) f(x n ) 

ChvCng minh. Vāi moi n = 1,2,..., xet hām so g n (x) = e -29 ^ 2 f(x), Vx e [a, b ]. Rō rāng 
g n (x) xāc dinh vā lien tue tren doan [a, b\, khā vi tren khoāng (a, b) vā g n (a) = g n (b) = 0. 
Theo dinh ly Rolle, ton tai x n e (a, b) thoa mān dieu kien g' n (x n ) = 0. Ta se ehtfng minh dāy 
{a+}ngN* thōa mān yeu eāu bāi toān. Thāt vāy, ttf 


ta suy ra 


,, . 2002 2002a; _ . x 2002a; ... . 

9 n ( x n) = -—e » f(x n ) +.e « / (x n ) = 0, 


f'(x n ) 2002 


f(x n ) 


n 


Vā do do lim = lim n(e i^-i) = 2002 ( vi lim ->o rr = 1 )- 


□ 



Cac d|nh ly lien quan den hām thu’e vā u’ng dung 
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Bāi toān 21. Xāc āinh tat ea eāe hām so f(x) thoa mān āōng thdi eāe āiiu kien: 

(< a ) f(x) > e 2004x , Va: e M; 

(6) /(x + y) ^ f(x)f(y), Vx, ye R. 

giāi. Dat /(a:) = e 2004x g(a:). Tā (a), ta eō g(x) ^ 1 vdi moi i G M. Va theo (b) thi 

e 2<m(x + y) g{x + y)> e 2004x g{x)e *m Vg ( y) ' ^ y g R> 

suy ra 

$(® + v)> 9 (x)g(y), Vx, yeR. 

Trong bāt phuong trinh hāy, eho x — y = 0, ta duoc g( 0) ^ <? 2 (0), suy ra 0 ^ g( 0) < 1. Nhung 
do ^(0) ^ 1 nen g(0) = 1. Tā day suy ra 

1 = g( 0) = g(x + (-%)) ^ g(x)g(-x) ^ 1, Va: e R. 

Dilu nāy ehi xāy ra khi g(x) = 1, hay f(x) = e 2004x . Vāy f(x) = e 2004x lā hām so eān tim. □ 

Bāi toān 22. Cho hām so f xāc dmh vā eo dao hām eap 2 tren R vā thoa mān dieu kien 

f(x) + f"(x) ^ 0, Vx e R. 

Chūng minh rang 

f(x) + f(x + 7r) ^ 0, Vx e R. 

Chttng minh. V6i mōi x e R c6 dinh, xet hām so 

9(y) = f'(y) sin (y - x) - f(y) eos (y - x). 

D§ thāy 

9'(y) = [f"(y) + f(y)] sin(a: - y) > 0, Vy e [x, x + n\ 

vā g'(y) bāng 0 tai hUu han diem tren [x, x + n\ nen ta suy ra g(y) khōng giām tren [x, x + n], 
dān t6i g(x) ^ g(x + 7r),.nghla lā f(x) + f(x + 7r) ^ 0, ta eō dieu phāi ehtfng minh. □ 

Bāi toān 23. Cho hām so f(x) khā vi tren doan [a, h) vā thoa mān diiu kien 

[f(x)] 2 + [f(x)] 2 > 0, Vx e [a, 6]. 

CMng minh rang so eāe nghiem eua phuong tnnh f(x) = 0 tren dogn [a, 6] lā hūu hgn. 

Chvtng minh. Giā sut ngUdc lai phuong trinh f(x) = 0 eo vō so nghiem {o: n } C [a, 6]. Do dāy 
nāy b; ehān nen eo mōt dāy eon {a; nfc } -+ a G [a, 6]. Do f(x) lien tue nen f(a) = 0. Mat khāe, 
tti giā thiet [f(x)] 2 + [f(x)] 2 > 0, Vx e [a, 6], ta eo f(a) f 0. Tif do suy ra 

: Ita M Z M = f (a) t 0. 

x->a x — a 

Dieu nāy ehiing ito f(x) ^ 0 trong mōt lān eān nāo do eūa a, māu thuān v6i giā thiet a lā 
diem tu eūa dāy {x n }. □ 

Bāi toān 24. Cho f lā mōt hām lien tue tren dogn [0, 1] vā khā vi tren (0, 1). Giā sū rang 
/(0) = /(1) = 0 vā ton tgi Xo € (0, 1) sao eho f(x 0 ) = 1. Chvtng minh rāng ton tgi e e (0,1) 
sao eho \ f(c)\ > 2. 
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Cac chuyen de boi dt/dng hoe sinh gioi Toān 


ChHlng minh. Giā sut x 0 ^ \, khi do mot trong hai khoāng [0, x 0 ] vā [x 0 , 1] se eo dō dāi 
khōng vvrdt quā \. Giā su doan d 6 lā [x 0 , 1], suf dung dinh ly giā tri trung binh, ta eo ton tai 
e G (xq, 1 ) sao eho 

1 — x 0 1 — x 0 

tur do suy ra \f'(c)\ > 2 . 

Xet trtfetag hdp x 0 = \. Khi do: 


• Neu / tuyen tfnh tren doan [0, 1] thi f(x) = 2x. Vi / (|) = 1 nen ton tai x\> \ sao eho 
f(xf) > 1 . Trong trtfefng hefp nāy āp dung dinh ly giā tri trung binh tren khoāng (xi, 1), 
ta eo ton tai e € (xi, 1 ) sao eho 


m - < A = -?. 


1 — Xi 


1-3 


thoa mān yeu eāu eūa bāi toān. 


• Neu / khōng tuyen tinh thi ton tai x 2 ^ | sao eho f(xf) ^ 2 x 2 - 

o Neu x 2 € (0, |) vā /(x 2 ) > 2x 2 thi sū dung dinh ly giā tri trung binh tren khoāng 
( 0 , x 2 ), ta suy ra ngay dieu phāi ehūng minh. C 6 n neu x 2 E (0, vā /(x 2 ) < 2x 2 
thi sū dung dinh ly giā tri trung binh eho khoāng (x 2 , 5 ) , ta eūng eo ngay diōu 
phāi ehūng minh. 

o Ly luān giong nhtf tren, ta eūng c 6 ket quā ttfdng tu khi x 2 € (|, l). □ 


Bāi toān 25. Cho n € N* vā o*,, 6*, € R (k = 1, 2, ..., n). Chūng minh rang phūōng trinh 

n 

x + ^ (ūk sin kx + bk eos kx) = 0 

fc=i 

eo nghiem trong khoang (— 7r, 

ChūCng minh. Xet hām so 


Ta eo 


2 n / L \ 

F(x) = + ^ (— ^cos/cx + ~^smkxj , x € R. 

fc=i ' ' 

* - T +1 W = £ + X [-f (-i)l, 


fc=l fc=l 

suy ra F(—n) = F(i r). Māt khāe, de thāy F(x) lien tue vā khā vi tren [— 7 r, 7 t]. Do do, theo 
dinh ly Rolle, ton tai x 0 E (—n, n) sao eho F'(x 0 ) = 0. Mā 

n 

F'(x) = x + ^ (ūk sin kx + eos kx), 


fc=1 


nen ta eo 


x 0 + ^2 (a k sin kxo + b k eos A;x 0 ) = 0. 


fc=i 


Tū day suy ra dieu phāi ehūng minh. 


□ 



Cāc d|nh ly lien quan den hām thi/e vā ufng dung 
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Bāi toān 26. Cho hām so f : [o, 6] —> [a, 6] (a < b) lien tue vā thoa mān diiu kien: 

|/(s) ~ f{y) | < k - 2/1. Vx, y e [a, b] t x^y. 

CMng minh rāng phitong trlnh f(x) —xc6 duy nhat mot nghi$m thuōe [a, 6]. 

Chvtng minh. Xet hām so g(x) = | f(x) — x\. De thay g(x) lā hām li@n tue tren doan [a, b ], 
do do ton tai xo e [a, b) sao eho g(x o) = min x€ [ a) 6 ] g(x). Ta se ehāng minh 

g(x o) = 0. 

Giā suf g(x 0 ) / 0 thi f(x 0 ) / x 0 . Tii giā thiet, ta eō \f(f(x 0 )) - /(x 0 )| < |/(a^o) — x 0 1 , suy ra 

9(f(x o)) < g(x o). 5 


Dieu nāy māu thuān vāi giā suf g(x 0 ) lā gia tri nho nhāt eua hām g(x) tren doan [a, 6 ]. Vay 
g(x 0 ) = 0, hay f(x 0 ) = x 0 . Trt day suy ra x 0 lā mot nghiem eua phuong trinh f(x) = x. 

Giā sut phuong trinh f(x) — x eon eo mot nghiem khāe x^ / x 0 vā X\ e [a, 6 ]. Ta eo x\ / x 0 
vā x 0) x\ G [a, b ] nen 

|/(*i)-/(*o)| < |®i-*o1. (1) 

Māt khāe, do x 0 vā x\ lā nghiem eūa phuong trinh f(x) = x nen 

|/(*i)“/(*o)| = |*i -*o|. (2) 


Tū (1) vā (2) suy ra mau thuān. Vay, phuong trinh f(x) — x ehi eo mōt nghiem duy nhāt tren 
doan [a, b). Ghūng minh hoān tāt. □ 

Bāi toān 27. Cho hām s6 f(x) khā vi tren doan [a, b ] thoa mān dieu kien: 

(a) Phuong trinh f(x) = 0 eo nghiem tren doan [a, 6 ]; 

(b) Vōi moi x e [a, b\ thi |/ / (a:)j < |/(a:)|. 

Chiing minh rāng f(x) = 0, Vx e [a, 6 ]. 


Chvtng minh. Giā sū x 0 lā nghiem eūa phuong trinh f(x) = 0 vdi x 0 € [a, b). Theo dinh ly 
Lagrange, v 6 i mōi x e [a, 6 ], ta eo ton tai e sao eho 

f(x) = f(x 0 ) + f'(c)(x - xq) = f'(c)(x - x 0 ). 

Xet khoāng dong G = [x 0 — |, x 0 + f) [a, b). Vi f(x) khā vi tren [a, 6 ] nen f(x) dat eue dai 
tren doan dong G. Giā sū |/(£ m )| = maXa; 6G |/(a:)|, x m e G. Ta eo 

| f(x m )\ = \f(cm)\\x m - ®o| ^ |/(c m )||a: m - x 0 | < ±\f(c m )\ ^ l;\f(x m )\, 


tū do suy ra 

f(x) = 0, Vx e G. 


NhU vay, neu tai mōt diem tren doan [a, 6 ] mā f(x) = 0 thi f(x) = 0 tren toān bō lān ean v 6 i 
bān kinh bang | eūa diem do. Bāng viee xet eāe diem x 0 khāe nhau (mā tai do f(x 0 ) = 0) 
lan dān vg hai phia eūa doan [a, b) thi sau mot so hūu han bu 6 c ta se duoc f(x) = 0 v 6 i moi 
i £ [a, Bāi toān dupc ehūng minh xong. □ 
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Cāc chuyen de boi diTdng hoe sinh giōi Toan 


Bai toān 28. Tim f : R —> R thoa mān eāe āiiu kien: 
(a) f(x + y)K f(x) + f(y), Vs, y e R; 


m ita M = i. 

v y x—>o a; 

iōfi giai. Tii (a) ta eo f(nx) < n/(x), Vn G N, x e R, suy ra f(x) < nf (^) . Dān t6i 

vx>o 

- X 


va 


/( *) ^ LL-A' \/ x > 0 . 


—x 


Māt khāe, tuf giā thilt ta eūng de dāng suy ra /(0) ^ 0, do do 

0 < /(0) < f(x) + /(-*), G R. 

Vay vdi mōi xq > 0, ta eo 

/ (if) „ /W „ /(-«.) „ /(-?) 


f *o -x 0 


vn€N - 
n 


Tū do suy ra 


vā nhu the ta eo 


. /(“) /H?) , 

™ = lim = 1, 


lim xo 
n—> OO —“■ 


XQ 

n 


= ltE2l = 1 , Vx>0. 

X 0 -X 0 


Vay f(x) = x, Vx ^ 0. Bay giā, ehon x 0 ^ 0 thi ta eo 

0 ^ /(0) ^ f(x 0 ) + f(—xo) = Xo -x o = 0, 


nen /(0) = 0. Cuoi eūng, ta di dōn ket luān: f(x) = x, Vx e M. □ 

Bāi toān 29. Cho M > 0, vā hām so f(x) xdc dinh vā lien tue tren R sao eho 

\f(x + y)~ f(x)~ f(y)\<;M, Vx, y e R. 
ehting minh rāng vdi moi ieR deu ton tai gidi han lim^oo . 

Chvtng minh. Ta eo dinh x e R vā ehūng minh bāt dāng thūe sau bang quy nap theo n e N: 

| f(nx) — nf(x) | < (n — 1 )M < nM, Vn ^ 2. (1) 

V 6 i n = 2 thi |/(2:r) - 2/(x)| = \f(2x) — f(x) — f(x) | ^ M < 2M nen bāt dāng thūe dūng. 

Giā sū bāt dāng thūe dūng vāi n = A; — 1, ta eān ehūng minh no eūng dūng v 6 i n = k. That 
vāy, tū giā thiet ta eo 

| f(mx) — /((m — l)x) — /(a:)| < M, Vm e N. 
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Cāc djnh ly lj§n quan den hām thuTe vā dng dung 


Tir do suy ra 


\f(kx) — kf(x)\ = 


Y2 [ f(mx ) - f((m - l)x) - f{x )] 


m=1 
k 


< Y11 f( mx ) ~ /(( m ~ !)*) - f ( x )I 

m=l 

^ M + M H-hM = kM. 


Vay ( 1 ) dudc ehiing minh. TCt day, ta suy ra 

|/(nmx) — n/(mx)| < nM, |/(nmx) — m/(nx)| ^ mM, Vx e R, m, n ^ 2, 

hay 


f(mnx) . f(mx) 


f(mnx) f(nx) 

mn m 

. m 

mn n 


n 


Cōng hai bat dang thile tren lai vdi ehū y rang 


/(mi) • /(nx) 


m 


n 




f{mnx) f{mx) 


mn 


m 


+ 


f{mnx) f{nx) 


mn 


n 


ta dudc 


f{mx) f(nx) 


m 

2 M 


n 


. M M 

^- 1 -. 

n m 


TU day, vāi moi e > 0, ehpn V > N € N thi v 6 i moi m,n^N ta eo 


f(mx) f(nx) 


m 


n 


M M 2M 
< — + — ^~<£. 
n m N 


Dieu nāy ehūng tō lā dāy Cauchy, do do no hoi tu. 

I J n£N 


□ 


Bāi toān 30. Chūng minh rang ton tai duy nhat mdt dāy so thue ( a n ) vdi a n e [0, f ] saō eho 
eos a n = a”. Tim giōi han eua dāy do. 


ChvCng minh. Xet hām so f n (x) = x n — cosx. Ta eo f n (x) lien tue tren R vā 

f' n (x) = nx n_1 + sinx ^ 0, Vx € 


7T 

°’ 2 J 


Suy ra f n (x) dong biin tren [0, f] . Māt khāe, lai eo /„(0) = -1 < 0 vā /„( 1 ) = 1 - eos 1 > 0 
nen phudng trinh f n (x) = 0 eō nghiem duy nhāt a„ e ( 0 , 1 ), tūe lā ton tai duy nhāt a„ dl 

eos a„ = a n . 

Ta ehūng minh (a„) lā dāy tāng. Giā sū ngUdc lai ton tai n mā a„ > a n+ i. Khi do, do hām eos x 
nghieh biln tren (0, 1) nen ta eō cosa„ < cosa„ + i, suy ra a n < a n +} ^ a n +1 (do a „ +1 e [0, 1]). 
Tū day ta eo a„ < a„ +1 , mau thuān v 6 i dieu giā sū tren. Vay (a„) lā dāy tāng vā bi ehan tren 
bdi 1 , do do ton tai lima„ = a. Mā a„ = (cosa„) 1/n nen a = (eosa ) 0 = 1 . Vay lima„ = 1 . □ 


Bāi toān 31. Cho so thue a > 2. Dāt f n (x) = a 10 x n+1 ° + x n + • • • + x + 1 (n = 1,2,...). 
CMng minh rang vōi mōi n phuefng trinh f n (x) = a eo dung mot nghiem x n e (0, +oo) vā dāy 
so (x n ) eo giōi hgn hūu hgn khi n —> oo. 
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Cac chuyen de b6i difdng hoe sinh gi6i Toan 


Chiing minh. Dāt g n (x) = f n (x) — a thi 


-r- n+1 — 1 

g n (x) = a 10 a : n+10 + - a. 

X X 


Ta eo g n (0) = 1 — a < 0 va 

'a- 1 


a 


= a 


10 


(o-l)' 


a _l\n+l 


(o- 1) 


a n +iO 

n+10 


n+10 ^ a—1 ^ 


q— 1 _ ^ 

a 

_ ^n-fl 


(a - l) n+L - ā 


— a 


— a 


a n 


(a - l ) n+1 [fc-l) a -l] 


> 0 


Māt khāe, de thay g n (x) 1 ā mōt hām lipn tue vā dong bien tren (0, +oo), do do vdi moi n 
phuong trinh f n (x) = a eo duy nhāt mot nghiem x n € ( 0 , . 

Bāy gid, ta se ehufng minh g n+ i(x n ) < g n+ i(x n+ i) = a, hay 

a 10 x n+u + x n+1 + x n -I-f x n + 1 < a. 

Mā x" H- 1 - x n + 1 = a - a 10 x" +1 ° nen bāt dāng thute tren tuong duong vāi 


10_n+ll . „n+l 


a x: 


10^n+10 


+ x n ^ L < a w x n 


hay 

a - 1 . 

x n < - (dung). 

a 

Do do g n+ i(x n ) < g n+ i(x n+ i). Mā g n+ i(x) lā hām dong bien tren (0, +oo) nen ta eo x n+ i > x n , 
suy ra (x n ) lā dāy tāng. Hon nūa, no lai bi ehān tren bdi Vay ton tai gi 6 i han hūu han 
limx„. Bāi toān duoc ehūng minh xong. □ 

Bāi toān 32. Cho hām so f(x) eo eāe tinh ehat sau: 

(a) 0 < f(x) < 1, Vx € M; 

(b) f(x + h) [l - f(x)] ^ Vx e R, h > 0. 

Tim lim^oo f(x). 

Lefi giai. Theo bāt dāng thūe AM-GM, ta eo 

f(x + h) + [1 - /(*)] ^ 2y/f(x + h) [1 - f(x)] > 1, Vh>0. 


Do do f(x + h) > f(x), Vh > 0. Dieu nāy ehūng to f(x) don dieu tāng vā bi ehān tren R 
(f(x) < 1), suy ra ton tai lim x _ >0 o f(x) = a > 0. Tū giā thigt f(x + h)[ 1 — f(x)] ^ \, ta eo 


lim {f(x + h) [l - f(x)] } ^ j, 

x—*oc 4 

suy ra 

«(!-«) > 

Mā a(l — a) — \ = — (a — ^) 2 < 0, nen ta eo a = \. Vāy lim x _>oo f(x) = \. 


□ 



Cāc djnh ly Hen quan din hām thife vā dng dung 
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Bāi toān 33 (Tap ehi AMM). Tim tat ea eāe hām khā vi f : R —>■ Wkhd vi hai lān tren khoāng 
md ehla 0 vā eo ehinh xac mot nghiem thite, ngoāi ra /( 1 ) = 1 va 

/'(/(*)) = 2/(t), VteR. 

Leti giai. Dāt g(t ) = f(f(t)) — f 2 (t), t E M. Do f'(f(t)) = 2f(t), Vt 6 R nen ta eo 

g'(t) = f(t)f(f(t)) - 2 f(t)f(t) = o, vt e R, 


suy ra g lā hām hāng vā do vāy g(t) = g( 1 ) = /(/( 1 )) - / 2 ( 1 ) = /( 1 ) - / 2 ( 1 ) = 0 vdi moi 
t G R, hay 

/(/(0) = f 2 (t), Vt G R. • ( 1 ) 

Dāt I = /(R). Khi d 6 , tā (1), vdi mpi x € I, ta c 6 

• f(x) = x 2 . ( 2 ) 

Bāy gi 6 neu r lā nghipm thple duy nhat eūa / thi theo (1) ta c 6 

/(0) = f(f(r)) = f 2 (r) = 0. 

Do vay 0 lā nghiem thtte duy nhat eūa / vā do I lā mpt khoāng ehūa 0 vā 1 (1 £ I vi 
/(1) = 1) n 6 n [0, 1] C I, suy ra m = supl ^ 1. Māt khāe, tū (2) ta suy ra rang neu s € I thi 
s 2 ” e I, Vn € N, do do neu m < +oo thi m ehi c 6 thi lā 1. Vā nhu vāy, ta se eo f(x) ^ 1 vā 
v 6 i moi x > 1 thi 

4(1) = Ita < 0 < 2 = 2/(1) = /'(/(1)) = /'(1). 

Dieu nāy māu thuān v 6 i giā thiāt / khā vi. Vāy m = +oo, hay 

[0, +oo) C I, (3) 


tū dāy suy ra 


f(t) = t 2 , Vt^ 0 . 


Bāy gi 6 , neu y < 0 vā y = f(z) v 6 i mOt giā trj 2 £R, thi ta eo z ^ I (theo (2)), suy ra z < 0 
(theo (3)). Lāi eō f(y) = y 2 > 0 nān f(z) < 0 < f(y), mā z 7 ^ y n§n t 6 n tai mōt nghiām 
thūe (khāe 0 ) eūa / nām giūa z vā y, māu thuān. Vāy I C [ 0 , + 00 ). Ket hpp v 6 i ( 3 ), ta dupc 
I = [ 0 , + 00 ) vā do do 

f(t) > 0 , Vt^ 0 . 


Cuoi eūng nhu ta biet / lā hām dūPng tren (— 00 , 0), khā vi tren (— 00 , 0] vā khā vi hai lān 
tren (—e, 0] v 6 i e > 0. Do vāy 


f(t) = 


t 2 , t^0 

g(t), t < 0 


trong do g : (— 00 , 0 ] —> [ 0 , + 00 ) lā hām khā vi sao eho g( 0 ) = g'(0) = 0 , g"( 0 ) = 2 , 
g(t) > 0, Vt < 0 vā (?(_£, 0 ] khā vi hai lān v 6 i £ > 0. Co rāt nhieu hām g thoa mān eāe 
diāu kien nhu vāy, vi du g(t) = t(l — e~ f ), hay g(t) = t 2 e At , ... □ 

Bāi toān 34. Cho P n (x) = aoX n + Oia ; n_1 +- 1 - a n (ao 7 ^ 0) lā da thūe bgc n vōi eāe he so 

thite. Giā sū P n (x) ehi eo nghiem thue, ehting minh rang dao hām moi eap eua P n (x) eūng ehi 
eo nghiem thue. 
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Chv!ng minh. Gia sii P n (x) eo n nghiem thue khae nhau < ■ ■ ■ < x n . Khi do P' n (x) 

la da thile bac n — 1. Hon nūa, theo dinh ly Rolle, ta thay no eō n — 1 nghiem ei, c 2 , ..., c„_i 
vōi ei € (x\, x 2 ), —, c n _i e (a: n _i, x n ). Nhu vāy Ci < c 2 < • • • < c„_i lā tāt eā eāe nghiem 
eua P' n (x). Tuong tu vdi eāe dao hām tiep theo. 

Bay giā, giā sū P n (x) eo eāe nghiem x\ < x 2 < ■ • • < xi bōi k\, k 2 , ..., ki tuong ūng. Khi do, 
do giā thiit P n (x) ehi eo nghiem thue nen ta eo 

P n (x) = (x- x\) kl (x - x 2 ) k2 • • • (x - x t ) kl , 

vōi x\ < x 2 < • • • < xi, h € N*, k\ + k 2 +- \-ki = n. 

Theo dinh ly Rolle, P n (x) eo /—1 nghiem ei, c 2 , ..., c/_i v 6 i Ci G (x l: x 2 ), ..., c‘j_i G (xj_i, x{). 
Māt khāe, ta eūng eo the viāt P n (x) = (x — x\) kl Q(x) v 6 i Q(x) lā da thūe, nen 

P' n (x) = (x- x\) kl ~ x [k\Q(x) + Q'(x)\, k\^l. 


Suy ra x\ lā nghiem bpi eūa P n (x) v 6 i s*ō bōi lt nhāt lā k\ — l.'Tuong tu eho x 2 , ..., xi. Vi 


(k\ — 1) + (k 2 — 1) + • • • + (ki — 1) + (Z — 1) = n — 1, 
nen x, lā nghiem bpi eūa P n (x) v 6 i so bōi dūng bāng k^ — 1 . 

Tom lai, da thūe P n (x) eo nghiem lā nghiem bōi eūa P n (x) v 6 i sō bōi b 6 t di 1 vā eāe nghiem 
don m 6 i nām giūa eāe nghiem eūa P n (x). Tuong tū eho eāe dao hām eāp eao. □ 


Nhān xet. Tāt eā eāe nghiem eūa dao hām eūa P n (x) deu nām trong [xi, xi). 
Bāi toān 35. CMng minh rang tat eā eāe nghiem eua da tMe Lagrange 


P n (x) = 


1 d n 
2 n n! dx n 


((x 2 - 1)") 


deu thue vā nhm trong (— 1 , 1 ). (Ō dāy £p:f(x) lā dao hām cdp n eua hām so f(x).) 


ChvCng minh. Xet 

f( X ) = J-(x 2 - 1)” = -L-(x - l) n (x + l) n . 

Nhān thāy f(x) lā da thūe bāc 2 n, vā eā hai diem x = 1, x = —1 deu lā nghiem bpi n. Tū ket 
quā bāi tap tren, ta suy ra P n (x) = f^ n \x) eo n nghiem thue phān biet trong (-1, 1 ) (luu y 
±1 khōng lā nghiem eūa f^ n \x)) vā P n (x) lai lā da thūe bac n nen n nghiem do lā toān bō 
eāe nghiem eūa P n (x). □ 

Bāi toān 36. Cho P(x) lā da tMe da thile he so thue bāc n (n ^ 1 ) vā eo m nghiem thue (ke 
eā nghiem boi). CMng minh rang da tMe Q(x) = (x 2 + 1)P(~) + P'(x) eo it nhat m nghiem 
thue (ke eā nghiem boi). 

3 

Chvtng minh. Do e ^” +3 > 0 nen phuong trinh Q(x) = 0 tuong duong v 6 i 


hay 


e x 3 +x [(x 2 + 1 )P(x) + P'(x)\ = 0, 


e 3 +x P(x) 


= 0 . 


( 1 ) 


So righiem thue eūa phuong trinh e x3 / 3+x P(x) = 0 lā m. Do do, theo dinh ly Rolle, phuong 
trinh (1) eo lt nhāt m — 1 nghiem, suy ra Q(x) eūng eo it nhāt m — 1 nghiem. 

Bāy giō, ta se ehūng minh Q(x) = 0 eo lt nhāt m nghiem thūe. Co hai truōng hop xāy ra: 
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• V6i m ehan. Neu n le thi P(x) lā da thiie bac le eō so nghiem thue ke eā bōi lā le, suy 
ra m le, māu thuān. Vay n phāi lā so ehān. Tiit do, Q(x) lā da thufe bāc ehān, suy ra so 
nghiem thue ke eā bōi eūa no lā ehān. Theo tren, nō eo lt nhāt m — 1 nghiem, trong khi 
m — 1 le. Vay Q(x) eo lt nhāt m nghiem. 

• Vdi m le. Nlu n ehān thi P(x) lā da thūe bac ehān, no eo so ehān nghiem thue ke eā 

nghiem bōi, tūe m lā so ehān, vō ly. Vāy n phāi le, suy ra Q(x) lā mōt da thūe bāc n + 2 
lā mōt so le. Do do no eo so le eāe nghiem. Lai biōt Q(x) eo lt nhāt m — 1 (lā mōt so 
ehān) nghiem thue. Vāy Q(x) eo l't nhāt m nghiem thue. □ 

Bāi toān 37. Cho n lā so nguyen āuōng bat ky vā ūq < a\ < • • • < a n lā n + 1 so thue tūy y. 

Xet eāe s6 thue ko, ki, ..., k n vdi k n ^ 0. Chūng minh rang phuang trinh 

. kox a ° + k\x ai H - 1- k n x ūn — 0 


eo nhieu nhat n nghipm āuang. 


Chi2ng minh. Ta ehūng minh bāng quy nap. Luu y rāng ta ehi xet v 6 i x > 0. V 6 i n = 1, 
phuong trinh dā eho trd thānh 

k 0 x a ° + k\x ai ' = 0, 


tUOng duong 

_ -ai-ao 

k i 

Rō rāng phuong trinh euoi nāy eo nhiōu nhāt lā mōt nghiern duong (khi —> 0). 

Giā sū khāng d}nh dūng v 6 i so nguyen duong n. Ta eān ehūng minh no eūng dūng eho n + 1, 
tūe phuong trinh 

l 0 x b ° + l\x bl H-1- l n x bn + l n+ ix bn+1 = 0 


(v 6 i b 0 < b\ < • • ■ < b n+ 1 vā l 0 , l\, ..., l n+ \ 6 R, l n +i 0 ) eo nhieu nhāt n + 1 nghiem duong. 


Phuong trinh nāy tUOng duong v6i 


aPfo + hx bl ~ bo + l 2 x^- bo + • ■ • + l n+1 x bn + 1 ~ bo ) = 0, 


hay 

lo + + l 2 x b2 - bo + • • • + l n+ ix bn+1 ~ b ° = 0 . . 

Dāt f(x) = l 0 + hx bl - bo + h^^-h 0 4-1- l n+ \x bn+1 - b °. De thāy f(x) khā vi tren R + vā 

f'(x) = h(b\ - M* 61 - 60 - 1 + •■• + ln+i(b n+ i - feo)®^ 1 " 60 " 1 . 

Do b\ — b 0 — 1 < • • • < b n+ \ —b 0 — 1 vā / n+ i(6 n+ i — b 0 ) ^ 0 nen theo giā thiet quy nap, phuong 
trinh f'(x) = 0 eo khōng quā n nghiem duong, ky hieu lā X\, x 2 , ..., x N v6i 0 < X\ < • • • < 
xn, N^n.Sū dung dinh ly Rolle, ta suy ra phuong trinh f(x) = 0 ehi eo thō eo nhieu nhāt 
mōt nghiem tren mōi nūa khoāng ( 0 , ari], (xi, x 2 ], ■ ■ ■ , (xn, +oo). Noi eāeh khāe, f(x) = 0 eo 
nhieu nhāt N + 1 ^ n + 1 nghiem duong. Bāi toān duoc ehūng minh xong. □ 

Bāi toān 38. Cho hām s6 f(x) lien tue tren [0, 1] vā thoa mān f( 0) = /(1). Ch%tng minh rang 
vdi moi n € N*, tōn tg,i e € [0, 1] sao eho 
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ChiCng minh. Xet g(x) = f (x + ^) — f(x). Di thay g(x) lien tue tren [0, . Ta eo 


9(0) + J (;)+■■■+ 9 (^) = /t 1 ) - /(0) = 0. 

Do do, ton tai 0 ^ i, j < n — 1 sao eho g (~) ^ 0, g (£) ^ 0. Vi g(x) lien tue nen tōn tai e ō 
giiia i sao eho g(c) = 0 , tir dō ta eo dieu phāi ehiing minh. □ 

Bāi toān 39. Tōn tai hay khōng hām lien ty,c f : R —» R thoa mān neu x vo ti thi f(x) hūu 
ti, cdn khi x hūu ti thi f(x) nhān giā tri vo ti? 

Ldi giai. Giā sū ton tai hām / thōa mān yeu eau eūa de bāi. Dāt g(x) = f(x) — x thi ta eo 
g(x) lien tue vā ehi nhan giā tri vo ti. N§u g(x) nhān lt nhāt hai giā trj g\, g 2 (gi < gi) thi 
theo tinh ehāt trū māt eūa tāp sō thi/e, ton tai s 6 hōu ti go sao eho 

gi < 9o < 92- 

Tū dinh ly ve giā tri trung gian, ta suy ra g(x) nhan eā giā tri go, mau thuān. Vāy g(x) = e, 
hay f(x) = x + c vōi e lā hang so vō ti, suy ra f(c) = 2e. Tūy nhien dieu nāy khōng the xāy ra 
f(c) lā so hūu ti, trong khi do 2c vō ti. Vāy khōng ton tai hām / nhu yeu eāu eūa de bāi. □ 

Bāi toān 40. Cho hām so f : R -+ [—1, 1 ] khā vi hai lan vā / 2 (0) + [/'(0 )] 2 = 4. Chūng minh 
rhng tdn tai xo € R sao eho 

f(x o) t f"(x 0 ) = 0. 

Chv!ng minh. Dat g(x) = f 2 (x) + [ f'(x )] 2 thi theo giā thiet ta eo p(0) = 4. Do / lien tue 
tren doan [ 0 , 2 ] vā khā vi tren ( 0 , 2 ) nen theo dinh ly Lagrange, tōn tai a € ( 0 , 2 ) sao eho 

m = 

Vi \f(x)\ < 1, Vi 6 I nen tū dang thūe tren ta suy ra duoc |/'(a)j ^ 1 , suy ra g(a) < 2 . 
Tuong tu, ta eūng tim duoc trong khoāng (—2, 0) mQt giā tri b sao eho g(b) ^ 2 . Do hām 

g(x) lien tpe tren doan [— 2 , 2 ] nen no se dat giā trj lān nhāt tai mpt diem nām trong khoāng 

(—2, 2). Goi g(c) = max ire [_ 2 i 2 ] g(x) thi ta eō 

9(c) > g( 0) = 4. 

Mā g(c) = f 2 (c) + [/'(e )] 2 vā / 2 (c) < 1 nen phāi eo |/'(c)| > 0. Ta eo 

g'(c) = 0^2f(c)[f(c) + f"(c)]=0. 

Do ta vūa ehūng to f'(c) 0 nen f(c) + f"(c) = 0, dieu phāi ehūng minh. □ 

Bāi toān 41. Cho hām s6 f : R -+ R lien tue vā thoa mān 

f(f(x)) = ~x 2 , Vx € R. 

Chūng minh rang f(x) ^ 0, Vx G R. 
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Chv£ng minh. Xet x ^ 0, khi do ton tai y e R sao eho x — —y 2 nen theo giā thiet, ta eo 

/(i) = K-v 1 ) = / (/(/(»))) = - [/M ] 2 < o. 

Xet x > 0, khi do vdi moi x^ xi e R + thi /(a;!) ^ /(a; 2 ). Thāt vay, neu f(x i) = /(x 2 ) thi ta 
eo f(f(x i)) = /(/(a; 2 )), hay —= — x 2 , th do suy ra xi = x 2 . Th day, ket hpp v6i giā thiet 
f(x) lien tue tren R + , ta suy ra / lā hām ddn dieu thue su tren R + . 

Bay gi6, giā sut 3x 0 e R + sao eho f(x 0 ) > 0. Khi do, do / lien tue nen ton tai e > 0 sao eho 

f(x) >0, Va; e (a; 0 - e, x 0 4- e). 

Ta biāt rāng hpp eua hai hām ddn dieu thpe sp lā hām d6ng bien, do d6 hām f(f(x)) lā hām 
d6ng bi§n tren (x 0 - e, x 0 + e). Māt khāe, theo giā thiet thi f(f(x)) = -x 2 lā hām nghieh 
bien tren (x 0 - e, x 0 + e). Mau thuān nāy eho ta dieu phāi ehihng minh. □ 

Bāi toān 42. Cho hai hām sS f(x), g(x) lien tyc trin khoāng (a, b) sao eho 

[f(x)] 2 = [ g(x )] 2 ^ 0, Vx € (o, b). 

Chūng minh rang f(x) = g(x), Vx e (o, b) hoāe f(x) = —g(x), Va; e (a, b). 

Chvtng minh. Tir giā thiet suy ra v6i moi x e (o, b), ta eo f(x) = g(x) hoāe f(x) = — g(x). 
Giā sā eo x 0 e (a, b) sao eho f(x 0 ) = g(x 0 ). Ta se ehhng minh 

f(x)=g(x), Vx e (a, b). 

Giā sur nguoe lai, t6n t$i a;i e (a, b), x 0 ± sao eho f(xf) = -g(x i) thi ta eo 

f(x 0 )f(x i) = -g(x Q )g(xi) ± 0. 

Th day suy ra: 

• Neu f(x 0 )f(x\) < 0 thi do / lien tue nen tōn tai x 2 nām giōa x 0 vā x\ sao eho f(xf) = 0, 
mau thuān v6i giā thiet f(x) ^ 0, Va; e (a, b). 

• Neu f(x 0 )f(xi) > 0 thi ta c6 g(x 0 )g(x i) < 0 vā do d6, ton t?ii x 3 nām giūa x 0 vā x\ sao 
eho g(x 3 ) = 0, vō ly. 

Vay neu eo x 0 e (a, b) sao eho f(x 0 ) ■= g;(a; 0 ) thi f(x) = g(x), Vx e (a, b). Tudng ti^, ta se eo 
f(x) = -g(x), Vx e (a, b) neu eo x 0 e (a, b) mā f(x 0 ) = -g(x 0 ). □ 

Bāi toān 43. Cho hai so thue āuong a < b vā hai hām so f(x), g(x) lien tue tren [a, b] sao 
eho 0 < g(x) < f(x), Vx e [a, 6]. Chūny minh rhng tōn tai A > 0 sao eho 

(1 + A )g(x) < f(x), Vx e [a, b ]. 

Chv£ng minh. Xet hām so h(x) = ta eo lien tue tren doan [a, b\ vā h(x) > 1, Vx e [a, b]. 
Suy ra h(x) dat giā tri nhō nhāt tren doan [a, 6]. Giā sijf h(x 0 ) = min xe [ ai 6] h(x) (a; 0 e [a, 6]), 
khi do ta eo h(x 0 ) > 1 vā h(x) ^ h(x 0 ), Vx e [a, b ]. Th day ehpn A = , thi ta eo ngay 

(1 + A )g(x) = + l g(x) < h(x 0 )g(x) < h(x)g(x) = f(x), Vx e [a, b]. 


Bāi toān dupc ehiing minh xong. 


□ 
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2.2 Bāi tap dung khai trien Taylor 

Bāi toān 44. Cho f(x) kha vi eap hai tren [ 0, 1], /(0) = /(1) = 0 vā |/ /, (a:)| < A, Vx G (0, 1). 
Oh'iing minh rang 

|/'(z)| V®€[0,1]. 

ChvCng minh. Theo eōng thāe khai trien Taylor eūa hām f(x) tai x, āp dung tai 0 vā 1 ta eo 
0 = /(0) = f(x) - f'(x)x + f ^ s 2 , 0 < ei < x 

vā 

0 = /(1) = / 0*0 + f(x)( 1 -x)+ / (1 - xf, x<c 2 < 1. 

Trū hai dāng thūe nāy theo ve, ta eo 

f(x) = \ [f"(ci)x 2 - f"(c 2 )( 1 - x) 2 ] , 

tū do suy ra 

|/'(*)| < ^ [|/"( c i)k 2 + | f"(c 2 ) |(1 - x) 2 ] < ^( 2 z 2 - 2x + 1 ) < Vx € [ 0 , 1 ]. 

Bāi toān du!dc ehūng minh xong. □ 

Bāi toān 45. Cho ham sō f(x) kha vi vo han tren R va thoa mān eāe āiiu kien: 

(a) Tōn tai M > 0 sao eho |/ n (a:)| ^ M, Vx € R, n € N*; 

(b) f (I) = 0, Vn € N*. 

Chi2ng minh rang f(x) = 0, Vz e R. 

ChvCng minh. Sū dung dinh ly Rolle tren eāe doan [ai, 02 ], [a 2 , 03 ], ..., ta de dāng ehūng 
minh khāng dinh sau: Cho hām so f(x) eo āgo hām tren R. Giā sū ton tgi dāy don dieu {a „} n>1 
hoi tu din xq sao eho f(a n ) = 0, Vn € N, khi do tdn tgi dāy don dieu {a n } n>1 hoi tu den xq 
vā thoa mān diiu kien f'(a n ) = 0, Vn 6 N. 

Sū dung kit quā nāy eho hām so f(x) vdi a„ = ], n 6 N, rōi sau do āp dung tiep vāi f(x), 
f"(x), ..., ta duoc 

/( 0 ) = lim / = 0 , /'( 0 ) = lim f(a n ) = 0 , f"( 0 ) = lim f"(a n ) = 0 . 

Nhu vāy, /+^(0) = 0 Vn G N. Tū day, sū dung khai triōn Taylor eho hām f(x) tai diim x = 0, 
ta dudc f(x) = 0, Vx € R. Bāi toān dudc ehūng minh xong. □ 

Bāi toān 4d. Cho hām so f(x) khā vi ba lan tren R, dong thdi f(x), f(x), f"(x), f"(x) 
duong vdi moi x 6 R. Chvcng minh rang tSn tgi a > 0 sao eho 

f(x) > ax 2 , Vx > 0. 
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ChiuCng minh, Theo eōng thiie khai trien Taylor tai 0 vdli x > 0, ta eo 

f(x) = f(0) + f(0)x + ^-x 2 + ^^-x 3 , 0<e<x. 

Tu; do suy ra 

f( x ) > /( 0 ) + /'( 0 )x + > ax 2 , 

vdi a = Do lā dieu phāi ehutng minh. □ 

Bāi toān 47. Giā su: P(x) lā da thiie bāc n sao eho tōn tai a £ R di P(a) ^ 0, P'(a) ^ 0, 
..., P( n \a) ^ 0. Chitng minh rang moi nghiem th.Ue eua P(x) diu khong lōn hōn a. 

ChvCng minh. Sut dyng khai triln Taylor eho da thute P(x) tai a, ta dtfdc 

• P( n Ua) 

P(x) = P(a) + P'(a)(x - a) + • • • + —P(z - a) n . 

n\ 

Lifu y rāng phān du bāng 0 vi p( n+ 1 )(x) = 0. Tut khai trien nāy, ta thāy ngay khi x > a thi 
P(x) > 0. Vāy P(x) khōng the eo nghiem x > a. □ 

Bāi toān 48. Giā sil hām so f(x) eo dao' hām eap hai lien tue tren R vā thoa mān dieu kien 
f( 0) = /(1) = a. ChUng minh rang 

max f"(x) ^ 8 (a — b), 

*e[cur 


trong do b = min^o,!] f( x )- 


ChvCng minh. Sut dung giā thiōt vā āp dung dinh ly Rolle, ta suy ra ton tai e G (0, 1) sao 
eho f'(c) = 0 . Xet khai trien Taylor eūa hām f(x) tai diem e, ta eo 

f(x) = f(c) + f(c)(x - e) + — - (x - ef. 

Thay lān lutot x = 0 vā x = 1 vāo dang thūe tren, ta duroc 


a = b + 




-c z , a = b + 


-(1 -ef, 


suy ra 


f"(m) = > °, /'+(!)) = > ū. 


Nhān vl vōi ve hai bāt dang thūte tren, ta thu duroc 


f" (9(0)) f" (6(1)) = 


4(a — bf ^ 4(a — bf 
c 2 ( 1 — ef 


> 


c+( 1—e) 
2 


= 64(a — bf 


Tut do suy ra diōu phāi ehūng minh. 

Nhān xet. Co the m 6 rong ket quā eho doan [a, /3] bāt ky, khi āy ta se eo 


□ 


max f"(x) ^ 
l«.fl 


8 (a - bf 

(a - P) 2 ‘ 
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Bāi toān 49. Giā sii P(x) lā da thūe khōng eo nghiem thue. GhUng minh rang āa thile 

, n , , P"(x) PW( x) 

Q(x) = P(x) + + • ■ • 


eūng khong eo nghiem thue. 

ChūCng minh. Vdi moi x e R, xet khai trien Taylor tai diem x, ta eo 

P(x +1) = P(x) + p'(x) + + • ■ • , P(x - 1 ) = P(x) -P(x) + £3^1 + .. . 

tir do suy ra 

j[n«+i)+^-i)]-p(i) + ®+®+-.i3(i) 

Vi P(x) khōng eō nghipm thue nen nō khōng doi dau tren R, the thi p ( a:+1 )+ p ( a - 1 ) c ūng khōng 
dōi dāu tren R. Ket hop vōi dāng thute tren, ta suy ra dieu phāi ehiing minh. □ 

Bāi toān 50. Giā stt f lā hām khā vi lien tue eap hai tren (0, 1) vā thoa mān: 

(a) lim f(x) = 0 ; 

x-+l~ 

(a) Ton tgi M > 0 sao eho (1 — x 2 )\f"(x)\ M, Vx e (0, 1). 

CMng minh rang lim (1 — x)f'(x) = 0 

x-+l _ 

ChvCng minh. Vōi u, x E (0, 1), u > x, theo eōng thiie khai triln Taylor ta eo 
f(u) = f(x) + f'(x)(u -x) + \f"(0(u - x) 2 , £ e (x, u). 

Chon u = x + e (1 — x) vōi 0 < e < ta dupc 

f(u) - f(x) = e(l - x)f(x) + ^ e 2 f"(x + 0e( 1 - x))(l - x) 2 , 0 e (0, 1). 

Cho x -+ 1 ~, ta eo 

(1 - x)f'(x) + ^ef"(x + 0e( 1 - x))(l - x) 2 . 

Theo dinh nghla giōi han, neu e\ > 0 thi 

(1 - x)\f(x)\ ^ ei + | f"(x + 0e( 1 - x ))| (1 - x) 2 < £l + 

vāi x dū gān 1 . Vie ehon tuy y nen (l-x)|/'(x)| ^ e\, tād 6 suy ralim x _+ 1 -(l-x)/ , (x) = 0. □ 


0 = lim 

X—>1~ 



bAt PHITONG TRINH HĀM 

Nguyen Trong Tuan 1 


Bat phuong trinh ham la mōt van de khā la ngay cā vdi cāc hoe sinh chuyen Toān. Cūng nhu 
ehūng minh bāt dāng thūe kho hon ehūng minh dāng thūe, giāi bāt phuong trinh kho hon giāi 
phUOng trinh, phep giāi bāt phUOng trinh hām eūng kho hon phep giāi philOng trinh hām. Bāi 
viāt nāy trinh bāy mōt sō ky thuat giāi bāt phuong trinh hām thōng dung. 

1 Suf elung phep the 

Cūng nhu trong phuong trinh hām, phep the lā mōt ky thuāt dOn giān vā hieu quā de thu 
duoc eāe he quā huōng den viee xāc dinh dupc hām so. Chū y lā de xāc dinh giā tri hām so / 
tai mōt diōm x 0 tif mōt bāt dāng thūe, ta eān phāi kep hai phia giā tri f(x 0 ). 

Ta xem xet mōt so vi du: 

Bāi toān 1. Tim tat ea eae hām f : R -4 R thoa mān dieu kien: 

f(x + y) 4- f(y + z) + f(z + x) ^ 3 f(x + 2y + 3 z), Vx, y, z 6 R. 

Ldi giāi. Cho y = z — 0, ta dupc 2 f(x) + /(0) ^ 3 f(x), suy ra 

f(x)<f( 0), VieK. ( 1 ) 

Lai eho x = y vh, z = —x, ta dupc f(2x) + f( 0) + /(0) ^ 3/(0), hay f(2x) ^ /(0). Do do ta eō 

f(x)>f(0), VxeR. (2) 

Tit (1) vā (2) suy ra f(x) = f(0) = C, Vx e R. De dāng kiem tra dupc hām so nāy thoa mān 

yeu eāu eūa bāi toān. Vāy ta di den ket luān f(x) = C lā hām so eān tim. □ 

Bāi toān 2. Xāc dinh tāt eā eāe eāp hām so/:R-*R, g:R—>R thoa mān dong thdi eāe 
diiu kien sau dāy: 

(*) 2/(ar) - g(x) = f(y) - y, Mx, y e R; 

(ii) f(x)g(x) > x + 1 , Va; € R. 

Leti giāi. Tū (i) thay y = x, ta dupc 2 f(x) - g(x) = f(x) - x, hay f(x) = g(x) - x. Nhu vāy 
giā thiet (i) eo the dupc viet lai thānh 

2 [g(x) - x} - g(x) = [g(y) -y]-y, 


hay lā 


g(x) = 2x-2y + g(y), Mx, y € R. 


^Giāo vien trirdng Pho thōng Nāng khieu, Dai hoe Quoc gia thānh pho Ho Chf Minh. 
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Trong phtfOng trinh tren eho y = 0 va dāt g(0) = 6 , ta eo g(x) = 2x -f- b. Suy ra 

f (x) = g(x) -x = x + b. 

Thay bi§u thu"c eūa / vā g vāo (ii), ta dudc 


(x + b)(2x + b) ^ x + 1, Vrr G M, 

hay tUOng duong 

2x 2 + (3 b — l)x + b 2 — 1^0, Vs e M. 
Bāt dāng thūe tren dupc thoa mān vdi moi x khi vā ehi khi 

A = (3b - l) 2 - 4 ■ 2 • (b 2 - 1) ^ 0. 


Māt khāe, lai eō (36 — l ) 2 — 4 ■ 2 • ( b 2 — 1) = (b — 3 ) 2 ^ 0 nen bat dāng thūe tren ehi dūpc thoa 
mān khi 6 = 3. Tū dāy ta eo 

f(x) = x + 3, g(x) = 2x + 3. 

De kiem tra dupc rang eāp hām so nāy thoa mān eāe dieu kien (i) vā (ii). Vāy ta di den ket 
luān: f(x) = x + 3, Va: G M vā g(x) = 2x + 3, Vx G R. □ 

Bāi toān 3. Cho a, 6 lā eāe sō nguyen (iuong vā nguyen to eung nhau. Tim tat eā eāe hām 
f : M —> R thoa mān ddng thdi eāe āieu kien: 

(i) f(x + a) ^ f(x) + a, Vx G M; 


(ii) f(x + 6 ) ^ f(x) + 6 , Vx € M. 

L&i giāi. Giā sū / lā mpt hām so thoa mān dieu kien de bāi. Tū giā thigt ta eo 

f(x — a) ^ f(x) — a, Vx E M 


vā 

f(x — 6 ) ^ f(x) — 6 , Vx E M. 

Tū hai bāt dāng thūe nāy vā hai giā thiet (i), (ii), sū dung quy nap, ta ehūng minh dūpc 
f(x + na) ^ f(x) + na, f(x — na) ^ f(x) — na, ' Vrr G M, n € N 
vā 

f(x + nb) ^ f(x) + nb, f(x — nb) ^ f(x) — nb, Vx € M, n € N. 

Do a, 6 nguyen to eūng nhau nen ton tai eāe sō tū nhien m, n sao eho ma — nb = 1. Tū do 

f(x + 1) = f(x + ma — nb) + f(x + ma) — nb ^ f(x) + ma — nb = f(x) + 1 . 

TuOng tū, ta eūng eo p, q G N sao eho pb — qa = 1 nen 


f(x + 1 ) ^ f(x + pb — qa) ^ f(x + pb) - qa ^ f(x) +pb-qa = f(x) + 1 . 


Do vāy 


f(x + l) = f(x) + l, Vx e M. 


Ngupe lai, n 6 u / lā mpt hām so thoa mān dieu kien f(x + 1) = f(x) + 1 v 6 i moi x thi hien 
nhien ta eo f(x + a) = f(x) + a vā f(x + 6 ) = f(x) + 6 v 6 i moi x, do do di§u kien de bāi dupc 
thoa mān. Vay tāt eā eāe hām so eān tim lā f(x) = g(x), v 6 i g(x) lā mpt hām bāt ky thoa 
mān g(x + 1) = g(x) + l', Vx E M. □ 
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Ben eanh viee su! dung bat dāng thile kep de xāc dinh ham so, mōt ket qua kha dl khae eho 
phep giāi bat phiTOng trinh hām lā ehiing mirih bāt phrieing trinh hām vō nghiem. Trong nhūng 
tru'ōng hop nāy, ta thriōng sut dung phep ehūng minh phān ehūng: giā suf ton tai nghiem hām 
vā tim eāeh suy ra mōt dieu māu thuān nāo dō. 

Bāi toan 4. Chūng minh rang khong ton tai ham f : R + —> M + thoa mān diiu kien: 

[f(x)] 2 ^ f(x + y)[f(x) + y], Vx,y<E R + . 

ehttng minh. Giā suf ton tai hām so / thoa mān dieu kien dō bāi. Ta viet lai bāt phriOng 
trinh hām ō de bāi dridi dang 

/2(X) >/(x + ,), 


hav 


f(x) + y 

f(x) - f(x + p)> Vx, y> 0. 


f(x) + y’ 

Tut day suy ra / lā hām giām thrie sri tren R + . Bay giō, ta se ehufng minh vdi moi x > 0 thi 


f(x)~f(x + 1) ^ 


Cō dinh x vā ehon n lā so tri nhien sao eho 


(1) 


f(x + 1) Ss -• 
n 


Khi do vdi moi k = 0, 1, ..., n — 1, ta eō 


/ ( I+ n I _/ ( I + 


* + iU .. 1 


n 


> 


/ri + ;) + ; "*> 


Suy ra 

f(x)~f(x+ 1) = 


f(x) -f[x + - 


n 


+ ■■■ + 


f[x + 


n — 1 
n 


~f(x + 1) 


> n ■ — = 
2 n 2 


Vay (1) dūng. Sut dung ket quā nāy vdi m lā so tri nhien thoa mān m > 2 f(x), ta eo 


m—1 


f(x) - f(x + m) = [f( x + *) - f( x + * + !)] > ? > f(x). 


i= o 


tuf dāy suy ra f(x + m) ^ 0, māu thuān. Vay khōng ton tai hām / nhri yeu eāu. 


□ 



Trong ehūng minh bāt dāng thūe vā giāi bāt phriong trinh, tinh don dieu eūa hām so thriōng 
driOc suf dung mōt eāeh eō hieu quā. Tutong tū nhri vay, trong phep giāi bāt phriong trinh hām, 
tinh dOn dieu lā mot tinh ehāt manh mā ehūng ta eō the khai thāe. 

Bāi toān 5. Tim tāt eā eāe hām f : R —» R thoa mān diiu kien: 

f(x 3 + x)^x^f 3 (x) + f(x), Vx G R. 
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Ldi giai. Ta xet bai toān tong quāt hon: Cho g : M -+ M la, mot toān ānh vā lā hām tāng thue 
su. Tim t&t eā eae hām f : M —> R thoa mān 

f(g(x))^x^g(f(x)), VieE. 

Chū y rang do g tāng thue sU vā toān ānh nen tōn tai hām nguoe g~ l . Giā sū / lā hām so thoa 
mān dieu kien bāi toān. Khi do, ta eo 

f(x) = / (g(5 _1 (a:))) < 9~\x). (1) 

Do g~ l eūng tāng thtfe sU nen vdi x ^ g(f(x)) thi 

g~\x) < g- 1 (g(f(x))) = f(x). (2) 

Tū ( 1 ) vā (2) suy ra f(x) = g~ x (x), Vx 6 R. De thāy hām nāy thoa. Vay / = g _1 lā hām duy 
nhāt thoa mān yeu eāu bāi toān. * □ 

Bāi toān 6 . Cho hām sd f : R —¥ R thoa mān āieu kien: 

f(^)>f(V^), Vr, y € R. 

(a) CMng minh rang f lā hām hang. 

(b) Ghūng minh rāng neu bat phttelng tnnh hām tren duac thoa mān vōi m,oi x, y mā xy > 0 
thi f nghieh biān tren (—oo, 0 ) vā dōng bien tren ( 0 , +oo). 

Chvtng minh. (a) V 6 i x bāt ky, ta eo 

/M = / ( 2 ' ° 3 + > / (MTS) = /(o). 

Māt khāe, bāng eāeh ehon y = xtfĀ, ta duoc 

/(o) - / (^4^) > / (/H)^) -/(&)- «*>■ 

Vāy f(x) = /(0), Vx e M, tūe / lā hām hāng. 

(b) Lāy 0 < x < y. Phuong trinh ān t lā h(t) = 2 1 3 — 3 yt 2 + x 3 = 0 eo nghiem u E (0, y) vi 

h(0 ) = a ; 3 > 0, h(y) = 2 y 3 — 3 y 3 + x 3 < 0. 

Do do 2 u 3 — 3 yu 2 + x 3 = 0, hay x 3 = u 2 (Zy — 2 u). Dāt v = 3y — 2u thi ta eo v > 0 vā a ; 3 = u 2 v. 
Tū day, sū dung giā thiet, ta duoc 

f(y) = f ( ~J ~) ^ * (Vūtv) = f(x). 


Nhu the / lā hām dong bien tren (0, +oo). 

Bāng eāeh xet hām g(x) = f(—x), ta ehūng minh duoc g eūng dong bien tren (0, +oo), suy 
ra / nghieh bien tren (--oo, 0 ). □ 
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3 Chuyen qua giol han trong bat phu'tfng trinh hām 


Viee xet cāc diem dāc biet luōn lā mōt ky thuat thōng dung khi giāi phtfōng trinh hām vā bāt 
phtfOng trinh hām. Ben eanh eāe diem htfu han (nhtf 0, 1), diem oo lā mōt diōm dac biet eo 
thō dtfc)c khai thāe. Nhieu bāt phtfOng trinh hām giāi dtfOc nhō phep chuyōn qua giōi han. 

Bāi toān 7. Tim tat ea eāe hām so f : R —> (0, 2011] thoa mān āieu kien: 

2011 ' 


f(x) ^ 2011 


/(y)J 


Va:, y € R, x > y. 


Ldi giāi. Dāt 2011 = a. Ttf giā thilt suy ra 


“ <2 , v*> y . 
a J(v) 

Do f(x ) > 0, f(y) > 0 nen theo bāt dang thtfe AM-GM, ta eō 

/(*) 


+ 


f(y) 


^ 2 , 


<f(x) 

f(vY 


(i) 


Ttf day, ket hqp vōi ( 1 ) ta. dtfOc f(x) ^ f(y), Vx > y, suy ra / khōng tāng tren M. Lai do giā 
thiet / bi ehān nen tōn tui lim^+oo f(x) = b. Trong (1), thay x = f 2 vā y = t (t > 1), ta eo 


m , « 

a f(t) 



Vt > 1. 


Bay giō, eho t —> +oo, ta dtfpc 


b a „ „ 

- + t ^ 2, 

a b 


ttf do suy ra a = b vi £ + f — 2 = ^ 0. Nhtf thō v 6 i moi x > y, ta eo 


a = lim f(x) < f(x) < f(y) a , 

x —>+oo 


ttfe f(x) = a = 2011, Va; € R. Dō thāy hām nāy thoa mān bāt phtfOng trinh dā eho. Vi vāy ta 
di den ket luān f(x) = 2011 lā hām so eān tlm. □ 

Bāi toān 8 . Chūng minh rhng khōng ton tai hām f : R -+ M thoa mān ddng thdi /(0) > 0 vā 

f(x + y)> f(x) + yf(f(x)), Vx,y 6 M. 

Chiing minh. Giā stf trāi lai rang ton tai hām / thoa mān yeu eāu bāi toān. Neu f(f(x)) < 0 
v 6 i moi x thi v 6 i bāt ky y < 0 , ta eo 

f(x + y) ^ f(x) + yf(f(x)) > f(x). 

Nhtf thō / lā hām giām. Ttf do do /(0) > 0 ^ f(f(x)), ta suy ra f(x) > 0 v 6 i moi x, mau 
thuān. Vay phāi ton tai x sao eho f(f(x)) > 0. Co dinh giā tri x nāy vā eho y —» +oo trong 
bāt phtfong trinh hām d.dāu bāi, ta dtfpc lim^+oo f(y) = +oo. Do do 

lim f(x) = +oo, lim f(f(x)) = +oo. 

x—>+oo x —> -f*oo 
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Tii dā,y ta suy ra ton tai eāe s 6 du!dng a, b sao eho 

f(a)> 0 , f(f(a))> 1 , b ^ f(f( a + b + 1 )) > °- 

Khi do, ta eo f(a + 6 ) ^ f(a) + bf(f(a)) ^ a + b+ 1 vā nhu thg 

f(f(a + b))'^f(a + b + l)+[f(a + b) — (a + b+l)]f(f(a + b + 1 ')) 

^ f( a + b+ 1 ) ^ f( a + b) + f(f(a + b)) 

^ f( a ) + bf(f(a)) + f(f(a + b)) > f(f(a + b)). 

Mau thuān. Vāy khong ton tai hām / thoa mān yeu eāu bāi toān. □ 

Bāi toān 9 (IMO, 2011). Cho ham so f : R —> R thoa mān dieu kien 

f(x + y) ^ yf(x) + f(f(x)), Vi, j/ € 1. (1) 

Chilng minh rang f(x) = 0 vdi moi x 0. 

Chvtng minh. TrUdc het ta se ehUng minh 

f(x) ^ 0, Vx E M. 

That vay, giā sU eo a mā f(a) > 0. Ta eo dinh x = a nāy vā eho y -+ —oo thi tā (1) ta eo 
f(y) ~+ Māt khāe, til ( 1 ) eho y = — x thi dudc 

/(0) ^ —xf(x) + f(f(x)) , VieE, 

* 

hay 

/(0) + xf(x) < f (f(x)), Vx 6 R. (2) 

Trong (2) eho x -+ — oo thi ta eo /(0) + xf(x) -+ +oo, trong khi do f(f(x)) -+ — oo, vō ly. 
Vāy f(x) ^ 0, Vx 6 M. Bay gicJ, thay x — 0 vā y = f(x), ta dudc 

f(f( x )) < f( x )f( 0 ) + /(/( 0 )). 

Trt do ket hdp v 6 i (1), tā eo 

f( x + y) ^ f( x )[y +f(o)}+f(f(0)), Vx, y eR. (3) 

Trong (3) thay y = /(0) — x, ta dUdc 

f(f(0))<f(x)[2f(0)-x]+f(f(0)) 

hay 

/ 0*0 [ 2 /( 0 ) -x]^0. 

Vi f(x) < 0 v 6 i moi x nen neu x < 2/(0) thi ta eō f(x) ^ 0, tU do suy ra f(x) = 0 , Vx < 2/(0). 
Lai the y = —/(0) vā x = 3/(0) — 1 vāo (3), ta dudc 

o = /(2/(0) — i) <f(m). 

Ket hdp v 6 i /(/(0)) < 0, ta suy ra 

/(/( 0 ))= 0 . 



109 


Bat phu’tfng trinh hām 


Māt khāe, trong (1) eho y = 0, ta eo 

' / 0*0 < f{f(xj), \/x € R. 

Do do 

/( 0 ) < /(/( 0 )) < / (/(7(0))) = /( 0 ). 

Th dāy suy ra /(0) = /(/(0)) = 0. Va nhtf vay, ta dā ehufng minh duoc f(x) = 0, Va: ^ 0. □ 
Chu y. Co the tim dU 0 c mot hām khōng tām thuāng thōa mān yeu eau bāi toān lā 


/ 0*0 


0 khi x ^ 0 

— e x khi x > 0 


4 Day so vā bāt phu'orng.tnnh hām 

Nōu phep the lā mot ky thuat thōng dung khi giāi eāe bāt phUdng trinh hām eo nhilu bien tu 
do thi vōi bāt phuong trinh hām (vā phuetng trinh hām!) eo m$t bien tu do, ky thuat dāy s 6 
vā lāp e 6 thō giūp xāc dinh giā tri hām so tai mōt dilm. 

Bāi toān 10 (Viet Nam, 2003).’ Goi F la tāp hap tat ea eae hām f : R + —» R + thoa mān 

f(3x) ^ /(/( 2x)) +x, \/x G R + . 

T'irn so thite a ldn nhat sao eho vōi mpi f € F, ta c6 

f(x) ^ ax, \/x 6 K + . 

Ldi giāi. Dō thāy hām so f(x) = | thuōe F, do do ta eo a < Xet mot hām bāt ky / G F. 
TU giā thiōt ta eo 


/ 0*0 >f\f 


2x 


Ta xāy dung dāy (a„) nhu sau 


2 al + 1 


3 ’ 2 


x ^ x 
+ 3 ^ 3' 


, Vn = l, 2 , ... 


Sū dung quy nap, ta se ehūng minh rang 

f(x)^a n x, Vx<i R + . 

Hiln nhien khāng dinh dūng vāi n = 1. Giā sū khāng dinh dūng vōi n = k. Khi do ta eo 

,, . . , (2x\ x 2x x 2al + 1 u 

f(x) ^ a *=/ ( ~J } + 3 > ' a * ' y + 3 = — 3 — x = a k+\x, Va; e R + . 

Nhu the khāng djnh dūng vdi n = k + 1 vā do do dūng v 6 i moi n. 

Tiep theo, eūng bāng quy nap, de dāng ehūng minh dupc a n ^ Vn € N*. Māt khāe, 

a n+i - a n = ~(a n - l)( 2 a„ - 1 ) > 0 , Vn € N*. 

Nhu vay dāy (a n ) hoi tu vā de thāy lima n = |. Tū do ta eo f(x) ^ f, \/x € R + . Do do giā tri 
eān tim lā a = f. □ 
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Bāi toān 11 . Tim tat ea eae hām lien tue f : [0, 1] —> R thoa mān āong thdi eae dieu kien: 

W /(0) = /(!) = 0; 

(«) /(=?)< f(x) + f(y), Vx, y S (0, 1]. 

Ldi giāi. Trong (ii), thay x — y, ta dupc f(x ) < 2/(x), tnr do suy ra 

f(x)> o, Vx e [o, l]. 

Tmh giā tri eūa / tai mōt so di§m, ta thay 

. Do0</(i) =/(2±l) </(0) + /(l) = 0nen/(i) = 0. 

. Do 0 </(J)=/ (*£) </(§)+ /(0) = 0 nen / (J) = 0 . 

• D ° / (!) = / < /(i) + / Q) = o ngn / (!) = o. 

Tū nhōng ket quā nāy, ta di den du doān 

/ (^) =0, Vm, n e N, m ^ 2 n . ( 1 ) 

Ta se ehūng minh di§u nāy bang quy nap theo n. De thāy khāng dinh nāy dūng vdi n = 0, n = 1. 
Giā sū (1) dūng'vdi n — 1 (n ^ 2), ta se ehūng minh no eūng dūng vōi n. Ta eo hai trūōng hdp: 

• N 6 u m = 2k, 0 ^ k ^ 2 n_1 thi theo giā thiet quy nap, ta eo 


• Xet truōng hdp m = 2k + 1, 0 ^ k ^ 2 n 1 — 1: 

o V6i k < 2 n_2 , sū dung giā thiet quy nap, ta dudc 


f ( m \ _ n _ f 

•’ \2 n ) ~ * V 2 n / 


2 ^+j^r \ k 


2 n ~ 2 


+ / 


2n-l 


= 0 + 0 = 0 , 


tū do suy ra / (^) = 0. 
o V6i 2 n_2 < k 2 n_1 — 1, ta eo 



m 




</(!) + / 


/2Jfc +1 -2 n-1 \ 

v 2 n_1 ) 


Do 0 < 2k + 1 — 2 n 1 < 2 n 1 nen theo giā thiet quy nap, / ( 2 fc+ 2 n- 2 i n X ) = 0. Tū do 

'2k + 1 — 2 n-1> 


/ (^r) ^ /(!) + / 


In—1 


= 0 + 0 = 0 , 


vā nhu vāy ta eo / (p-) = 0. 

Vay (1) dūng v6i n. Tū dāy suy ra (1) dūng v6i moi m, n thoa mān dieu kien dā neu. 

Bāy giō v6i mōi x e [0, 1], ta ehon dāy (x n ) e6 dang p sao eho x„ -4 i. Do / lien tue nen 

f(x) = /(lim x n ) = lim/(x„) = 0. 

Vāy hām so /(x) = 0, Vx G [0, 1] lā hām sō duy nhāt thoa mān yeu eāu bāi toān. □ 
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Bai tāp tur luyen 

Bāi tāp 1 (Viet Nam, 1991). Tim tāt cā cāc hām f(x ) thoa mān dieu kien: 

2 f(xy) + 2 f(xz) ^ 4 f(x)f(yz) + 1 , Va:, y , zei 
Bāi tāp 2 . Tim tāt cā cāc hām / : R -+ R thoa mān dōng thdi cāc diāu kien: 

(i) f(x 2 ) = [f(x)] 2 , Va; e R; 

(ii) f(x + 1) = f(x) + 1, Va: € R. 

Bāi tāp 3. Cho / : R -> R lā hām lien tyc th 6 a mān dieu ki$n: 

/ (x + V2j < f(x) < f(x + 1), Va; € R. 


Chu:ng minh rāng / lā hām hāng. 

Bāi tāp 4. Chiing minh rāng ton tai da thiie hai bien x, y vdi he so thue P(x, y) sao eho eāe 
dilu kien sau duoc dōng thdi thoa mān: 

(i) P(x, y) > 0, Vx, y e R; 

(ii) VSi mpi e > 0 luōn ton tai hai so x, y sao eho P(x, y) = e. 

Bāi tāp 5 (Rumani, 2001). Ch\ing minh rāng khōng ton tai hām / : R + —v R + thōa mān: 

f(x + y)> f(x) + yf(f(x)), Vx, y > 0. 


Bāi tāp 6 . Tirir tāt eā eāe hām lien tue / : [0, 1] —> R thōa mān dieu kien: 

f(x) > 2 xf(x 2 ), x E [ 0 , 1 ]. 

Bāi tāp 7. Cho hām so / : R — >• R thōa mān dong theti eāe dieu kien: ' 

(i) f(x + V)< f(x) + f(y), Vx, y e R; 

(ii) lim^ = l. 

' z-»0 x 

Chring minh rāng f(x) = x, Vx e R. 

Bāi tāp 8 (APMO, 1994). Tim tāt eā eāe hām / xāc dinh trong tap hop eāe sō thue vā nhan 
giā tri thue thōa mān eāe dieu kien: 


(i) /(l) = l,/(-l) = -l; 

(ii) f(x) < /( 0 ) vdi moi x e ( 0 , 1 ); 

(iii) f(x) + f(y) < f(x + y)<, f(x) + f(y) + 1 vdi moi x, y e R. 
Bāi tāp 9. Tim tāt eā e āe hām so / : R —> R thōa mān diōu kien: 


[f(x) + f(y) ~ 2 f(x)f(y)] [f(x) + f(z) - 2 f(x)f(z)] > 0, Vx, y, z e R. 



MŌT SŌ PHUONG PHĀP ŌHŪNG MINH 
BAT BANG THŪC 

Vo Quoc Ba eān 1 


Bat dā,ng thiie lā mot māng Toān hay vā kho. Nō gōp māt trong nhieu llnh vue khāe nhāu 
eūa Toān hoe vā lā mōt trong nhflng eōng eu dac lrfe phue vu nghien eūu (trong eāe mō hinh 
Toān lien tue, trong eāe mō hinh Toān rōi rae trong ly thuyet phueing trinh, ly thuyet xāp xi, 
ly thuyet bieu diōn, ...). Dāc biet, eāe bāt dang thūe sd eāp eūng lā nhūng dang Toān thuōng 
xuyen xuāt hiōn trong eāe ky. thi ehon hoe sinh giōi, thi Dai hoe, ... 


Nhu the, viee tim hieu vā hoe hōi eāe phuong phāp ehūng minh bāt dāng thūe lā eān thiet. Vā 
trong chuyen dō nāy, ehūng tōi se giōi thieu eūng eāe ban mōt so phuong phāp thuōng dudc sū 
dung de giāi eāe bāi toān bāt dāng thūe vā eUe tri. Tuy nhien, eān luu y rāng, ranh giōi giūa 
eāe phudng phāp lā rāt mong manh vā thue te eho thāy, nhieu khi dl eō the sū dung thānh 
eōng mōt phuong phāp thi ehūng ta eān phāi eō sU bō trd eūa nhieu phUdng phāp khāe. Dieu 
nāy lā rāt tu nhien. Do do, dū ehūng tōi dā eō gāng phān ehia nhung se eo nhūng bāi toān 
nam trong pham vi trinh bāy eūa phUdng phāp nāy nhung trong lōi giāi lai eo sū dung eāe kien 
thūe eūa phudng phāp khāe (tāt nhien y tuōng ehinh vān lā phudng phāp dang trinh bāy). 


Ngoāi ra, eūng xin luu y thern, phān lōn eāe lōi giāi ō day dUdc trinh bāy theo huōng vūa suy 
luān vūa giāi vā ehūng thūōng khā dāi, do dō eāe em hoe sinh sau khi doc chuyen de nāy nen 
tap trinh bāy lai eāe lōi giāi eūa eāe bāi toān ō day (ō dang ehi eo lōi giāi), dieu do se giūp eāe 
em eāi thien dUdc khā nāng trinh bāy eūa minh, gop ieh thiōt thue vāo viee hoe tāp eūa eāe 
em sau nāy (dāc biet lā trong thi eū). Cuoi eūng, ehūng tōi mong rāng ban dpc se khōng gāp 
phāi nhieu kho khān khi theo dōi chuyen de nāy. 


1 Phi/ofng phap quy nap Toan hoe 

Phudng phāp quy nap lā mōt trong nhūng eōng eu hūu hieu nhāt thuōng dūng khi ehūng minh 
eāe menh de Toān hoe. Cd sō eūa phudng phāp dudc xāy dung dua tren nguyen ly sau 

Dinh ly 1 (Nguyen ly quy nap Toān hoe). Giā ste S lā tāp hop nāo do eāe so nguyen āuong, 
ehiia so k E W. Khi do, neu vōi moi n ^ k, n E S, S diu ehila sō n + 1, thi S lā tāp hop tat 
cd eāe so ngugen āuong khong nho hon k. 

De ehūng minh nguyen ly nāy, ehūng ta eān sū dung tien de sau 

Dinh ly 2 (Tinh ehāt sap xep thū tu tot). Mōi tāp khong rōng eāe so ngugen duong deu tōn 
tai phān tve nho nhat. 

Dua vāo tien dō nāy vā phuong phāp phān ehūng (xem phān 2), ehūng ta ehūng minh dupc 
nguyen ly quy nap Toān hoe nhu sau 

^Trtfemg Dai hoe Y Dilpc Can Thd. 
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Chv£ng minh. Giā sil ngu'eie lai, S khōng phāi lā tap hōp tāt eā eāe so nguyen difOng khōng 
nhō hon k. Khi dō se ton tai nhōng sō nguyen diIOng lōn hon k vā khōng thuōe S. Theo tfnh 
ehāt sāp xep thā tir tōt, trong tāp hop nāy ton tai so nguyen diIOng m > k nhō nhāt khōng 
thuōe S. VI m lā so nhō nhāt khōng thuōe S nen m — 1 ^ A; se lā sō nguyen duong thuōe S. 
Tuy nhien khi dō theo giā thiet thi (m — 1) + 1 = m eūng thuōe S, mau thuān. Nguyen ly quy 
nap duqc ehūng minh. □ 

Tū nguyen ly quy nap, ta thāy rang de ehūng minh mōt menh de P(n) nāo dō dūng vōi tap 
hqp eāe so nguyen dūOng n, ta ehi eān thūe hien hai būōc: 

• Budc 1. Chūng minh P(k) dūng, vōi k lā so nhō nhāt eūa tap hop dō. 

• Budc 2. Chūng minh nāu P(n) dūng thi P(n+1) eūng dūng. (Phān giā thiet P(n) dūng 
duqc gpi lā giā thiit quy nQ,p) 

Phuong phāp quy nap duqc sū dung rqng rāi tren khāp eāe llnh vūe eūa Toān hqc, trong dō 
eō bāt dāng thūe. Rāt nhieu eāe ket quā kinh diin trong bāt dāng thūe (ehāng han, bāt dāng 
thūe AM-GM, bāt dāng thūe Chebyshev, ...) deu duqc xāy dung tū quy nap. Ngoāi ra, quy 
nap eūng lā mōt eōng eu rāt hieu quā thūōng duqc sū dung trong giāi toān bāt dāng thūe. Sau 
day lā mōt vāi vi du. 

VI du 1. ChUng minh rang vdi moi sd nguyen āuong n, ta eo 


l + -^ + 

V2 


H—7= < 2 y/n. 
Vra 


ChvCng minh. Goi P(ra) lā khāng dinh eūa bāi toān dā eho. D§ thāy P(l) dūng, do dō ta ehi 
eān thyc hien būōc 2: Chūng minh neu P(ra) dūng thi P(ra + 1) eūng dūng, tūe lā 

, 1 1 1 --- 

1 ++...+ + - < 2 Vn + 1 . 

V2 y/n y/n +1 

Bang eāeh sū dung giā thiet quy nap 

1 1 

1 H— 7 = + •••-!— 7 = < 2 Vn, 

V2 Vn 


ta dūa duqc bāt dāng thūe tren ve ehūng minh 


2v/ra H— , < 2y/n + 1. 

Vn + l 


Bāt dāng thūe nāy tūOng duong vōi 


2V ra(ra + 1) + 1 < 2(ra + 1), 


2 V n (n + 1) < 2ra + 1. 

hien nhien dūng do 2ra + 1 — 2 V n ( n + 1) = (Vra + 1 — V^) 2 > 0. 

VI du 2. Cho eae sō āuong a, b, e. ChUng minh rang vdi moi ra ^ 1, ta deu eo 


a n + b n + c n 


a + b + e 
3 
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Chv£ng minh. Goi P(n ) la khāng dinh eūa bāi toān dā eho. Vi P(l) hien nhien dūng nen ta 
ehi eān ehūng minh neu P(n) dūng thi P(n + 1) eūng dūng nūa lā xong. Ta eō khāng dinh 
u P(n + 1 ) dūng” tuong dūdng vōi 

a n+1 + 6 n+1 + c n+1 f a + 6 + c^\ n+1 

3 * V 3 ) ■ 


Āp dpng giā thiet quy nap, ta eō 

^a + 6 + c^ n+1 ^a + 6 + e^ ^a + fe + e^ ^ ^a + 6 + e^ ^a n + 6 n + c n ^ 

Do dō, ta ehi eān ehūng minh 

3(a n+1 + 6 n+1 + c n+1 ) ^ (a + 6 + c)(a n + 6 n + c n ). 

Thūe hien khai trien trūe tiep, ta viet duoc bāt dāng thūe tren nhū sau 

3(a n+1 + 6 n+1 + c n+1 ) ^ (a n+1 + 6 n+1 + c n+1 ) + (a n b + 6 n a) + ( 6 n c + c n 6 ) + (c n a + a n c), 
2 (a n+1 + 6 n+1 + c n+1 ) ^ (a n b + b n a) + ( 6 n c + c n 6 ) + (c n a + a n c), 

(a n+1 + 6 n+1 - a n b - b n a) + ( 6 n+1 + c n+1 - 6 n c - c n 6 ) + (c n+1 + a n+1 - c n a - a n c) ^ 0 , 

(a n — b n )(a — 6 ) + ( 6 n — c n )(6 — e) + (c n — a n )(c — a) ^ 0 . 

Bāt dāng thūe cu 6 i dūng do ta eo tinh ehāt cd bān: Vōi moi x, y > 0 vā n > 1 thi x n — y n vā 

x - y lā hai s 6 eūng dāu nhau. □ 

Tren dāy lā hai ūng dung cd bān eūa quy nap trong ehūng minh bāt dāng thūe, ta ehi viee āp 
dung thāng khōng eān phāi suy xet gi mā vān di den ket quā. Tuy nhien trong thue te giāi 
toān, muon sū dpng quy nap thānh eōng, ta eon phāi xet den nhieu yeu to khāe (thū tu eāe 
bien, su bdo ton giā thiet, ...). De hiōu rō vi sao lai nhu vay, ehūng ta hāy xet vi du sau 

VI du 3 (Rumani, 1999). Cho n so nguyen āuong phān biet a\, ū 2 , ..., a n . Chilng minh rang 

2 ^ 2 n + 1 , , 

a l + °2 + • ' ' + a n ^ 0 —( a i + &2 + • • • + a n ). 


ChvCng minh. Rō rāng P(l) hien nhien dūng nen vān de ta quan tam bāy gid lā lām sao ehi 
ra dudc: Neu P(n) dūng thi P(n + 1) eūng dūng, tūe lā 


a? + a| H-1- a 2 n + a n+i ^ 


2n + 3, , 

—-— (ai + 02 + • • ■ + a n + a n+ i) 


Bāy giō, neu āp dung giā thiōt quy nap aj + a^ H-h a n ^ + a 2 H- 1 - a n ) thi ta se 

phāi ehūng minh 

2 n +1 o 2 n + 3, 

———(ai + ū 2 + • • • + a n ) + a ra+ i ^ ——— (a i + 02 + • • • + a n + a n+ i), 


hay lā 

3a ra+ 1 ^ 2(ai + a 2 + • • ■ + a n ) + (2n + 3)a n+ i. (1) 

Tuy nhien, khōng nhu hai vi du tren, bāt dāng thūe nāy lai khōng phāi luōn dūng (ehāng 
han, ta xet a n+ i = 1 vā a* > 1, VI ^ i ^ n). Do do, ta eān phāi bo sung them giā thiet 
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nao do de eho no dūng. Quan sat hai v§ mōt ehūt, ta thāy ve trai la mōt ham bāc hai theo 
a n+ i vā ve phāi lā mōt hām bac nhāt theo a n+ 1 . Nhu dā biet, tren miōn so nguyen duong, 
hām bāc hai tāng nhanh hon hām bāc nhāt. Do do, neu ta ehon giā thiōt sao eho a n+ \ lōn 
nhāt eo the thi rāt eo the bāt dang thūe tren dūng. Tū dāy, tāt nhien ta nghl ngay den ehon 
a n+ 1 = max{ai, ū 2 , ■ ■ ■, a n , a n+ 1 }. Dieu nāy hoān toān eo the dupc do bāt dāng thūe dupc eho 
6 de bāi lā doi xūng eho aj. 

VPi nhūng phān tieh vā suv luān nhu tren, ehūng ta se thū ehūng minh bāt dang thūe (1) v 6 i 
a n+ 1 = max{ai, a 2 , ..., a n , a n+ i}. Theo giā thiōt, ai, a 2 , ..., a n , a n+ i 1 ā eāe so nguyen duong 
phān biet, suy ra hai so ke tiep nhau (vā dō 16n) se hon kem nhau lt nhāt 1 dOn vi. Do do, neu 
ta sap thū thu ai < a 2 < • • ■ < a n < a n+ 1 thi 

a 2 ai ^ 1, 03 a 2 V 1 , • • •, o-n+i a n ^ T 

Vā khi do, v 6 i moi 1 ^ i ^ n, ta eo 

t 

a n+ 1 — ūi = (a n+ i — a n ) + (a n — a n _i) + • • ■ + (aj + i — a^) ^ 1 + 1 +/ • • + \ = n + 1 — i. 

n+1— i so 


Tū do suy ra Oj ^ a n+i + i - n — 1, VI < i < n. Diōu nāy dān den 

/ v _ ~' . n(n + 1 ) 

+ a 2 H- 1 - a n < na n+ i - n(n + 1 ) + = na n +i- 7 . -• 


ai 




Sū dung dānh giā nāy, ta dūa dupc (1) ve xet mōt bāt dāng thūe mpt bien theo a n+ i: 

n(n + 1 ) 


3 ft n+ i ^ 2 


f^n-f-1 


+ (2 n + 3)a n+ i. 


Sau khi thu gon, ta viet dupc bāt dang thūe tren lai thānh 


3a n+i - (4n + 3)a n+i + n(n + 1)^0, 


tUOng duong 


(a n+ i n l)(3a n+ i n) ^ 0. 


Co thi thāy kāt quā nāy dūng do a n+ i ^n + ai ^n+l. 


Vāy lā ta dā ehūng minh xong bāi toān. Chū y rāng tū 16i giāi tren, ta eūng suy ra dupc dieu 
kien de bāt dāng thūe xāy ra dāu dāng thūe lā Oj = i, VI ^ i ^ n. □ 


VI du 4. Giā sūa\, a 2 , ..., a n (n ^ 2) lā eāe so thue khōng ām thoa mān ai+a 2 H-Ha n = n. 

eh'iing minh rang 

(n — l)(ai + 03-1 -1- a n ) + naia 2 • • • a n ^ n 2 . 


ehHtng minh. Ō bāi nāy, diōu mā ehūng ta quan tām vān lā lām sao thue hien dupc bu6c 2 
(vi P( 2) hien nhien dūng): Chūng minh neu P(n) dūng thi P(n + 1) eūng dūng, tūe lā 

n(ai + 02 H-h a n + a 2 n+1 ) + (n + l)aia 2 • • • a n a n+ i ^ (n + l) 2 . ( 1 ) 

Dieu dāng noi lā ta khōng thō dānh giā (n — l)(af + a| + • ■ ■ + a n ) + naia 2 • • • a n ^ n 2 dupc 

b 6 i trong trUPng hpp nāy, giā thiet eūa bāi toān lā ai + a 2 H-b a n + a n+1 = n + 1 ehū khōng 

phāi ai + a 2 H-h a n = n, do do no ehua thōa dieu kien de eo the āp dung giā thiōt quy nap. 
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Nhir the, muon sū: dung dudc giā thiet quy nap, trudc het ta eān tim eāeh dua ve dieu kien 
eua no dā, tiie lā phāi eō n so khōng am vōi tong bāng n. Cāch ddn giān nhāt dg thue hien 
dieu nāy ehinh lā xet dāy mōi b\, 62 , • ■ •, b n vōi 


bi = VI < i < n, M 


+ a 2 + ’ ‘ ’ + &r 


n 


7 , ? 

(0 day, eō the xet ai+a 2 -|-ba ra > 0 vi trong truōng hpp ngupe lai, ta se eō a* = 0, VI ^ i ^ n 

vā ( 1 ) hien nhien dūng). Lūe nāy, de thāy b\ + • • • + b n = n vā do dō, theo giā thiet quy nap, 

(n — 1 )( 6 j + b\ H-b 6 ra ) + nb\b 2 ■ ■ ■ b n ^ n 2 . 

Bāy giō, chuyen eāe bien trō lai theo a,, ta eō 

(n — 1 )(a\ + a\ +-b a ra ) na\a 2 ■ ■ ■ a n 


hay tuong dU 0 ng 


M 2 


a\+a 2 -\ - b a n ^ 


+ 


M n 


> n 


n 


-M 2 


n 


1 / 1 \ H/rn_9 a l®2 ‘ ' ’ 

n — 1 (n — l)M n 2 
Vāy lā ta dā sū dung dupc giā thiet quy nap vā viee eōn lai ehi lā ehūng minh 


n 


n 


n — 1 


-M 2 


hay 


O-i0-2 ’ ’ * 


(n — 1)M : 

(n + l)a ra +i — 


Tl 2 

■^■0102 • ■ ■ a n + a 2 +1 + (n + l)aia 2 ■ • ■ a ra a ra+1 ^ (n + 1 ) 


n 


^ (n + 1) 2 


rv J 


n — 1 


M 2 


na: 


u+i’ 

4m 2 

n—1 


( 2 ) 


na: 


n+l 


(n - 1 )M"- 2 J 

De y rāng nM + a ra+1 = n + 1, do dō (n + l)a ra+1 - vā (n + l ) 2 

ve bān ehāt ehi lā eāe bi§u thūe mpt biān. Vā nhu vay, rāt tu nhien ta muon dānh giā eho 
aia 2 • • • a n de chuyān (2) vā dang mot biān. Hon nūa, ta eūng ehū y rang bāt dang thūe (1) eō 
mpt dāu bāng lā a\ = • ■ • = a n = a ra +i = 1, do vay ta eān eō mot dānh giā vōi dāu bāng khi 
ai = a 2 = • • • = a n . Le tū nhiān, lūe nāy ta nghi ngay den 


ai a 2 • • ■ a n ^ 


ai + a 2 + • • • + a n 


n 


= M n (bāt dāng thūe AM-GM 2 ). 


( 3 ) 


Nhung, de eō the sū dung nō thi ta eān phāi eō (n + l)a„+i 


(n—l)M n “ 2 


< 0 , hay 


a n +iM n 2 < -. 

n l — 1 

.Nhu vay, ta se tim eāeh bā sung giā thiet de bāt dāng thūe nāy dūng. Neu xet trUe tiāp, ta 
se gāp khō khān bōi ve trāi eō sU xuāt hien eūa so mū tōng quāt n — 2. Vi the, de thuan tien 
hon, ta nān eō mpt dānh giā trung gian nāo do de loai di sō mū tōng quāt roi tim dieu kien 
eho bāt dāng thūe mōi dūng. De y rāng, theo AM-GM thi 


a n+1 M n > 


^ a ra +i + nM ^ n+1 


2 Xem d phān 3. 
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day ta eo 


a n+1 M n 2 


a n+ iM n ^ 1 
M 2 " M 2 ' 


Va nhu thg. ehūng ta ehi ean ehon giā thiet sao eho ^ > hay M ^ y lā xong. Ō 

doan nāy, ta thāy ngay lā nen ehon giā thiet sao eho M nhan dnpc giā tri lān nhāt eo the, tūe 
lā ta nen giā thiet a n+ \ = min{ai, ..., a n , a n+ i}. Lūe āy, ta eo ngay a n+ i ^ M vā 


nM + M ^ nM + a n+ i 
n + 1 ^ n + 1 



vā ta c 6 the āp dung (3) vāo (2) de dūa ve xet mpt bāt dāng mpt bien lā 


M n 


(n + l)a n+ i - 


n 


(n — l)M n_2 J 


^ (n + l ) 2 --M 2 — na 


n — 1 


2 

n+l' 


Dg ehūng minh bāt dāng thūe nāy, ta thue hien bien doi tUOng dUOng nhu sau 

n 2 M 2 + na 2 +1 + (n + l)a n+ iM" ^ (n + l) 2 , 
n 2 M 2 + n(n + 1 — nM) 2 + (n + l)(n + 1 — nM)M n ^ (n + l) 2 , 

(n + l)(n + 1 — nM)M n ^ (n + 1. — nM) [n + 1 + nM — n(n + 1 — nM)], 
(n + l)(n + 1 — nM)M n ^ (n + l)(n + 1 — nM)(nM — n + 1). 


Do M < ^t+ a ?±- . + a n+q n± i = n±i ngn ta ch { eān ehūng minh duoc 

M n ± nM — n + 1 , 


hay 

M n + (n - 1) • 1 ^ nM. 

Tuy nhien, day lai lā mpt ket quā hien nhien bdi vi no ehinh lā bāt dāng thūe AM-GM āp 
dung eho n so khōng ām gōm: M n vā n — 1 so 1. Bāi toān dudc ehūng minh. □ 

Co thl thāy diem dāc biet t^io nen tinh hipu quā eūa phuong phāp quy nap ehinh lā d eho ta 
c 6 thi lpi dpng giā thilt quy nāP sān eo de tim ra eāe dānh giā ehlnh xāc giūp dua bāi toān 
trō ve dang don giān hon, tū dō vipe giāi n 6 eūng trō nen de dāng hdn rāt nhieu. Tuy nhien, 
khōng phāi lūe nāo giā thiet quy nap eūng eho ta nhūng dānh giā ehinh xāc vā hieu quā. Hāy 
thū xet vi du sau 

Vf du 5 (Armenia, 2011). Chiing minh bat dāng thile 

E Qj(ai + a<2 H-H Qj) < ^ £»_ 

b\ + b 2 -\ - \-bi ^ ^ bi 

t=i l—l 

dung vdi hai dāy so duōng bāt ky a\, a 2 , ..., a n vā b\, b 2 , ..., b n . 

Chi2ng minh. Ō bāi nāy, de eo the sū dung dupc quy nap, ta eān ehūng minh neu khāng 
dinh bāi toān dūng vPi n thi eūng dūng vdi n + 1 , tūe lā 

+ ^±1 
ā n+ i 


a i( Q l + Q2 + • • • + Q») Q n+l( Q l + q 2 H-+ Q n+l) ^ | 

b\ + b 2 + • • • + b\ b\ + b 2 + • • • + 6 n+ i ^ 
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Neu sii dung giā thiet quy nap ai ^^ + .. + tv^ ^ 2 Y^i=i ~b~ thl ta se eān phāi ehāng minh 

ftn+i(Qi H-H fln+i) < 2a% +1 

&i H-1- ā n+ i 6 n +i 

NhUng ta lai thāy ngay rāng dānh giā nāy khōng dung vdi m<?i a,, 6, duqc, vā ta eūng khōng 
the sāp thii tu eāe bien de eho no dūng (vi (1) khōng phāi bāt dāng thūe doi xūng, eūng khōng 
lā bāt dāng thūe hoān vi). Nhu vay, quy nap khōng thō sū dung true tiep vāo bāi nāy duqc. 

Bāy gicJ, quan sāt (1) mōt ehūt, ta thāy no eō dang mōt bāt dāng thūe da thūe bac hai theo 
a n+1 , eu the lā 


ā n 


+i 


&! + •'•■ + b n+ 1 


x n +i 


0,1 + • • • + a n 
&! + ••• + &; 


n+1 


“®n+1 


+ 2 £r-£ 


i=l 


i=l 


Oi(fll + • • • + 0{) 

b\ + • • • + b{ 


>0. 


Ve trāi eūa bāt dang thūe lā mōt tam*thūc bac hai theo a n+1 eo he so bac hai duong (vi 
6^7 > bi+b 2 + 1 - +b +t ) n hāt ām khōng am (vi theo ket luān bāi toān, 

ta eo 2 J^r=i ^ S"=i Q *[ a + + . + ^ a ^ (dū ta ehua ehūng minh duqc no)). Tū dāy, ta suy ra bāt 
dāng thūe tren dūng v6i moi a n+1 > 0 khi vā ehi khi 


4 



1 

&! + ■■■ + ā n+ i 


2 ££ 


l—l 


E O{{o\ + ■ • ■ + ū{) 
bi + --- + b{ 


(fll + 1 1 1 + Onf 
(bi H-+ ā n +i ) 2 


hay tuong dudng 


2 a i ST' Q i(°i + • • • + Qj) ^_ ā n+ i(ai + • • • + a n ) 2 _ , . 

bi ■“ bi H- \-b{ 4 [2(6i + ■•• + &„) + 6 n+ i] [(&i -f-l-ā n ) + 6 n+ i] 


Theo de bāi, (1) ehae ehān dūng (dū ta ehua ehūng minh), do do ta eo the ehae ehan rang 
(2) eūng dūng v 6 i moi so dudng a, (1 < i < n), bj (1 < j < n + 1). Nhu thl, khi ta eo dinh 

Oi, b{ (1 < i < n) thi (2) dūng vdi mqi 6 n+ i > 0. Tū dāy ta suy ra tai dilm mā 

p __ b n+ i _ 

[2(6i + &2 + • • • + b n ) + 6 n+ i] [(61 + 62 +-f b n ) + 6 n+ i] 

dat giā tri 16n nhāt thi (2) vān dūng. Māt khāe, eo tbi de dāng tinh duqc 

max P = - 5 ---dat dUdc khi 6 n+ i = V2(bi + b 2 H-(- b n ). 

(v/2 + l) 2 (fei + fe 2 + h 6 n ) 


Do vay, theo eāe lap luan tren, ta thu duqc ket quā lā bāt dāng thūe sau eūng dūng 


2 ££-£ 


—> Oi(ai + 02 + • • • + 0 {) 




(ai + a 2 + • • • + Onf 


»=1 


bi bi + b 2 + --- + b{ 4(/2 + l) ( 6 j + 6 2 + --- + 6 n >' 


Dieu nāy noi len rang, ehūng ta hoān toān eo the lām manh bāt dāng thūe 6 de bāi thānh 


£ 

i= 1 


Cli(ū 1 + 0>2 + * ’ * + Qi) M((l\ + Ū2 + * * * + CL n ) ^ 

l“ - 


bi + b 2 + • • • + b{ 


bi +.b 2 + ••• + &« 


ri 2 

2 £r’ 


( 3 ) 


i —1 


trong do M lā mōt hāng sō dUdng thieh hqp. 
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Den day, ta chdt dāt ra mōt eāu hōi rang: Lieu eo ton tai M > 0 vtfa dām bāo (3) dung, vira 
giūp ta eo the thue hien phep quy nap de giāi no? Dieu trilōe hōt ta quan tam 6 dāy ehinh lā 
buōc ehūng minh: nōu bāt dāng thūe (3) dūng vōi n thi no eūng dūng v 6 i n + 1, tūfe lā 

, Q n+1 
6 n +l 


E Qt( Q i + • • • + eg) Q n+i( Q i + • • • + a n +i) M(a i + — ■ + an+i ) 2 < 2 [ — 

j=i 61 + ■ • • + bi b\ + • • ■ + b n+ 1 b\ + • • ■ + b n+ 1 



Sau khi sū dung giā thiet quy nap 

E Q t( Q i + • • • + ūi) _ M(qi + ■ ■ ■ + a n ) 2 

b\ + ■ ■ ■ + b \. b\ b\ + ■ • • + b n 

1=1 1=1 

ta se thu dU 6 c bāt dāng thūe 

M(Qi + • • ■ + Q n) 2 Q n+l( Q l + ' ‘ ' + Q n+1) M(ū\ + • • • + Q n +l) 2 < 2a% +1 

b\ + ■ ■ ■ + b n b\ + • • • + 6 n +i t>\ + ■ ■ ■ + b n+ \ b n+ \ 

vā ta hy vong se tim dUdc mōt so M thieh hdp de bāt dang thūe nāy dūng. 

Dō ddn giān, ta dāt x = a\ + a? + • • • + Q n vā y = b\ + b 2 + ■ ■ ■ + b n . Khi dō, bāt dāng thūe 
tren dudc viet lai thānh 


Q n+i( Q n +i + V) ^ M(a n+1 + xf ^ 2al +1 ^ Mx 2 
b n +i + y b n+ \+y 6 n +i y 

hay tUdng dudng 

/2q 2 Mt 2 \ 

(M + l)a n+J + (2M + l)o n+ ia: + Mx 2 ^ (b n+ \ + y) i " +1 H-) . (4) 

V Q n+ 1 y ) 

Ta eān tim M sao eho (4) thoa mān vōi moi a n +i, b n+ \, x, y > 0. Mā ta eo 


(b n+1 + y) 


2 Q n+l ( Mx 2 


Un+1 


y 


^ ^v^2 Q n +i + /Mr) (theo Cauchy-Schwarz 3 ) 


v 6 i dāu bāng khi nen (4) dūng v 6 i moi a n +i, ā n +i, x, y > 0 khi vā ehi khi ta eo 


(M + l)a n+ i + (2M + l)a n+ ia: + Mx 2 ^ (^/2a n+ \ + VM^ , Va n+ 1 , x > 0, 


hay lā 


^n+l 


(1 - M)a n+ 1 - ( 2 M — 2y/2M + 1 j x ^ 0, Va n+ i, x > 0. 


Dieu nāy ehi xāy ra khi 1 — M ^ 0 vā 2M — 2\j2M + 1^0, tūe M = Vay, neu ta ehon 
M = 5 thi bu 6 c ehūng minh “neu (3) dūng v 6 i n thi eūng dūng v 6 i n + 1” dudc giāi quyet on 
thoa. Hdn nfla, ta thāy ngay v 6 i M = | thi (3) dūng eho n = 1. Vi vāy, theo quy nap, ta eō 
bāt dāng thūe (3) (ūng v 6 i M = |) dūng v 6 i moi n ^ 1. Tū dāy ta eo the suy ra ngay ket quā 
eān ehūng minh. □ 


3 Xem d phān 3. 
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Qua vi du tren, ta rūt ra duoc them mot kinh nghiem de sū dung phuong phap quy nap, do la: 
Khi ta khong the sū dung quy nap trUe tiep de giāi bāi toān thi hāy dūng eāe suy luan hop ly 
eūa minh “lām manh” bāi toān sao eho bāi toān “lām manh” thoa mān tinh ehāt: Neu eo giā 
thiet menh de P(n) dung thi ta eo the sū dung giā thiet do di ehilng minh menh di P(n + 1) 
eūng dūng. Khi āy, ehi eān tim dupc mōt so no sao eho ket quā bāi toān “lām manh” dūng lā 
ta eo the sū dung quy nap de suy ra ngay ket quā bāi toān “lām manh” dūng vōi moi n ^ no, 
dieu nāy eūng eo nghla lā ta dā ehūng minh dupc ket quā bāi toān dā eho ban dāu dūng vōi 
moi n ^ no- Chū y rang: 

• Co nhieu eāeh “lām manh” bāi toān khāe nhau tūy thupe vāo kinh nghiem vā khā nāng 
suy luan eūa ngUōi giāi. 


• So no khōng nhāt thiet phāi trūng vōi so nho nhāt trong tāp hpp eāe so dupc eho ō de 
bāi. TVong truōng hpp no khōng phāi lā so nho nhāt thi tū ket quā bāi toān “lām manh” 
ta eūng dā loai di dupc mōt truōng hpp 16n eho eā bāi toān ban dāu lā n ^ no, vā viee 
eōn lai ta phāi lām ehi lā di xet tūng truōng hpp eu the eūa n thoa n < no nūa lā xong. 

Chūng ta kōt lai phān nāy vōi mōt vi du eho truōng hpp no khōng phāi lā so nho nhāt. 

VI du 6 . Chūng minh rang vdi moi sS ngugen duong n, ta eo 

11 17 

- _|_ - - . 

n + 1 n + 2 2 n 10 

ChvCng minh. Kiem tra true tiep, ta thāy bāt dang thūe do eho dūng vōi n = 1, 2, 3. Xet 

truōng hpp n ^ 4. Khi do ta se ehūng minh bāt dāng thūe manh hon 


1 1 J_ 

n+l + n+2 + "*"2n < 10 4n’ 

Ta sū dung quy nap theo n. Vōi n = 4, bāt dāng thūe trō thānh 

1 , 1 1 1 . 7 1 

4 + 1 + 4 + 2 + 4 + 3 + 4 + 4 ^ lŌ _ 4^4' 

Bāng eāe tinh toān true tiep, ta thāy bāt dang thūe nāy dūng nen P( 4) dūng. Giā sū P(k) 

dūng (k >4,ke N), tūe lā 

o 1 , 1 ,1 

k ~ k + 1 + k + 2 + ‘ ‘' + 2k 
Ta se ehūng minh P(k + 1) eūng dūng, hay lā 

o 1 1 1 

k+1 ~ k + 2 + k + 3 + " ' + 2k + 2 
Sū dung giā thiet quy nap ta dupc 


10 4 k' 


7 1 

1Ō “ 4(/c + 1)' 


k+1 = k + 2 + A: + 3 + " ' + 2k + 2 = k ~ k + 1 + 2k + 1 + 2k + 2 
a 1 7 1 . 1 

k+ 2(k + 1 )( 2 k + 1 ) ^ 10 4 k + 2(k + 1 )( 2 k + 1 )' 

Do vāy ta ehi eān ehūng minh 

1 1 1 
~4k + 2(k + l)(2k + 1 ) ^ ~4(k + 1 ) ’ 
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Bat dang thile nay tnong dtfdng vdi 

2^11 
(Jfc + l)(2ifc + l) < ” fc + l’ 

2 ^ 1 
(k + l)( 2 fc + 1 ) < k(k + 1 ) ’ 

hien nhien dūng vi 2k + 1 > 2k. Vay P(k + 1) dūng. Bai toan ūitoe ehūng minh xong. □ 


Bāi tāp ti/ luyen 

Bāi tap 1. Chūng minh rāng vāi moi so nguyen dudng n, ta deu eo 


11 1 

+ —- + ■■• + --r > 1; 


3n + 1 


^ n + 1 ' n + 2 

(b) 4"(n!) 2 > (2n)!; 

(c) 1 + ^ + '" + ^ >2 (' /;7TT “ 1 ) ; 


,.,13 
^ 2 4 


2n - 1 1 


2 n y3n+l 

Bāi tāp 2 (Moldova, 2007). Cho ai, a 2 , ..., a n lā eae sō thue thoa mān ^ | vdi moi 
i — 1 , 2, ..., n. Chūng minh r&ng 

(ai + 1) ^o 2 + • • • ^a n + —^ ^ (n + 1)!^ fll ^° 2 ^- na ")- 

Bāi tāp 3 (Vift Nam, 2011). Cho x > 0 vā n € N*. Chūng minh rāng 


ai n (x n ' fl + 1 ) /x + l\ 
x n + 1 ^ V 2 / 


2n+l 


Bāi tāp 4 (IMOSL, 1986). Tim hāng so C nhō nhat sao eho vdi moi dāy so thue dUdng 
Xi, X2, . .., x n thōa mān x ^+1 ^ X\ + x 2 4- 1 - x^ v 6 i moi fc, thi bat dāng thūe 

\/x[ + y/xi 4-h y/T n < C\Jx i + x 2 4-1- ain 


eūng dūng v6i moi n. 

Bāi tap 5 (Iran, 1998). Cho n (n ^ 2) so thue ai < a 2 < • • • < a n . Chūng minh rāng 
a i a 2 + a 2 a t + ■ ■ • + a n-i a n + a n a \ ^ a 2 a i + 030^ + • • • + a n a n _i + a%a n . 


Bāi tāp 6 (APMO, 1999). Cho (a n ) lā dāy gom vō han so thue thōa mān a i+ j < a^ + ūj v 6 i 
moi i, j ^ 1. Chūng minh rang 


ai + - + 


, a n 

+ ^ a n . 

n 


Bāi tāp 7 (Dāi Loan, 1992). Cho n (n ^ 3) so thue khōng am ai, a 2 , ..., a n eo tōng bāng 1. 
Chūng minh rāng 

a 2 a 2 + 0^3 H-h a^_\a n + a n a\ ^ —. 
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Bāi tāp 8 (Trung Quoc, 2009). Cho so nguyen duong n ^ 2, tim hang so A(n) 16n nhāt 
eo tmh ehāt: Neu eāe so thue ao, oi, ..., a n th 6 a mān 0 = oo ^ ai ^ a? ^ ^ a n vā 

2 oj ^ ūiLi + a,i + 1 , 'ii — 1 , 2 , ..., n — 1 , thi 

(ai + 2 o 2 + • • ■ + na n ) 2 ^ A(n)(oj + a 2 + • • • + a n ). 

Bāi tāp 9. Cho eāe so duong ai, o 2 , ..., a n thoa mān ai 4- 1 - a n = n. Chutng minh rang 


..11 1 2 n\/n — 1 . n /-- 

(a) -1-h • • • H-1— ō~~ — ō~~ -i—2 ^ n "h 2vn — 1; 

Oi o 2 a n Oj + o^ + ■ • • + fl„ 

(b) (n — l)(oj + 02 H-H a n ) + n 2 ^ ( 2 n - l)(af + o 2 H- 1 - a\). 

Bāi tap 10. Chutng minh rang neu x\, x 2 , ■.., x n lā eāe'so dtrong eo tfeh bāng 1, thi .. 


[Xi-Xjf ^ XX ~n. 


2—1 


Bāi tāp 11. Chiing minh rang v 6 i moi so nguyen duong n, ta deu eo 

, . , 1 15 

(a) '+#+■■■ + + <y 

... , 1 15 

(b) 1 + rō H-H —0 < 

2 J n 3 4 

Bāi tāp 12 (Hān Quoc,'2005). Chu!ng minh rang v 6 i moi X\, x 2 , ..., x n > 0, ta deu c 6 


I?+ (£L±fi) + .... ( -V-±~-- - + ) «4 (x? + xI + ... + 4). 

Bāi tāp 13 (My, 1994). Cho x\, x 2 , ..., x n > 0 thōa mān x\ + x 2 + • • ■ + Xk ^ Vk v 6 i moi 
1 ^ k ^ n. Chdng minh rang 


x\ + x\ + ••• + < ^ - ( 1 + - + ■■■ + - ) . 


1 1 


1 


Bāi tāp 14. Cho ai, a 2 , ..., a n lā eāe s 6 duong. Chutng minh rang 

n 


1 2 

- 1 - 

01 Ol + o 2 


__ <2 (1 + 1 + ... + !]. 

Oi + a 2 + ••■• + a n \a\ a 2 a n 


2 Phi/tfng phap phān ehu’ng 

Co the thāy mot trong nhūtng bf quyet de thānh eōng trong giāi toān ehfnh lā 6 eho: +ām the 
nāo de tān dung dupc giā thiet duoc eho. Sut dung hpp ly dieu kien eūa de bāi se giūp ta eo 
dupc nhūng dānh giā ehrnh xāc hon vā tāt nhien xāc suāt de di den 16i giāi hoān ehinh eho 
eāe bāi toān eūng eao hon. Co nhūng bāi toān duoc eho v 6 i giā thiet don giān vā ta de dāng 
thāy ngay hu 6 ng sū dung. Tuy nhien, van vat tren ddi dōu eō mat trāi eūa no. Dā eo nhūng 
bāi toān “dep” nhu the thi tāt nhien eūng se ton tai nhūng bāi toān mā giā thiet dūpc eho khā 
phūe tap, la lām, ta khōng the thāy ngay huōng di de giāi quyet ehūng. Rō rāng, se rāt kho 
khān neu ta tiep eān bāi toān theo huōng true tiep. Vay ta nen lām the nāo? 
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Trong nhūng trirāng hdp ay, ngtfōi ta thilelng nghi den y tirōng: Thay vi di eMng minh tnie 
tiep bāi toān, ehung ta se thū phū djnh menh di ean ehūng minh vā tim eāeh ehi ra rang dieu 
do khong the xay ra (tūe giā thiet eūa bāi toān se khōng duac thoa mān). Day ehmh la tif ttfōng 
ehinh eūa phildng phap phan ehūng. 

Thite t§ eho thay viee giai quyet eāe bāi toān bāng phān ehūng dōi khi lai ddn giān hdn viee di 
tim eāeh ehūng minh trUe tigp rāt nhieu bōi trong nhigu truūng hdp, huāng di trUe tigp eho ta 
nhilu truāng hdp de xet trong khi do huūng di bāng phān ehūng lai ehi phāi xet mpt so lupng 
it hdn eāe trudng hdp. Sau dāy lā mōt so vi du minh hoa: 

Vi du 7. CMng minh neu eāe sō thue a, b, e thoa mān 

a + b + c> 0 , ab + bc + ca> 0 , abc > 0 , 


,/^u a , b, e lā eāe sd dUōrig. 

Chvtng minh. Giā sū o ^ 0, khi do ta eo b + e > —a ^ 0, tū dō suy ra 

bc > —ab — ea = —a(b + e) ^ 0 . 

Do vāy abc ^ 0, māu thuān v 6 i giā thiet abc > 0. Vay a phāi lā so dudng. Chūng minh tUdng 
tu, ta eūng eo b, e lā eāe so dUdng. Bāi toān dupc giāi quyet xong. □ 

Vi du 8 . Cho a ^ 4, b ^ 5, e > 6 vā a 2 + b 2 + <? = 90. CMng minh rang 

a + b + e > 16. 

ChvCng minh. Dāt o = x + 4, b = y + 5, e = 2 + 6 thi ta eo x, y, z ^ 0 vā digu kien eūa bāi 
toān trō thānh (x + 4 ) 2 + (y + 5) 2 + (z + 6) 2 = 90. Sau khi khai triln vā rūt gon, ta dudc 

x 2 + y 2 + z 2 + 12(x + y + z) — 4x — 2 z = 13. (1) 

Ta eān ehūng minh a + b + e ^ 16, hay 


x + y + z ^ 1 . 


Giā sū tōn tai eāe so thue x, y, z ^ 0 thoa mān (1) nhung x + y + z < 1. Khi do, hien nhign 

ta eō x, y, z e [0, 1), suy ra x 2 < x, y 2 < y, z 2 < 2 . Tū dāy dua den 

13 = x 2 + y 2 + z 2 + 12 (:r + y + z) - 4x - 2z ^ x 2 + y 2 + z 2 + 12(x + y + z) 

^ x + y + z + 12 ( 3 : + y + z) =13(x + y + z)< 13. 


Mau thuān nāy eho ta klt quā eān ehūng minh. □ 

Vi du 9 (My, 2001). Cho a, b, e lā eāe so duang thoa mān a + b + e > abc. Chūng minh rang 
it nhat hai trong ba bdt dāng thūe sau lā bat dāng thūe dūng 


2 3 6 

- + - + - 
a b e 



2 3 6 

7 1-b - 

b e a 



2 3 6 

- H-b 7 

e a b 



Chv£ng minh. Dāt x = y = | vā z = \ thi ta eo x, y, z > 0, xy + yz + zx ^ 1 vā ta phāi 
ehūng minh rāng lt nhāt hai trong ba bāt dāng thūe sau dūng 


2x + 3y + 6z ^ 6 , 2y + 3z + 6 x ^ 6 , 2z + 3x + 6 y ^ 6 . 
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Giā sii sut that khōng phāi nhif vay, tiie lā trong ba bāt dāng thute tren eo lt nhāt hai bāt dāng 
thiie sai. Khōng māt tmh tong quāt, ta eō the giā sāt 

2x + 3y + 6z < 6, 2y + 3z + 6x < 6. 

Cōng hai bāt dāng thile nāy lai theo ve, ta duqc 

8x + 5y + 9z < 12. 

Do xy + yz + zx ^ 1 nen x ^ ^+jr> tii do suy ra 

+5y + 9z< 12. 
y + z " 

Sau khi quy dōng vā khut māu, ta duqa 

5 y 2 + 9z 2 — 12 y — \2z + 6 yz + 8 < 0, 

hay tuong duong 


(3 z + y- 2) + 4 (y - 1)" < 0. 

Tuy nhien, diōu nāy khōng the xāy ra. Vi vay, ta eo dieu phāi ehutng minh. 


□ 


Tren dāy lā mōt so utng dung don giān eūa phān ehūtng trong ehūng minh bāt dāng thūe. Bay 
giō ta se chuyen sang eāe vf dq āp dung phūte tap hon: 

Vf du 10 (IMO, 2001). CMng minh rang vōi moi a, b, c> 0, ta deu eo 

a b e 


+ 


+ 


y/a 2 + 8 bc \/ā 2 + 8ca y/c 2 + 8 ab 


> 1 . 


Chiing minh. Bāt dāng thūte dā eho vūa ehūta phan thūte vūa eo eān thūte. Hai yeu to nāy lā 
hai yeu to ehinh gay kho khān eho ta trong viee giāi bāi toān. Do do, muon giāi duqc bāi toān 
thl tāt nhien ta phāi tim eāeh loai ehūng. Mōt trong eāe eāeh de xū ly nhttng trUOng hqp nhu 
the nāy lā dāt ān mdi, eu the ta se dāt 


x = 


y/a 2 + 8bc 


V = 


Vb 2 + 8 ea 


z = 


y/c 2 + 8 ab 


Khi do bāt dāng thūe eān ehūng minh se trō thānh x + y + z ^ 1 (khōng eo eān thūe lān phan 
thūe). Bay giō, ta eān tim mien xāc dinh eho x, y, z vā mōi lien he giūa ehūng. Tū phep dāt, 
ta eo 0 < x, y, z < 1 vā 


bc 1 — x 2 


ea 1 — y 2 


8x 2 ’ b 2 


8 y 2 


ab 1 — z 2 
e 2 8^ 2 


Do do 


8 3 x 2 y 2 z 2 = (1 - a: 2 )(l - y 2 )(l - z 2 ). 

Nhu vay ta phāi ehūng minh 

x+y+z ^1 

v6i 0 < x, y, z < 1 vā 8 3 x 2 y 2 z 2 = (1 — x 2 )(l — y 2 )( 1 — z 2 ). 
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Tuy nhien, mSe du dā loai dUOc eān thufe vā phān thufe nhung giā thiet mdi thu duoc lai rāt 
“xa la” vā khōng de di van dung no. Trong khi do, dieu eān ehtfng minh lai gān gūi vā quen 
thuōe hon rāt nhieu. Do dō ta nghl ngay dln viee dūng phān ehtfng dō giāi bāi toān nāy: Giā 
sū x + y + ^ < 1, khi do ta eo 

1 - x 2 > (x + y + z) 2 - x 2 — (y 4- z)(2x + y + z), 

1 - y 2 > (x + y + zf - y 2 = (z + x)(2y + z + x), 

1 - z 2 > (x + y + zf - z 2 = (x + y)(2z + x + y). 

Suy ra 

8 3 x 2 y 2 z 2 > (x + y)(y + z)(z + x)(2x + y + z)(2y + z + x)(2z + x + y). 

Mat khāe, stf dung dānh giā eo bān (u + v)(v + w)(w + u) ^ 8 uvw, ta lai eo 
(2x + y + z)(2y + z + x)(2z + x + y) = 

= [(a: + y) + (z + *)] [(z + x) + (y + z )] [(y + z) + (x + y)] 

^ 8(x + y)(y + z)(z + x) ^ 8 2 xyz. 

Kōt hpp v6i tren, ta dūpc 


(x + y)(y + z)(z + x)(2x + y + z)(2y + z + x)(2z + x + y) ^ 8xyz ■ 8 2 xyz = 8 3 x 2 y 2 z 2 . 
Māu thuān nāy eho ta dieu phāi ehtfng minh. □ 

Vi du 11. Cho eae so āitefng a, b, e thoa mān 2 (a 2 + b 2 + e 2 ) + 3 abc = 9. CMng minh rang 

a + b + e ^ 3. 

Ch'āng minh. Cūng giong nhū bāi toān trū6c, 6 bāi toān nāy diāu eān ehtfng minh trōng 
don giān vā de “stf dung” hon giā thiet dūpc eho. Do do, rāt tū nhien ta nghl den viee stf dung 
phān ehtfng: Giā stf a + b + e > 3, khi dō 1 > a+ 3 b+c > 0. Suy ra 

,2 , 72 . „ 2 \ 12 , 13 


9 = 2(a 2 + b 2 + e 2 ) • l z + 3 abc ■ l 3 


> 2(a 2 + 6 2 + e 2 ) • 
18(a 2 + 6 2 + e 2 ) 


+ b + c 
81 abc 


+ 3afec• 


a + b + e 


(a + b + c) 2 (a + b + e) 3 
Bāt dāng thtfe nāy eo the viet lai thānh 

(a + b + e) 3 > 2(a 2 + fe 2 + c 2 )(a + b + e) + 9 abc. 

Sau khi thu gon, ta dūpc 

a 3 + fe 3 + e 3 + 3afee < ab(a + 6) + bc(b + e) + ca(c + a). 

Tuy nhien, dieu nāy khōng the xāy ra vi theo bāt dāng thtfe Sehur 4 , ta eo dānh giā v6i ehiōu 
ngūpe lai lā mōt bāt dāng thtfe dūng. Vay ta eo dilu phāi ehtfng minh. □ 

4 Bāt dāng thāe Sehur dtfdc dāt theo ten nhā Toān hoe Issai Sehur (1875-1941). Noi dung eūa bāt dāng thūte 
nāv nhu sau: Vōi bSn sō thue khong ām, tūy y a, b, e, r, taeo 

a r (a — b)(a — e) + b r (b — c)(b — a) + c r (c — a)(c — b) > 0. 

Trong trtfāng hdp dāc biet r = 1, sau khi khai trien, bat dang thtfe Sehur eo the viet lai thānh 

a- 3 + 6 3 + e 3 + 3afcc ^ ab(a + b) + bc(b + e) + ca(c + a). 
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\ 

Quan sāt ldi giāi eūa hai bāi toān tren, ta eo eāe nhān xet nhu sau: 

• Ō vi du 10, bāt dang thūe dudc eho lā mōt bāt dāng thūe thuān nhāt nhilng ehūa eān 
thūe khā phūe tap. Sau khi sū dung phān ehūng, ta thu duoc 1 bāt dāng thūe mdi eūng 
lā bāt dāng thūe thuān nhāt nhung lai eo dang phāt bieu ddn giān vā khong eo eān thūe. 

• Ō vi du 11, bāt dāng thūe duoc eho eo dieu kien rāt “la” vā tū no ta khōng the tim duoc 
eāeh de chuyen bāt dāng thūe ve dang thuān nhāt. Sau khi sū dung phān ehūng, ta thu 
duoc mōt bāt dāng thūe māi eo dang thuān nhāt. 

Tū hai nhan xet nāy, ta rūt ra duoc mōt kinh nghiem trong viee sū dung phān ehūng dō giāi 
eāe bāi toān dang nhu tren, do lā: Ta nen ehon menh de phān ehūng nāo mā sau khi sū dung 
no, ta se thu dūOc mQt bāt dāng thūe thuān nhāt. 

Chūng ta ket lai phān nāy bāng vi du sau dāy: 

« 

Vi du 12. Cho x, y, z tā eāe so dudng thoa .mān xyz = 1. Chiing minh rang 

1 _ 1 1 _2_ 

(1 + x) 2 + (1 + yf + (1 + zf + (1 + a;)(l + y)(l + z) " 

ChvCng minh. Dāt a = j~j, b = vā e = thi ta eo 0 < a,b, e < 1. Giā thiet eūa bāi 
toān duoc vilt lai thānh (1 — a)(l — 6)(1 — e) = abc vā ta phāi ehūng minh 

a 2 + 6 2 + e 2 + 2abc ^ 1. 

Tū giā thiet (1 — a)(l — 6)(1 — e) = abc, ta c6 

2 abc = ab + bc + ca — a — b — c + 1, 

vā do do bāt dāng thūe tren tUOng duong vāi 

a 2 + b 2 + e 2 + ab + bc + ea ^ a + b + e. 


Giā sū ngUOe lai a 2 + b 2 + e 2 + ab + bc + ea < a + b + e, khi do ta eo 

a 2 + b 2 + e 2 + ab + bc + ea 
0 <-—-< 1 , 


dān den 


a + b + e 


1 — a > 

a 2 + b 2 + e 2 + ab + bc + ea 

— a = 

b 2 + bc + e 2 

a + b + e 

a + b + e 

1 -b> 

a 2 + b 2 + e 2 + ab + bc + ea 

— h — 

e 2 + ea + a 2 

a + b + e 


a + b + e 

1 — 0 

a 2 + b 2 + e 2 + ab + bc + ea 


a 2 + ab + b 2 

a + b + e 

— e — 

a + b ~h e 


Tū do suy ra 

abc = (1 — a)(l — 6)(1 — e) > 

hay 


(b 2 + bc + c 2 )(c 2 + ca + a 2 )(a 2 + ab + b 2 ) 


(a + b + e) 3 

(b 2 + bc + c 2 )(c 2 + ca + a 2 )(a 2 + ab + b 2 ) < abc(a + b+ e) 3 . 
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Ta se ehi ra dieu mau thuān bāng eāeh ehutng minh bāt dāng thuie vdi ehieu ngudc lai dūng. 
That vāy, ta eō 

b 2 + bc + e 2 = ^(6 + e) 2 + ^(6 — e) 2 ^ ^(6 + e) 2 , 
e 2 + ea + a 2 = ^(e + a ) 2 + ^(e — a ) 2 ^ ^(e + a) 2 , 

a 2 + ab + 6 2 ^ ^(a + 6) 2 + ^(a — b ) 2 ^ ^(a + 6) 2 . 

Sū dung eāe dānh giā nāy ket hdp vōi hai bāt dāng thūe cd bān 

(u + v)(v + w)(w + u) ^ |(u + v + w)(uv + vw + wu), Vu, v, w > 0, 


ta dudc 


(uv + vw + wu) 2 ^ 3 uvw(u + v + u>), Vu, u, w > 0, 


(a 2 + ab + b 2 )(b 2 + bc + c 2 )(c 2 + ca + a 2 ) ^ j^(a + b) 2 (b + c) 2 (c + a) 2 


64 


g 

-(a + b + c)(ab + bc + ea) 


~\ 2 


(a + b + c) 2 (ab + bc + eaf 
3 

^ abc(a + b + e) 3 . 


Bāi toān dudc ehūng minh xong. 


□ 


Nhān xet. Neu eāe ban dā biet qua tinh ehāt: Neu x, y, z lā eāe so thite āuang thoa mān 
x 2 + y 2 + z 2 + 2 xyz = 1 thi ton tai m, n, p > 0 sao eho 


x = 


m 


y = _^ ___ 

y/(m + n)(m + p)' >/(n + p)(n + m)’ y f(p + m)(p + nf 

thi ehūng ta eon eō mpt eāeh phān ehūng khāe eho bāi toān tren nhu sau: 

Cach 2. Dāu tien, ta eūng dāt ān phu nhu tren de dua bāi toān vl ehūng minh 

a 2 + b 2 + e 2 + 2 abc ^ 1 

vōi 0 < a, b, e < 1 vā (1 — a)(l — 6)(1 — e) = abc. 

Bay giō, giā sū a 2 + b 2 + e 2 + 2 abc < 1, khi dō ta thāy ton tai k > 1 sao eho 

(kaf + (kbf + (kef + 2(ka)(kb)(kc) = 1. 

Do vay, ton tai eāe so dudng m, n, p sao eho 

m ,. n . p 


n 


z = 


P 


ka = 


■s/(m + n)(m + p)’ 


kb = 


y/(n + p)(n + m)' 


ke = 


y/(p + m )(p + n) 


Vi k > 1 nen tū tren, ta suy ra 
m 


a < 


yf(m + n)(m+p) 


< 1, b < 


n 


y/ (n + p)(n + m) 


< 1, e < 


_ P _ 

y/(p + m)(p + n) 


< 1. 
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Māt khāe, theo bāt dāng thile Cauchy-Schwarz, 



Do vay, ta eo 

n 

/' 

Māu thuān nāy eho ehūng ta kāt quā bāi toān. □ 



Bāi tāp tuT luyen 

Bāi tap 15. Cho a, 6, e > 0. Chūng minh rāng eo lt nhāt mōt trong ba bāt dāng thūe sau lā 
bāt dāng thūe sai 

o(2 — 6) > 1, 6(2 — e) > 1, c(2 — a) > 1. 

Bāi tap 16. Cho eāe so thue khōng am x, y, z thoa mān x + y + z ^ 5. Chūng minh rang it 
nhāt hai trong eāe bāt dāng thūe sau dūng 

2x + 3y + 6z ^ 14, 2y -f 3z + 6x ^ 14, 2z + 3x + 6y ^ 14. 

Bāi tāp 17. Cho eāe sō thue x, y thoa mān y ^ 0 vā y(y + 1) < (x + l) 2 . Chūng minh rang 

y(y - 1) < x 2 . 

Bāi tap 18 (My, 2000). Chūng minh rāng vōi moi a,b, c> 0, ta deu eo 

Q "^3 ^ ^ _ Vābc ^ max | — Vbj , C\/b — \/cj , (\/c — \/®) 2 | • 

Bāi tap 19. Cho a, 6, e > 0 thoa mān ab + 6c + ea + abc = 4. Chūng minh rāng 

(a) (Viet Nam, 1996) a + 6 + e ^ a6 + 6c + ea; 

(b) a 2 + 6 2 + e 2 + abc + 8 ^ 4(a + 6 + e) (a, 6, e £ R); 

(e) a 2 + 6 2 + e 2 — 3 ^ 2 (y/2 + l) (a + 6 + e — 3); 

(d) a 2 + 6 2 + e 2 + 28 > 8 (a + 6 + e) + 7abc. 

Bāi tap 20 (My, 2001). Chūng minh rāng vōi moi so thue khōng ām a, 6, e thoa mān dieu 
kien a 2 + 6 2 + e 2 + abc = 4, ta eo 

0 ^ a6 + 6c + ea — abc ^ 2. 
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Bāi tāp 21 (Rumani, 2007). Cho eae so duc)ng a, b, e thoa mān — —+ 6 , ^ 1: 
Ghi'rng minh rāng 

a + b + e ^ ab + bc + ea. 

Bāi tāp 22. Cho a, b, e, x,y, z> 0 thoa mān a + b + c = x + y + z. Chu:ng minh rāng 

ax 2 + by 2 + cz 2 + xyz ^ 4a6c. 

Bāi tāp 23. Cho a, b, e ^ 0 thoa mān a + b + c + abc = 4. Chu!ng minh rāng 

(a) a 2 + b 2 + e 2 + 12 ^ 5(ab + bc + ea); 

(b) 3 (a 2 + b 2 + e 2 ) + 13(a6 + bc + ea) ^ 48; 

(e) a 2 + b 2 + e 2 + 3 ^ 2(ab + bc + ea) (a, b, e E R). 

Bāi tāp 24. Cho a, b, e ^ 0 thōa mān ab + bc + ca = abc + 2. Chutng minh rāng 
(a) a 2 + b 2 + e 2 + abc > 4; 


(b) a 2 + b 2 + e 2 — 3 ^ (2 + V5) (a + b + e — 3). 


Bāi tāp 25. Cho ai, a 2 ,'..., a n > 0 vā a^ H-+ a n — ~ H-b Chilng minh rāng 


(a) 


(b) 


1 


+ 


1 


n — l + ai n — 1 + a 2 


+ ...+ 


1 


1 


+ 


1 


+ ••• + 


n — 1 + a n 

1 


+ « _ 1 _i_ n 2 n — 1 + a 2 


^ 1. 


n — 1 + af n — 1 + 05 
Bāi tāp 26. Cho eāe sō d\ldng a, b, e thōa mān abc = 1. Chutng minh rāng 


(b) 


1 , 1 , 1 <i- 

/5^+Ā V5b~+l v/5cT4 " ’ 

1 1 1 


+ 


+ 


< 1. 


a + ^/3cT+T b + \/36 +"T e + y/3c +~1 
Bāi tāp 27. Cho ai, a 2 , ..., a n > 0 thōa mān aia 2 • • • a n = 1. Chutng minh rāng 

1 1 1 


+ 


(n - l)ai + 1 (n - l)a 2 + 1 


+ ••• + 


(n - l)a„ + 1 


^ 1. 


3 PhuTofng phap su' dung eae bat dang thuTe kinh dien 

3.1 Vāi net ve eong eu eāe bat dang thuTe kinh dien 

Cō thō thāy bāt dāng thute kinh dien lā mot trong nhūrig eōng eu dūdc sut dung nhieu nhāt dō 
giāi toān bāt dāng thute. Li do rāt ddn giān, eāe lōi giāi bang bāt dāng thute kinh dien thūōng 
khōng quā phute tap, khōng dōi hōi nhieu kiōn thūe de hieu dūdc ehung. Dāc biet, ehung eō 
thg dūdc sut dung lām eōng eu phu trd eho eāe phūdng phāp khāe de tāng them tinh hieu quā 
eūa eāe phudng phāp dō. Tū nhūng dieu nāy ta thāy rāng bāt dāng thute kinh dien ehiōm mōt 
vai trō quan trong trong bāt dāng thūte sd eāp. 

Cō rāt nhieu bāt dang thūte kinh dien nhu: AM-GM, Cauchy-Schwarz, Chebyshev, Bernoulli, 
Minkowski, ... Tuy nhien, thōng dung nhāt vān lā hai bāt dang thūte AM-GM vā Cauchy- 
Schwarz. Vā day eūng ehinh lā 2 nōi dung ehmh mā ehūng ta se eūng tim hieu ō phān nāy. 



Mot so phi/oTng phāp ehā'ng minh bat dang thu’e 
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3.1.1 Bat dang thu'e AM-GM 

Bāt dāng thile AM-GM eo ten dāy dū lā bat dāng tluie giūa trung binh eong vā trung hinh 
nhān. TVong ehitong trinh giāo khoa eūa nirūe ta, bāt dāng thūe nāy dndc biet den vdi eāi ten 
bāt dāng thūe Cauchy. Tuy nhien, eāeh goi ten dāu tien m 6 i lā eāeh goi ten theo dūng ehuān 
quoc te, vā trong tāi lieu nāy ehūng ta se sū dung eāeh goi ehuān (vi eāeh goi bāt dāng thūe 
Cauchy de gāy nhām lān v 6 i bāt dāng thūe Cauchy-Schwarz). Npi dung eūa bāt dāng thūe 
dupc phāt bieu nhu sau 


Dinh ly 3 (Bāt dāng thūe AM-GM). Vōi moi sd thue khong ām a l} a 2 , ..., a n , ta eo 

ai T 02 + • • ■ T a n 


n 


> <t/aia 2 ■ ■ ■ a n . 


Dang thUe xāy ra khi vā ehi khi Oi = a 2 = • • • = a n . ' 

ChUeng minh. Neu trong 01 , 02 , •.., a n eo mpt so bāng 0 thi bāt dāng thūe hien nhien dūng, 
vā dāng thūe xāy ra khi vā ehi khi tāt eā eāe so eūng bāng 0. Xet trūāng hpp a, > 0, VI ^ z ^ n. 
Khi do, dāt b { = y 01 °*;;. 0n - thi ta eo bib 2 • • • b n — 1 vā bāt dāng thūe dūdc viet lai thānh 

bi + b 2 -(- • • • 4 - b n ^ n. 

Ta se ehūng minh bāng quy nap theo n. De thāy khāng dinh hien nhien dūng v 6 i n = 1 , do do 
ta ehi eān ehūng minh: n 6 u khāng dinh dūng v 6 i n thi eūng se dūng v 6 i n + 1 , tūe lā 


bi + b 2 + ■ ■ ■ + b n + b n +i n + 1 . 

Do bib 2 ■ ■ ■ b n b n+ 1 = lvān + 1^2 nen trong n + 1 so bi, b 2 , ..., b n , b n+ i se eo lt nhāt mpt so 
khōng nho hdn 1 vā mpt sō khōng I 6 n hdn 1. Khōng māt tinh tōng quāt, ta giā sū b n ^ 1 ^ 6 n+1 . 
Khi do, de thāy (b n — 1)(1 — 6 n+ i) ^ 0 nen ta eo b n + 6 n+ i ^ 6 n 6 n+ i + 1, vā nhū the ta ehi eān 
ehūng minh dudc 

bi + b 2 + • • • + 6 n _i + b n b n+ 1 ^ n. 

Tuy nhien, kōt quā nāy hien nhien dūng theo giā thiet quy nap (āp dung eho n so dudng 
b u b 2 , ..., b n -i, b n b n+ 1 e 6 tieh bib 2 ■ ■ ■ b n -i(b n b n+ i) = 1 ). □ 

Ō tren, ta dā ehūng minh dūdc bāt dāng thūe AM-GM bāng eāeh sū dung quy nap. Cūng bāng 
eōng eii nāy (ket hpp v 6 i mpt ehūt kiln thūe ve giāi tieh), ta eo the ehūng minh ket quā tong 
quāt eho bāt dāng thūe AM-GM nhū sau 

Dinh ly 4 (Bāt dāng thūe AM-GM suy rōng). Cho ai, a 2 , ..., a n lā eāe so thue khōng ām vā 
Xi, x 2 , ..., x n lā eāe so thue duang eo tong bang 1. Khi do, ta eo 


xiūi + x 2 a 2 -1- x n a n ^ o^Og 2 • • • a n ". 

Dāng thUe xāy ra khi vā ehi khi ai = a 2 = • • ■ = a n . 

ChvCng minh. Rō rāng ta ehi eān xet a* > 0, VI < i ^ n lā dū. V 6 i n = 1, bāt dāng thūe dā 
eho trd thānh dāng thūe. Xet n = 2, khi do ta eān ehūng minh 

xiūi + x 2 a 2 ^ a xi a 2 2 v 6 i ai, 02 , xi, x 2 > 0 vā xi + x 2 = 1 . 


Co dinh x\, x 2 , a 2 vā xet hām so /(ai) = a:iai + x 2 a 2 — a^af 2 , ta eo 

f(ai) = xi- xiaj 1_1 02 2 =xi- Xia\ X2 a% 2 = ~ .t a K . ^ _ a O 
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De thāy, /'(«l) — 0 khi a\ = a 2 , f{ai) > 0 khi a\ > a 2 vā f'{ai) < 0 khi a\ < a 2 . Do do f{a i) 
dat ctfc tieu tai ai = a 2 , ttf day ta suy ra /(a x ) ^ f{a 2 ) = 0, Vai > 0. Bay giō, giā sut bāt dāng 
thtie dūng vdi n ^ 2 vā ta eān ehūng minh no eūng dūng vdi n + 1, tūe lā 

xiūi + x 2 a 2 + ••>■ + x n a n + x n -fia n+ i ^ afaOf • • • af'a 1 ff\ ■ 


Ap dung giā thiet quy nap eho hai b$ n sō dūcfng X\, x 2 , ..., x n _i, x n + x n+ \ vā a^, a 2 , 


x n+1 


a n _i, a n n+Xn+1 a x f + \ n+1 (vāi ehū y rāng ari + a; 2 H-h x n _i + {x n + x n+ i) = 1), ta eo 


x n+l 


, , i i / i \ _ x n+® n +l ^^n+^n + l V 

X\ū\ + x 2 a 2 + • ■ • + a: n _ia n _i + ( x n + a: n+ ija n a n+ i > 

n+1 \ X n +X n+ i 


> a x \!af 


• a„ 


x n _i i a n 

Tū do suy ra ta ehi eān ehūng minh 


Xn—1 / -'n+'n+l „ x " + x n+l 


n+1 


= afa% 2 


n-(-1 


n Xn n Xn+1 
a n a n+1 • 


%a n + a: n+ ia n+ i ^ {x n *h a: n+ i)a n 


'n +%+1 »n+*n+l 


71+1 


hay 


X n + X n -\-\ 


~&n + 


3'n -\-1 


X n + 3?n+l 


*1 

&n+l ^ O-n 


_ x n+l 

^n+^n+l x n + x n-|-l 


n+1 


V 6 i ehū y rāng —+*-h + - - 1 - • = 1 , ta eo the thāy ngay rāng day ehinh lā trilōng hqp n = 2 

mā ta dā ehūng minh 6 tren. Phep ehūng minh hoān tāt. □ 

Chii y. Bāt dang thūe AM-GM suy rōng eōn eo thō duqc phāt bieu dū 6 i dang sau: Cho 2 n 
so thue khōng ārn a\, a 2 , ..., a n vā x\, x 2 , ..., x n vōi x\ + x 2 + ■*.• + x n > 0. Khi do, ta eo 

(X\a\ + x 2 a 2 -I-h x n arf X1+X2+ - +Xn 


\ x\ + x 2 -\ -h x n 


> afaf • • • a x n 


X n 


3.1.2 Bat dang thu’e Cauchy-Schwarz 

Bāt dāng.thūc Cauchy-Schwarz mā ehūng ta duqc hoe trong ehuong trinh pho thōng eo nguon 
gōe xuāt phāt tū mōt bāt dāng thūe eūng ten trong Toān eao eāp. Cauchy lā nguōi dā de ra vā 
ehūng minh nō dāu tien vāo nām 1821. Sau do den nām 1859, hoe trō eūa ōng lā Bunyakovsky 
dā tim dupc eāeh m 6 rōng bāt dāng thūe tren sang dang tieh phan. Vā den nām 1885 thi 
Schwarz dā ehūng minh duqc ket quā tōng quāt eho bāt dāng thūe nāy. 

Nhu vay, xet theo quā trinh phāt trien thi ten goi dūng eūa bāt dāng thūe phāi lā bāt dāng 
thūe Cauchy-Bunyakovsky-Schwarz (dāt theo ten eā ba nhā Toān hoe eūng gōp eōng phāt 
trien) hay bāt dāng thūe Cauchy-Scharz (dāt theo ten eūa hai nhā Toān hoe gop eōng 16n 
nhāt). Tuy nhien, trong tāi lieu giāo khoa eūa nu 6 c ta, bāt dāng thūe tren lai dupc goi lā bāt 
dāng thūe Bunyakovsky. Dieu nāy khōng that ehinh xāc, eāeh goi ten Bunyakovsky ehi thieh 
hpp eho dang tfeh phan eūa bāt dāng thūe. Ō day, ehūng ta se sū dung ten goi Cauchy-Schwarz 
theo ehuān quoc te. Ta eo “dang so eāp” eūa bāt dāng thūe dupc phāt bieu nhu sau 

Dinh ly 5 (Bāt dang thūe Cauchy-Schwarz). Vōi hai dāy so thue a\, a 2 , ..., a n vā b\, b 2 , 
..., b n tuy y, ta eo bat dāng thUe 

{a\b\ + a 2 b 2 + • ■ ■ + a n b n ) 2 ^ (af + a\ + • • • + af){b\ + b\ + • • • + ā n ). 

Dang thiie xdy ra khi vā ehi khi = ^ = ■ ■ ■ = (Ō dāy, ta sū dung quy udc neu māu hang 
0 thi tū eūng bāng 0.) 
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Chiing minh. Mōt trong eāe ehting minh ddn giān nhāt eho bāt dang thiie nāy ehinh lā dung 
dong nhāt thiie Lagrange nhrt sau 

fe 6 * 2 ) “ (E 0 * 6 *) = («■ + a)b1) - 2 aAafo 

\ i=l / 1 1 <^i<j<n 

= ^2 ( a i b j ~ a jbif ^ 0 . 

l<,i<j<n 


v i=1 


k i —1 


Ō dāy, ehūng tōi xin dudc gieti thieu them mōt eāeh ehūng minh khāe eūng khā thū vi dua 
tren bāt dāng thūe AM-GM nhu sau: Rō rāng ta ehi eān xet bāt dāng thūe trong truōng hdp 
a i > 0 vā 2” =1 > 0 lā dū. Lāy eān bac hai hai ve eūa bāt dāng thūe dā eho, sau do 

ehia eā hai ve eho \/{a\ + +-k a V){ b i + +-1- ā£), ta dudc 


E 


Q>ibi 


^ 1 . 


ti V(EL. °?) <IZ, W) | 

Sil dung tmh ehat ve dau gia tri tuyet doi k@t hdp vdi bat dang thiie AM-GM, ta eo 


dibi 


1?V(SL, «?)(£:=,<■?) 


kl \bi 


~y(— 

9 Lj\ sr n 


o? 


6 ? 


S S /(EET+fEE&f )^ + VS» T E?„i? 

n 9 - fi 

IV— 4 .I V 

9 Z_-( v n n 2 + 9L 


6 ? 


-UUi. 


2'2 

Dāng thūe xāy ra khi vā ehi khi 

{aibi){ajbj) ^ 0, VI ^ i < j ^ n 

l a i| N 


V a l + a 2 + --- + a l V b i + b 2 + • • • + b l 


, VI < i < n 


tŪC £1 = 22 = ■ • • = 2a 

Ol 02 o n 


yi y 2 


Un 


y i + y 2 h— + i/n 


£>ano thvte xav ra khi vā ehi khi = 22 = ■ • • = 

^ * 2/12/2 2/n 

ChvCng minh. Sū dung bāt dang thūe Cauchy-Schwarz, ta eō 


□ 


Ngoāi ra, eon eo mōt dang khāe eūng hay dudc sū dung trong giāi toān lā 

Dinh ly 6 (Bāt dāng thūe Cauchy-Schwarz dang phān thūe). Neu x\, x%, ..., x n lā eāe so 
thue vā 2 / 1 , 2 / 2 , • • •, y n lā eāe sd thue āuong, thi 

x\ x\ (xi + x 2 + • • • + x n f 

I I ‘ ’ I ^ 






\i=l / 

tū do suy ra 


" ' X 2 


E 


r \s/yi 


E(v® ! 


i=l 


= E! E4 


.i=l 


y. 


{xi+x 2 + --- + x n f ; < xf_ x| _ 

2/1 + 2/2 H-+ 2/n ^ 2/i 2/2 y n ’ 


Dāng thūe xāy ra khi vā ehi khi = • • • = 4™, tūe = 22 =— = ^. 

° J VVl VVn ’ 2/1 2/2 2/n 


k i=l 
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3.2 Cāc vf du minh hoa 

Cān ehū y rang, de biet mot dānh giā eo hieu quā eao hay khōng thi trrfōe het ehūng ta phāi 
xem xet xem dānh giā do eo giūp bāi toān trd nen ddn giān hon hay khōng? B 6 i le mue tieu 
eūa ta khi thue hien dānh giā eho eāe bāi toān bāt dang thūe ehung quy eūng ehi lā de dūa 
bāi toān ve dang ddn giān hōn, tū do se dō dāng hon trong viee tim dūOc phuong phāp thieh 
hop de xū ly. 

Tū day, ta thāy rāng khi sū dung eāe bāt dāng thūe kinh diōn de dānh giā eāe bāi toān khāe 
thi ta nen ehon eāe dānh giā lām sao eho: 

• Bac eūa bāt dāng thūe giām di: māt phān thūe, hoāe eo mōt so dai luong nāo do bi luot 
b 6 t di sau dānh giā, ...; 

• Cāc eān thūe (neu c 6 ) bi luot b 6 t; 

• Dieu ki^n dāng thūe eūa bāi toān duoc dām bāo. 

’Bay gi 6 , ehūng ta se di vāo eāe vi du ūng dung eu the eūa hai bāt dāng thūe AM-GM vā 
Cauchy-Schwarz. 

3.2.1 Uing dung eūa AM-GM trong ehūrng minh bat dang thūe 

VI du 13. Chiing minh rang vdi moi so āuong a, b, e, ta deu eo 

a? b 2 e 2 a + b + e 

b-\-2c + c + 2a + a + 2b'' 3 

Chiing minh. Rāt tu nhien, ta muon tim eāeh dānh giā de loai bo di eāe phan thūe. Ta thāy 
rāng muon loai di māu so eūa thi eān sū dung AM-GM eho no vā mōt dai luong eo dang 
k(b + 2e) (dō triet tieu di b + 2c). Ngoāi ra, ta eūng ehū y them rang bāt dāng thūe dā eho eo 
dāu bang khi a — b = e, khi āy 

a 2 b + 2c 
b + 2c 9 

Do vay, dānh giā mā ta nen ehon se lā 

a 2 ( b + 2c ^ 0 / a 2 b + 2c 2 
b + 2c + 9 ' \ b+2c' 9 “3°' 

Tū dāy suy ra 

a 2 2 b + 2c 6a — b — 2c 

- > — a -=- 

b + 2c 3 9 9 

Thue hien dānh giā tuong tu, ta eūng eo 

b 2 6b — e — 2a e 2 6 c — a — 2b 

c + 2a ^ 9 ’ a + 2b 9 

Cōng ba bāt dāng thūe tren lai theo ve, ta eo ngay dieu phāi ehūng minh. □ 

Vi du 14 (IMOSL, 1998). Cho a, b, e > 0 thoa mān abc = 1 . Chltng minh rang 
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eh'ting minh. Sii dung bat dāng thile AM-GM, ta eo 

+ l + a + l+b >3f 


(1 + a)(l + 6) 8 8 

6 3 1 + 6 1 + e 


+ 


+ 


(1 + 6)(1 + e ) 8 8 

„3 




(1 + c)(l + a) 8 


1+e 1+fl 
H-^- 1 --— 3i 


8 


1 3 

a J 

1 + a 

1 + 6 

(1 + a)(l + b) 

8 

8 

1 6 3 

1 + 6 

1 + e 

(l+6)(l+c) 

8 

8 

1 e 3 

1 + e 

1 + a 

(1 + c)(l + a) 

8 

8 


= 4“' 




4 C ' 


Cōng ba bat dāng thiSe tren lai theo vl, ta dUdc 


a b- c J a + b + e + 3 ^ 3 

, (l + a)(l + 6) (l + 6)(l + c) + (l + c)(l + o) 4 ^(a + 6 + e), 


hay tUdng dudng 


+ 


6 3 


+ 


(1 + a)(l + b) (1 + 6)(1 + e) (1 + c)(l + a) 




2 {a + b + e) — 3 


Māt khāe, eūng theo bat dāng thūe AM-GM thi a + b + e ^ 3\/ōftc = 3. Do do, ket hdp vdi 
tren, ta eo ngay diūu phāi ehUng minh. □ 

Vx du 15, CMng minh rang vdi moi a, b, e āuōng, ta deu eo 

(a) a 3 + 6 3 + e 3 ^ a% + b 2 c + c 2 a; 


(b) a 6 b + b 6 c + c 6 a ^ a 4 6 2 c + 6 4 c?a + c 4 a 2 6 . 

Chvtng minh. (a) Quan sāt bat dāng thūe eān ehūng minh, ta thay ve trāi eo dang tōng eūa 
eāe lūy thūa, trong khi do ve phāi lā tong eūa eāe tieh. Do do, rāt tu nhien ta muōn sū dung 
AM-GM dānh giā eho tūng tieh de chuyen vS dang tōng lūy thūa (vi bān ehāt eūa AM-GM 
lā dua tieh ve tōng vā ngUdc lai). Tū day, v 6 i ehū 6 dieu kien dāng thūe lā a = b — e, ta tim 
dudc eāe dānh giā sau 

---^ a% ---^ b z c, ---^ c 2 a. 

Cōng eā ba bāt dāng thūe nāy lai, ta eo ngay dieu phāi ehūng minh. 

(b) Ō bāi nāy ehūng ta eūng se sū dung y tuūng tudng tu nhung phūe tap hdn mot ehūt. Ta hy 
vong tim dudc eāe sō thue khōng am x, y, z sao eho sau khi sū dung bāt dāng thūe AM-GM 
eho xa 6 b + yb 6 c + zc 6 a ta se thu dudc a 4 b 2 c, vā tai diem dāng thūe eūa bāi toān lā a = b = e 
thi xa 6 b + yb 6 c + zc 6 a = a 4 b 2 c. Tū day, eo thō thāy ngay x + y + z = 1. Do do, ta nghl ngay 
den viee dānh giā xa 6 b + yb 6 c + zc 6 a bang bāt dang thūe AM-GM suy rōng, eu the lā 

xa 6 b + yb 6 c + zc 6 a ^ (a 6 bf(b 6 c) y (c 6 a) z = a 6x+z b x+6y c y+6z . 

Nhu thl, eāe so x, y, z eān tim se lā nghiem eūa he 

' &x + z = 4 
x + 6y = 2 
y + 6z = 1 
^ x + y + z = 1 
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Giai he nay ta ditdc x=~,y = Zrya,z = ^r. Vāi ket quā nāy, ta thu dudc mōt dānh giā lā 


31 ’ » 31 

20 


3i a6fe + ^ &6c + H c6fl ^ ^ 


Tudng tu, ta eūng eo 


3i° 6&+ v/ c + ^r c6a ^ &4c2fl ’ fr® 65+ ^ i b&c + f[ c6a ^ 


Cōng ba bāt dang thūe tren lai theo ve, ta eo ngay dieu phāi ehūng minh. □ 

Dōi khi giā thiet, dang phāt bieu eūa eāe bāi toān lai khā ruōm rā, phūe tap. Nhūng khi āy ta 
eo the thū doi bien de tim huāng dānh giā thieh hdp. 

Vi du 16 (Trung Quoc, 2004). Cho eāe sō āuōng a, b, e. Ttm gia tri nho nhat eua bieu thāe 

a + 3c 4 b 8 e 

a + 26 + e a b 2e a 4 - b + 3c 


Chvtng minh. Bieu thūe P dUdc eho eo hinh thūe khā phūe tap vā no tao eho ta eām giāe 
rāng bāi toān nāy rāt kho. Tū day, ta eo y tuāng lā lām sao de “lām gon” hdn bieu thūe P vā 
rāt tu nhien, ta nghl den viee doi biōn: Dāt 

x = a + 2b + e 
< y = a + b 4 - 2 c 
z — a + b + 3c 

thi ta eo a = 5y — x — 3z, b = x + z — 2y, e = z — y vā 

p = ( 5 y~ x ~ 3z ) + 3 ( z - y) + 4 ( z + x-2y) _ 8 (z - y) = ^ + ^ + 8y + f£_ 17 

x y y y x z y 

Tū dāy, ta eo the tim dūdc ngay y tuōng eho 16i giāi: ta se āp dung AM-GM lān ludt eho hai 
eap so vā de thu dudc 

P ^ + 2./5T5 _ 17 = i2\/2 - 17. 

V y x \ z y 


Viee eon lai ta phāi lām ehi lā di xet dieu kien dāng thūe. Diōu nāy khōng quā kho. Ta eo dang 
thūe xāy ra khi vā ehi khi — = ^ vā tūe z = V%y = 2x. Tū do, ta de dāng tim dudc 

a = (5y/2 — 7) x, b = (3 — 2y/2) x, e = (2 — \/2) x. Bo so nāy thoa mān diōu kien eūa de bāi, 
vi vay ta di den ket luan min P = 12\/2 — 7. □ 

Vf du 17. Cho oi, ū 2 , ■ ■ ■, a n > 0 vā - 1 - + • • • + —^ = 1 . Chāng minh rang 

aia 2 ■ • -o n ^ (n - 1 )". 

Chvtng minh. Giā thiet eūa bāi toān khā la lām tao eho ta eām giāe kho khān trong viee tim 
eāeh sū dung nō, do do ta se chuyen no ve dang quen thuōe hdn thōng qua eāe phep dāt ān 
m 6 i: Dāt Xi = thi ta eo 0 < Xi < 1, VI ^ i ^ n vā 


x\+x 2 -\ - \-x n = 1 . 
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Do ūi = 


_ 1 —Xi _ 


= — 17ti X] nen bat dāng thi5c ean ehting minh duoc vilt lai thanh 5 


n 



Xi 


^ (n - l) n . 


Den day thi ta eo th§ tha,y ngay hirdng giāi eho bāi toan, do lā sut dung AM-GM dānh giā trife 
tiāp eho thng nhan tuf 6 vl trāi, eu the lā 


■ , Xi Xi 

t=l t=l 


(n - 1 )". 


Chū y rāng dāng thūe xāy ra khi vā ehi khi x\ = ■ ■ ■ = x n , tūe a\ = ■ ■ ■ = a n = n — 1. □ 

Trong nhieu trilūng hdp, de eo the sū dung dudc AM-GM, ta eān them hoāe bdt di eāe luong 
thieh hdp rōi m6i dānh giā thi mōi thu dudc hieu quā. 

Vf du 18 (Bungari, 2003). Cho a, b, e > 0 thoa mān a + b + e = 3. Chūng minh rang 


a b e ^3 

1+6* + i + c 2 + i + a 2 ^ 2' 

Chvtng minh. Ō bāi nāy, tu tuōng eūa ehūng ta vān lā tim eāeh loai di eāe phān thūe. Tuy 
nhien, nāu ehūng ta sū dung dānh giā AM-GM kiiu nhu eāe vi du 13, 14 thi se khong thu dudc 
hieu quā eao, vi sau bu 6 c dānh giā, ta lai thu dudc mot bāt dang thūe khōng dūng (ban doc 
eo thi thū kiem tra). Trong nhūng trudng hdp nhu vāy, ehūng ta c 6 the thū sū dung y tuōng 
rāt thū vi nhu sau 

a ab 2 

l + b 2=a ~l + b 2 
Dānh giā tUdng tu, ta eūng eo 


> a — 


ab 2 

2 b 


a — 


ab 


b 

1 + e 2 



e 

1 + a 2 


> e 


ah 

~2' 


Tū do suy ra 


a b e 

l + b 2 + l+c 2 + 1+a 2 


, ab + bc + ea ab + bc+ ea 

> a + b + c ---- = 3--- 


Māt khāe, ta biet rang ab + bc + ea ^ (°+^+ c ) — 3 xū dāy, ket hdp v 6 i dānh giā 6 tren, ta eo 
ngay ket quā eān ehūng minh. □ 

Diem dāc biet eūa 16i giāi tren ehinh lā 6 eho, bang mōt vāi them b 6 t ddn giān, ta dā “dūng 
ehmh eāe ludng 6 māu de khū māu” vā dua dudc bāi toān ve dang ddn giān hdn. Dāy lā mōt 
kinh nghiem thū vi de sū dung bāt dāng thūe AM-GM. 

VI du 19. Chūng minh rang vdi moi a,b,c> 0 thoa mān a + b + c = 3, ta āiu eo 


+ 


b 2 


+ 


a + 2b 2 b + 2c 2 e + 2 a 2 


^ 1 . 


5 Ō day, de eho gon ta quy Udc x j ^ Sj=i, J+ i x j’ ehāng han x j = x 2 + x 3 -\ -h x n . Tuong tu 

nhu va,y eho tfeh f^+i x j- 
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Chi2ng minh. Sut eiung bāt elāng thiie AM-GM, ta eō 

- 2 2ab2 - 2ab2 2 *rr^^ 

= a -ōy( afe ) ^a--(2a6+l). 


a + 2 6 2 


= a 


a + b 2 + b 2 


> a — 


Tuong tu, 

Th do dua den 

n , 2 ft 2 


D- 


^ e - -( 2 co + 1 ). 


o 


+ 


e 2 2 2 

-I-—g ^ a + 6 + e — - [2(a6 + bc + ea) + 3] ^ 3 — -(2 -3 + 3) — 1. 

e zq> y i/ 


a + 26 2 b + 2 e 2 
Dāng thiie xāy ra khi vā ehi. khi a = b = e = 1. 


□ 


Trong eāe vi du tren, ta ehu yeu thue hlen eāe dānh giā thōng qua su doān biet truāe ve dāu 
dang thiie eūa bāi toān. Tuy nhien, trong nhieu truōng hop, viee du doān dieu kien dāng thūe 
khōng dOn giān nhu vay. Ta khōng the ehi dua vāo eām tinh hay mōt vāi eon tinh mā eō the 
tim ra ngay dāu dāng thūe. De thue hien duoc viee āy, dōi khi ehūng ta phāi trāi qua eā mōt 
quā trinh dāi. 

Co nhieu eōng eu giūp du doān dāu dāng thūe, mōi eāi eo nhūng Uu, nhuoe diem khāe nhau 
tūy thuōe vāo truōng hop āp dung. Doi vōi bāt dāng thūe AM-GM, ta eo the tim duoc dāu 
dāng thūe bāng eāeh sū dung phep “ean bang he sō”. Y tūōng ehinh eūa n 6 nhu sau: Ta se gia 
dinh dāng thūe xāy ra tai mōt bo nāo do vā eū tiin hānh dānh giā binh thuōng (dtra vāo eāe 
suy luān thieh hop), de roi euōi eūng ta se tien hānh ehon lua bo so sao eho eāe dānh giā deu 
dat duoc dāng thūe tai bō so do lā duoc (eō the ehūng ta se phāi giāi nhieu phuong trinh, he 
phuong trinh thi māi thu duoc kōt quā). 

Vf du 20 . Cho x, y, z > 0 thoa mān xy + yz + zx = 1 . Tim giā tri nho nhāt eua bieu thiie 

P = x 2 + 2 y 2 + 5 z 2 . 

Leti giāi. De tim min P, ta mong muon eo mōt bāt dang thūe dang 

x 2 + 2 y 2 + 5z 2 ^ k(xy + yz + zx) (k > 0), 


de tū do sū dung giā thiet xy + yz + zx = 1 vā suy ra ket quā neu dāu bāng xāy ra. 

Tū day, ta eo mōt y tuōng rāt tu nhien, do lā ta se dānh giā AM-GM eho eāe dai luong 
xy. yz , zx de eo x 2 , y 2 , z 2 xuāt hien vā ta se lua ehon dānh giā thieh hop sao eho sau buōc 
dānh giā, hai ve trō nen dong nhāt vōi nhau. Ta lām nhu sau: Giā sū khi P dat giā tri nho 
nhāt thi x = a, y = b, z = c (a,.b, e > 0, ab + bc + ea = 1). Lūe nāy eāe dānh giā sau se' dām 
bāo duoc dāu dāng thūe eūa bāi toān 


Do do 



2 = 2 (xy + yz + zx) ^ Q x 2 + ^y 2 ^j + ^ y 2 + ^ 2 ^ + (^z 2 + ^x 2 j 

b + e 9 c + a 9 a + 6 9 

=- x 2 + —— y 2 +- 2 2 . 

a b e 
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Nhir vay, ta ehi cā,n ehon eāe so dirdng a, b, e thoa mān ab+bc+ca = 1 sao eho eāe so —, 

^ tnong utng lāp thānh ti le 1 : 2 : 5 lā diroc. Dieu nāy eo nghla lā “diSm eue tri” eūa bāi 
toān ehinh lā nghiem eūa he phuong trinh 

a,b,c> 0 
ab + bc + ca = 1 
b + e c + a a + b 
a 2 b 5 e 

Giāi he nāy, ta dupc a = b = -j=, e = Vā lūe nāy thi ^ 
do, thay vāo tren, ta thu duoc ngay 

P = x 2 + 2 y 2 + 5 z 2 ^ 5, 

vOi dāng thūe xāy ra khi x = y = z = □ 

VI du 21 (Viet Nam, 2001). Cho x, y, z lā eāe so āuong thoa mān 2x + 4y + 7z = 2 xyz. Tim 
giā tri nho nhat eūa bieu thiie 

P = x + y +-z. 

Ldi giai. Khi giāi bāi nāy, mōt eāeh tu nhien, ta mong muon eo mōt dānh giā 6 dang thuān 
nhāt nhu sau 

(x + y + z) 2 (2x + 4y + 7z) ^ kxyz, 

de tū do, sū dung duoc giā thiet 2x + 4y + 7z = 2xyz kōt hop vōi viee dang thūe eo the xāy 
ra (ta eān eo dieu nāy), ta suy ra ngay ket, quā eān tim. 

Bāy giō, ta quan sāt tiep bat dang thūe thuān nhāt tren vā thāy rāng: ve trāi eo dang tfeh eūa 
eāe tōng, eon ve phāi lai lā tfeh eūa eāe bien so. Chlnh tū dū kien nāy dā gOi eho ta nghi den 
viee sii āung bat āāng thiie AM-GM eho tiing tong d ben ve trāi di chuyen doi ehūng ve dang 
tieh (vi bān ehāt eūa AM-GM lā nhu vāy). Nhung nhu dā noi d tren, ta ehua biet dāu dāng 
thūe xāy ra tai dāu vā vi th 6 , viee dānh giā se khōng thuān loi nhu eāe bāi toān thōng thuōng. 
Tot nhāt lā ta nen sū dung phep giā dinh ve dāu dāng thūe de trānh di moi rūi ro eo the mae 
phāi: Giā sū P dat giā tri nho nhāt khi x = a, y = b vā z = e. Khi do, ta phāi eō a. b, e > 0 vā 



= 1, £±2 = 2, 2±* = 5. Do 


2a + 4b + 7c = 2abc. (1) 

De thāy khi P dat min thi ^ | ^ = 1, vā ta eo the viet duoc eāe bieu thūe x + y + z vh 

2x + 4y + 7z lai thānh 

x + y + z = a-- + b-~ + c-~, 2x + 4y + 7z = 2a • - + 4b ■ \ + 7c ■ -. 

a b e a b e 

(Ta tāeh nhu the nāy de dua tū truōng hop dang thūe vōi eāe bien leeh nhau ve truōng hūp 
eāe bien bāng nhau, nhu the thi viee xet se de dāng hon). Ta eān sū dung AM-GM de bien 
dōi tong thānh tieh, the nhung ta lai ehua biet eāe he so a, b, e vā 2a, 46, 7e 6 day eo phāi lā 
so hūu ti hay khōng. Do do, muon chuyen tōng thānh tleh thi ta khong the sū dung bāt dāng 
thūe AM-GM dang thōng thuōng mā phāi lā dang suy rōng, vā de dām bāo dUOc dāng thūe, 
eāeh dānh giā hop ly nhāt ehinh lā 

1 

x , y z . , . fx\ a /y\ b /z\ c a+t+c 

“■a +b i +c --p { - a+b+c) [(i) (f)0J ' 


T 'li 7 /7*\2a / 7 /\46 / y \ 

2a * —h 46 ■ - + 7c ■ — ^ (2 a + 4 b + 7e) (— ) (■—^ ^ 

a b e \a/ \b/ \c/ 


<y\4b 2a + 46 +7c 
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/x\ 2a (y\ Ab (zy 

\a/ \bJ \cJ 


7 C 2a+4fc-f7c 


Ttf hai dānh giā nāy suy ra 

(x + y + z) 2 (2x + 4 y + 7 z) ^ 

( 2a |_ 2a 26 ._ 46 2c ■ 7c 

0C \ a+64*c 2a+46+7c f U\ <*+6+c 2a+46+7c f + \ a+6+e 2a+4fc+7c 

ā/ \b) \c) 

trong do A = (a + b + c) 2 (2a + 4fc + 7e). 

Cāi mā tā eān lā mot dānh giā dang (x + y + z) 2 (2x + 4 y + 7z) ^ kxyz de eo the th do sd 
dung giā thiet mā suy ra ket quā bāi toān. Do do, ta phāi ehon eāe so a, fc, e thieh hpp sao eho 
so mū eūa x, y, z deu bāng 1 , tūe lā 


2 a 

2 a 

a + h + e 

2a + 4fc + 7 e 

2 b 

- . |- 

46 

a + b + e 

2a + 4fc + 7 e 

2 e 

| 

7 e 

a + b + e 

2a + 46 + 7 e 


Tū ( 1 ) vā (2), ta tim dupc a = 3, fc = § vā e = 2. Lūe nāy ta eo 

(x + y + z) 2 (2x + 4y + 7z)^(a + b + c) 2 (2a + 4fc + 7e) (f^j ffj 


Do do 


2 , , 2 ^ (a + b + c) 2 (2a + 4b + 7c)xyz 

r — (x + y + z) ^ ■ a .. , -7-^ - 


= (o + 6 + c ) 2 =(|) 2 , 


abc(2x + 4y + 7 C ) -- - 

tū dāy suy ra P ^ y vdi dāng thūe xāy ra khi x = a = 3, y = b= ^vhz = c = 2. 


3.2.2 Ufng dung eua Cauchy-Schwarz trong ehūng minh bat dang thūe 

Chūng ta se bāt dāu phān nāy bāng mōt vāi vi du ddn giān sau (ō do ta eo the sū dung trūe 
tiep Cauchy-Schwarz dō giāi mā khōng eān phāi suy xet nhieu) 

Vi du 22. Cho hai so thue x, y thoa mān 3x 2 + 4 y 2 = 5. Chi2ng minh rang 

2x + y < 

Chi 2 ng minh. Sū dung bāt dāng thūe Cauchy-Schwarz, ta eo 

. (2x + yf=(vzx.± + 2yt) « (3x 2 + 4 9 2 ) (t + i) = 5 + = 

tū do suy ra dieu phāi ehūng minh. □ 

VI du 23. Cho eāe so āuong a, b, e. Chi2ng minh rang 

a b e 

fc + 2 c~*"c + 2 a"*"a + 2 fc^ 
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Chiing minh. Sir dung bat dāng thiie Cauchy-Schwarz, ta eo 

a 6 e a 2 6 2 e 2 

b + 2 c e + 2a ~*~ a + 2b a(b+ 2 e) b(c + 2 a) c(a + 26) 

(a + b + ef 

a(b + 2 e) + b(c -I- 2 o) + c(a + 26) 

Do do, ta ehi ean ehilng minh dudc 

(a + b + ef ^ 3(ab + bc + ea). 


Tuy nhien, day lai lā mōt ket quā quen thuōe. □ 

Vf du 24. Chūng minh rang vdi moi a, 6 , e āuong, bat dāng thile sau dung 

a 3 6 3 * e 3 a 2 + 6 2 + e 2 

a 2 + ab + 6 2 ~*~ 6 2 + 6 c + e 2 e 2 + ea + a 2 ^ a + 6 + e 

Chutng minh. Sii dung bāt dāng thiie Cauchy-Schwarz, ta eo 

a 3 6 3 e 3 ^ 

a 2 + ab + b 2 b 2 + bc + e 2 + e 2 + ea + a 2 ^ 

_ (a 2 + 6 2 + e 2 ) 2 _ 

a(a 2 + ab + b 2 ) + 6 ( 6 2 + bc + e 2 ) + c(c 2 + ca + a 2 ) 


Māt khāe, de thāy a(a 2 + ab + b 2 ) + 6 ( 6 2 + 6 c + e 2 ) + c(c9 +ca + a 2 ) = (a + 6 + c)(a 2 + 6 2 + e 2 ), 
do do ket hdp vdi tren, ta eo ngay ket quā eān ehiing minh. □ 

Bay gid, ehūng ta se eūng dān v 6 i eāe bāi toān dac biet hdn mot ehūt: 

Vf du 25. CMng minh rang vdi moi a, 6 , e duong, ta deu eo 

(a 2 + 2)(6 2 + 2)(c 2 + 2) ^ 3(a + 6 + ef. 

Chvtng minh. Nhan xet rang day lā mpt bāt dāng thūe khong thuān nhāt vā eāe bien a,b, e 
doc lap v 6 i nhau. Ta muon dūng Cauchy-Schwarz de dānh giā bāt dāng thūe nāy. Muon vāy, 
ban hāy nh 6 lai mue dfch ehfnh eūa ta trong mpi dānh giā lā dua bāi toān ve ddn giān nhāt eō 
the. Vi ba bien a, 6 , e dpc lap v 6 i nhau nen mot eāeh tu nhien, ta muōn tim eāeh dānh giā de 
lām giām di so bien. Su xuāt hien eūa a 2 + 2 gdi eho ta nghl den viee sū dung Cauchy-Schwarz 
eho dai lupng (a + 6 + e ) 2 nhu sau 


(a + 6 + e) (a 2 + 2) 


i + £±£ 


Vā nhu the ta eo thl dua bāi toān ve ehūng minh mpt bāt dāng thūe hai bien lā 


( 6 2 + 2)(c 2 + 2) ^ 3 


l + ^ 


( 1 ) 


( 2 ) 


Hdn nūa ta eo thō ehae ehān rang (2) luōn dūng. Tū dieu kien dāng thūe eūa bāt dāng thūe 
Cauchy-Schwarz, ta thāy (l) xāy ra dāng thūe khi a = Do bāt dāng thūe dā eho dūng 
v 6 i moi a, 6 , e bāt ky nen no eūng phāi dūng v 6 i a = tūe ( 2 ) phāi dūng (vi khi a = ^ 
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thi bat dāng thute dā eho trd thānh (2)). Bay gid bang eāeh khai triln trufe tiep, ta eo thg vilt 
duoc bāt dāng thufe ( 2 ) dtfdi dang 

- + — + b 2 c 2 — 3 bc + 1 > 0 . 

Bāt dāng thtie nāy dūng vi ^ bc vā bc + ā 2 c 2 — 36c + 1 = (bc — l ) 2 ^ 0. 

Vf du 26. Chiing minh rhng vd% moi so thue āuōng a, b, e, ta eo 


□ 


+ 




(o + b ) 2 (a + e ) 2 a 2 + bc 

Chvtng minh. Ta eo nhan xet rāng “neu ta āp dung bāt dāng thūe Cauchy-Schwarz eho eāe 
binh phuong (a + b) 2 , (a + e ) 2 sao eho dai luong a 2 + bc xuāt hien thi bāc eūa bāt dāng thūe 
se du:pc giām dāng ke”. Dieu do se eo Meho ta trong viee giāi bāi toān dā eho. Tien hānh theo 
y titūng nāy, ta ditdc 

(a 2 + bc) -f—^ ^ (a + b) 2 , 


tū do dān dān 


Hoān toān trfdng tu, ta eūng eo 




(a + b) 2 " (b + c)(a 2 + bc) 




(o + e ) 2 ^ (b + c)(a 2 + bc)' 

Cōng titdng ūng ve v 6 i ve hai bāt dāng thūe nāy, ta ditdc 

1 1 e b 


+ 




+ 


(a + b) 2 (a + e) 2 ^ (b + c)(a 2 + bc) (b + c)(a 2 + bc) a 2 + bc' 
Dāng thūe xāy ra dāng thūe khi a = b = e. 

Vi du 27. Cho ba so thue eluetng a, b, e. Chiing minh bāt āang thūe sau 

1 . o 3 b 3 e 3 


□ 




+ 


+ 


a + b + c " (2a 2 + b 2 )(2a 2 + e 2 ) (2b 2 + c 2 )(2b 2 + a 2 ) (2c 2 + a 2 )(2c 2 + b 2 )' 

ChvCng minh. Tūdng tu nhū bāi trtfūe, ta muon āp dung Cauchy-Schwarz eho eāe māu so 
eūa tūng phan thūe ben vg phāi sao eho dai lūdng a + b + c xuāt hien sau khi dānh giā. V 6 i y 
tu 6 ng nhu vāy, ta sū dung Cauchy-Schwarz nhu sau 

(o 2 + b 2 + a 2 )(a 2 + a 2 + e 2 ) ^ (a 2 + ba + ae ) 2 = a 2 (a + b + e) 2 . 

Tū dāy ta suy ra 




( 2 a 2 + b 2 )(2a 2 + e 2 ) " (a + b + e ) 2 
Cōng bāt dāng thūe nāy v 6 i hai bāt dāng thūe tUdng tu 


b 3 


< 


< 


(2 b 2 + c 2 )(2b 2 + a 2 ) "" (a + b + e) 2 ’ ( 2 c 2 + o 2 )( 2 c 2 + b 2 ) ^ (a + b + e) 2 ’ 

ta thu dudc ngav kit quā bāi toān. D§ thāy dāng thūe xāy ra khi vā ehi khi a = b — e. □ 
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Cūng giong nhū bat dāng thūe AM-GM vā nhieu bāt dāng thūe kinh dien khāe, trong nhieu 
triking hdp ta khōng the dūng Cauchy-Schwarz dānh giā ngay mā phāi trāi qua nhieu giai do.an 
biōn dōi (them-bdt) thi mdi thānh eōng dūdc. Hāy thū xet vi du sau: 

Vi du 28. Cho a, b , e lā eāe so āUōng thoa mān a 2 + b 2 + e 2 = 3. Chting minh rang 


1 1 1 
2 — a"*~2 — b + 2 — e 


>3. 


ChvCng minh. Neu ta āp dung Cauchy-Schwarz trUe tiep nhu thōng thuōng 

1 1 1 ^ 9 

2 -a + 2- 6 + 2- c(2-a) + (2-6) + (2-c) 


thi se phān tāe dung bcsi vi 6 _( a J - e ) < 3, trong khi eāi mā ta eān lā ehieu ngUdc lai. Nhu thl, 
eō ve nhu bāt dāng thūe Cauchy-Schwarz khōng hieu quā vdi bāi toān nāy? Thāt ra khōng 
phāi vāy. Hāy eūng xem xet y tuūng sau: Ta se tim mōt so m > 0 thieh hōp sao eho 

1 1 — m (2 — a) 

- -m =-—--- 

2 — a 2 — a 

eo tū so 1 — m(2 — a) eūa no lā mōt so dudng vā dānh giā nāy eāng ehat eāng tot. Co the thāy 
sō m do lā i b 6 i vi 1 — = | > 0 vā dāy lā mōt dānh giā ehāt do § -+ 0 khi a -+ 0 . 

Bāy gid sau khi tim dudc m, ta thūe hien bien doi bāt dang thūe nhu sau 

2 — a 2 ) + \2-b 2 y + \2 — e 2) ' 2 ’ 

a b e 

-1-1-^ 3. 

2 — a 2 — b 2 — e 

Ta se sū dung Cauchy-Schwarz sao eho giā thiet a 2 + b 2 + e 2 = 3 duoc tan dung toi da, tūe lā 

a ° 4 6 4 e 4 ^ (a 2 + 6 2 + e 2 ) 2 

^ 2 - a = a 3 (2 - a) + 6 3 (2 - b) + c 3 (2 - cy a 3 (2 - a) + 6 3 (2 - b) + c 3 (2 - e)' 

Tū dō ta eo the dua bāi toān ve ehūng minh 

3 ^ 2(a 3 + fe 3 + e 3 ) — (a 4 + 6 4 + e 4 ). 

Viee ehūng minh bāt dang thūe nāy khā ddn giān, ta eo thō sū dung AM-GM nhu sau 


2 a 3 — a 4 ^ (a 4 + a 2 ) — a 4 = a 2 . 

Vā bang viee eōng bāt dāng thūe nāy v6i eāe bāt dāng thūe tUdng tu roi sū dung giā thiet eūa 
de bāi, ta thu dudc ngay kōt quā nhu tren. □ 


Nhān xet 1 . Thoat nhin thi dāy lā mōt ky thuāt ddn giān nhung no lai rāt hieu quā vā rāt 
hay dudc sū dung trong ehūng minh bāt dang thūe. 

Nhān xet 2. Ngoāi ra, ta eōn eo the āp dung Cauchy-Schwarz theo kieu khāe de ehūng minh 
bāt dāng thūe ^ ^ ^ > 1 nhu sau 


a b e (a + b + e) 2 (a + b + e) 2 

2 — a + 2 — 6 + 2 — a(2 — a) + 6(2 — b) + c(2 — e) * 2(a + b + e) — 3 
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Sii dung dānh giā nāy, ta ehi eān ehilng minh dudc bāt dāng thāe sau nūa lā dū 

(a + 6 + e) ^ 3 [2(a 4 - 6 + e) — 3]. 

Nhung bāt dāng thūe nāy hien nhien dūng do 

(a + 6 + c)2 — 6 (a + ā + c) + 9 = (a + 6 + e — 3)^ ^ 0. 

Vf du 29. Cho a, b, e lā do dāi ba eanh eua mot tam giāe. Chdng minh rang 

a b e 


+ 


+ 


3a — 6 + e 36 — e + a 3c — a + 6 
ChvCng minh. Ta eo bāt dāng thūe dā eho tuong duong vdi 


^ 1 . 


-t 1 + 


3a — 6 + e 4 

a + 6 — e 


6 _ 1\ / e _ 1 \ 1 

36 —e + a 4/^\3c — a + 6 4/^4 

• 6 + e — a e + a — 6 
+ 7T-:-h - -r + 1. 


3a — 6 + e 36 — e + a 3c — a + 6 
Doa + 6 — c>0, 6 + e — a>0vāc + a — 6>0 nen theo bāt dāfig thūe Cauchy-Schwarz, ta eo 

- a + 6 — e 6 + e — a e + a — 6 [(a + 6 — c) + (6 + c — a) + (c + a — 6)] 2 

3a — 6 + c + 36 — e + a 3c — a + 6 ^ (a + 6 — c)(3a — 6 + e) 

_ (a + 6 + e ) 2 _ 

a 2 + 6 2 + e 2 + 2(ab + 6 c + ea) 

Dāng thūe xāy ra khi vā ehi khi a = 6 = e. □ 

Dōi khi, bang viee phāt hien ra nhūng hang dāng thūe dāc biet, ta eo the thu dūdc nhiāu ldi 
giāi thū vi tū Cauchy-Schwarz. Sau dāy lā mot so vi du: 

Vi du 30 (Singapore, 2003). Cho eāe so thue ducing a, 6 , e. Ghilng minh rang 


bc 


+ 


ea 


+ 


ab 




a + 6 + e 


2a + 6 + e 26 + e + a 2c + a + 6 4 

Chv£ng minh. Sū dung bāt dāng thūe Cauchy-Schwarz, ta eo 


1 




1 


2 a + 6 + e (a + 6 ) + (<2 + e) 4 \ū + 6 a + eJ 


i i 
+ 


Tū do suy ra 


6 c 


1 

^ - 


,2a + 6 + c 4\a + 6 e + a 


6 c 6 c 

+ 


Cōng bāt dāng thūe nāy v 6 i hai bāt dāng thūe tūdng tu 
ea . 1 / ea ea \ ab 


a 


a 


2c + a + 6 4 le + a 6 + e 


ab ab 

+ 


ta dudc 


26 + e + (2 4\6 + c a + 6 

6 c ea ab ^ 1 / 6 c + ca 6 c + ab ea + ab 

2 a + 6 + e 26+ c + a 2c + a + 6 4\a + 6 e + a 6 + e 

a + 6 + e 


Dāng thūe xāy ra khi vā ehi khi a = b = e. 


□ 
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Vi du 31. Chiing minh rang vdi moi a, b, e āuōng, ta deu eo 


b e 

+ ~—:—:—:- 1 - 


1 

£ 


4a + 46 + e 46 + 4c + a 4c + 4a + 6 3 

Chvtng minh. Nhan ea hai ve eua bā.t dāng thiie dā eho vdi 4a + 46 + 4c vā ehu y rang 

a(4a + 46 + 4c) 3ca 

= a + — 


4a + 46 + e 


4a + 46 + e ’ 


ta viet ditdc no dudi dang 

9ca 


9ab 96c , 

+ . ■ —--h -————r < a + 6 + e. 


4a + 46 + e 46 + 4c + a 4c + 4a + 6 
Sii dung bāt dāng thhe Cauchy-Schwarz* ta eo 


(2 + l ) 2 


2 1 
^ --- + 


4a + 46 + e 2(2a + 6 ) + (26 + e) 2a + 6 26 + e 


do do 


9ca _ 2 ea ea 

+ --r + 


4a + 46 + e 2a + 6 26 + e 


Hoān toān tUdng tif, ta eūng eo 


9ab 


2ab ab 
€ --+ 


96c 


26c 6 c 

^ T- + 


46 + 4c + a 26 + e 2c + a ’ 4c + 4a + 6 ^ 2c + a 2a + 6 ’ 
Cōng ba bāt dāng thūe tren lai theo ve, ta dūdc 


9ca 9ab 9bc 

+ —:-h 


2 ca + 6 c ea + 2ab ab + 26c 
4a + 46 + e ' 46 + 4c + a ' 4c + 4a + 6 "" 2a + 6 26 + e 2c + a 

— a + 6 + e. 


Dāng thūe xāy ra khi yā ehi khi a — b = e. □ 

Mōt kinh nghiem nūa d§ sijt dung bāt dāng thūe Cauchy-Schwarz thānh eōng lā doi bien. Co 
nhōng bāi toān rāt dāc biet, thoat nhin ehūng ehāng eo dāu hieu gi eūa Cauchy-Schwarz eā, 
tuy nhien sau mōt vāi phep doi bien thi nhūng dāu hieu āy Iai hien ra vā ta thu dUdc nhūng 
16i giāi rāt dep bāng Cauchy-Schwarz. 

Vi du 32. Cho eāe so āuōng x,y, z thoa mān xyz = 1. Chvcng minh rang 


l+a: + a; 2 "^l + y + y 2 "^l + 2: + 2 2 ^^’ 

ChvCng minh. Do x, y, z > 0 vā xyz = 1 nen ton tai a, 6 , e > 0 sao eho x = y = i vā 
z = ^ (ehāng han, ta eo the ehon a = 6 = -^= vā e = -^). Thay vāo, bāt dāng thūe eān 

ehūng minh trō thānh 


a 4 6 4 e 4 

a 4 + a 2 6 c + 62 e 2 + 6 4 + bPca + c 2 a 2 + e 4 + c 2 ab + a 2 ^ 2 


^ 1 . 
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Bay gief, si'r dung eāe bāt dāng thiie Cauchy-Schwarz, ta eo 


+ a 2 bc + b 2 c 2 + b 4 + b 2 ca + c 2 a 2 e 4 + c 2 ab + a 2 b 2 

(a 2 + b 2 + e 2 ) 2 


+ 


> 




(a 4 + a 2 6c + b 2 c 2 ) + (fe 4 + b 2 ca + c 2 a 2 ) + (e 4 + c 2 ab + a 2 b 2 ) 

Tif do, bāi toān dudc difa ve ehilng minh 

(a 2 + b 2 + e 2 ) 2 ^ (a 4 + ā 4 + e 4 ) + aāc(a + b + e) + (a 2 fe 2 + b 2 c 2 + c 2 a 2 ), 
hay tUOng dudng 

a 2 6 2 + 6 2 c 2 + c 2 a 2 ^ a6c(a + b + e). 

Vi dāy lā mōt ket quā quen thuoe nen ta eō dieu phāi ehtfng minh. Dāng thute xāy ra khi vā 
ehi khi a = b = e, tiie x — y — z = \. " 

Vi du 33 (Trung Quoc, 2005). Cho x,y, z,t> 0 vā xyzt = 1 . Chi2ng minh rang 


□ 


■ + 


■ + 


+ 


^ 1 . 


(1 + x) 2 (1 +yf (1 + zf (1 + ty 

Chvtng minh. Ta eo ba eāeh ehiing minh nhu sau: 

(a) Cach 1. Dāt x = ^§, y = ff, 2 = ^ vā t = vōi a, 6 , e, d > 0 (ehu y rāng eāe so a, b, e, d 
luon ton tai, ehāng han ehon a = 1, b = e = \fāFyH, d = ^JJJf thi eāe h§ thiie tren 

duqc thoa mān). Bāt dāng thiie eān ehiing minh trō thānh 


• + 


b 4 


- + 


• + 


(a 2 + bc ) 2 (b 2 + cd) 2 (e 2 + da ) 2 (d 2 + ab) 2 

Sā dung bāt dāng thiie Cauchy-Schwarz, ta eo 


^ 1 . 


4 4 

a e 4 

+ 


(a 2 + bc) 2 ^ (e 2 + daf ^ (a 2 + b 2 )(a 2 + e 2 ) ^ (e 2 + d?)(c 2 + a 2 ) 

_ (a 2 + e 2 ) 2 _ 

(a 2 + 6 2 )(a 2 + e 2 ) + (e 2 + d 2 )(c 2 + a 2 ) 
a 2 + e 2 


+ 




Dānh giā tUdng tu, ta eūng eo 

b 4 


(b 2 + cdf + (d? + abf * a 2 + b 2 + c 2 + d 2 ' 

Cōng hai bāt dāng thiie tren lai theo ve, ta eo ngay ket quā eān ehiing minh. Chū y rang dāng 
thūe xāy ra khi vā ehi khi x = y = z = t = 1 . □ 

(b) Cdch 2. Ta thāy rang ton tai a, b, e, d > 0 sao eho x = £, y = |, z = * vā t = ^ (ehāng 
han a = 1, b = x, e = xy, d = xyz). Thay vāo, bāt dāng thūe dā eho dudc viet lai thānh 


a 2 + b 2 + e 2 + d 2 

b 2 + (f 


d 4 


> 


+ 


b 2 


+ 


+ 


d? 


(a + bf (b + ef (e + df (d + a) 


^ 1 . 
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Sut dung bat dāng thile Cauchy-Schwarz ket hdp vdi bāt dāng thire AM-GM, ta eo 

+ d) + 6(6 + o) + c(+ + 6 ) + d(d + e)] 


VT> 


(a + 6 ) (a + d) +(6 + c) (6 + a) +(c + d) (e + 6 ) + (d + a) (d + 6 )^ 
[fl(a + d) + 6(6 + a) + c(c + 6 ) + d(d + e)] 

[(a + 6) 2 + (e + g?) 2 ] [(a + d) 2 + (6 + e) 2 ] 

[(a + 6) 2 + (6 + e ) 2 + (e + d ) 2 + (d + a) ] 


4 [(a + 6) 2 + (e + d) 2 ] [(a + d) + (6 + e) ] 


^ 1 . 


Va nhir vay, phep ehutng minh dUdc hoān tāt. □ 

(e) Cāch 3. Do x, y, z, t > 0 vā xyzt — 1 nen ton tai eāe so thrfe dnong a, 6 , e, d sao eho 
x = §r, V - z = ^ vā t = (ehāng han, ta ehon a = -fe, 6 = e = vā d = -^). 

Thay vāo, bāt dāng thure eān ehting minh trō thānh 


a“ 


+ 


6 6 


+ 


+ 


(a 3 + bcd) ( 6 3 + cda) (e 3 + dab) (d 3 + a 6 c) 


^ 1 . 


Āp dung bāt dāng thiie Cauchy-Schwarz, ta eo 


+ 


6 6 


+ 


+ 


d 6 


(a 3 + bcd) ( 6 3 + cda) (e 3 + dab) (d 3 + abc) 
' (a 3 + 6 3 + c 3 + d 3 ) 2 


^ (a 3 + bcd) 2 + ( 6 3 + cda ) 2 + (e 3 + dab) 2 + (d 3 + abc ) 2 
Tir do suy ra, ta ehi eān ehiing minh 

(a 3 + 6 3 + e 3 + d 3 ) 2 ^ (a 3 + 6 cd ) 2 + ( 6 3 + cda) 2 + (e 3 + dab) 2 + (d 3 + a 6 c ) 2 
hay tirong dtrdng 6 

2 a 3 b 3 ^ 2 a 3 6 cd + b 2 c 2 d 2 . 

% sym 

Bāt dāng thiie nāy dūng do theo bāt dāng thūe AM-GM, ta eo 

2 

3 ^ / 3 


2 ^ a 3 bcd ^ ^ ° 3 ^ 3 + e 3 + d 3 ) = | q3&3 


sym 


vā 

£6W < i£(6V + oV +d 3 6 3 ) = |z:“ 3i - 3 - 

sym. 

Bāi toān dvTdc ehūng minh xong. □ 

Khi giāi toān ta se gāp phāi mot so bāt dāng thūe mā neu sū dung Cauchy-Schwarz theo kieu 
thōng thuōng se khōng di den ket quā. Mōt trong eāe nguyen nhān eō the eūa su thāt bai āy 
ehinh lā ta dā khōng dām bāo dupc dāu dāng thūe eūa bāi toān. C 6 the ō eāe bāi toān āy, viee 
du doān dāu dāng thūe khōng de dāng nhu eāe bāi toān thōng thuōng. Tāt nhien khi āy, eāe 
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dānh giā eua ta rāt de “di sai huōng”. Lūe bāy gid, eūng giong nhir AM-GM, de eāe dānh giā 
Cauchy-Schwarz trd nen “ehae ehan” hdn, ta eo the sū dung phep ean bāng he so. Y tuōng 6 
day vān lā giā dinh truūe bp diem eUe tri vā tien hānh dānh giā nhu binh thuāng, sau do ta se 
di tim di§u kien de eāe dānh giā xāy ra dau bang tai ehung diem do (thōng qua viee giāi he 
phuong trinh). 

Vi du 34. Cho hai so thue x vā y thoa mān 2x — y = 2. Tim giā tri nho nhat eua bieu thtie 

P — y/x 2 + (y + l) 2 + \/x 2 + (y — 3) 2 . 


Ldi giāi. Quan sāt de bāi, ehūng ta eo thāy ngay y tu6ng de giāi bāi nāy lā dūng Cauchy- 
Schwarz nhung ta lai khong bi6t dāng thūe xāy ra tai dau vā dang phāt bieu eūa bāi toān eūng 
khōng gpi eho ta dieu gi. Chinh vi vāy, ta nghi den viee sū dung phep giā dinh dāu bang: Giā 
sū P dat min tai x = a vā y — b vōi 2a — b = 2. Khi do, ta eo eāe dānh giā sau se dām bāo 
dupc dieu kien dāng thūe 


\]x 2 + (y + l) 2 ^ 


ax + (b + l)(j/ + 1) 
\Jo? + (b + l) 2 


\Jx 2 + (y — 3) 2 ^ 


ax + (b- 3 )(y - 3) 
\Ja 2 + (b - 3) 2 


Tū dāy suy ra 


ax + (b + 1 )(y + 1) ax + (b - 3 )(y - 3) 
\J O? + (b + l) 2 y/ o? + (b — 3) 2 


a a 

_\Ja 2 + (b+ 1)2 : + \Ja 2 + (b — 3) 2 j “ 
6+1 3(6-3) 

+ \Ja 2 + (b + lf \Ja 2 + (6 — 3) 2 ' 


6+1 


+ 


6-3 


\Ja 2 + (6+ 1)2 \Ja 2 + (6 - 3) 2 


+ 


( 1 ) 


Ta se ehon a, 6 sao eho 


+ 


\Ja 2 + (6 + l) 2 \Ja 2 + (6 — 3) 2 


= -2 


6 + 1 


+ 


6-3 


\Ja 2 + (b+ 1)2 \Ja 2 + (6 - 3) 


hay 


a + 2 b + 2 f a + 2 b — 6 

\Ja 2 + (b + l) 2 + \Ja 2 + (b-W 


bdi vi nhu thō giā thiet 2x — y = 2 se dudc tan dung toi da. Nhu vāy, “diem eUe tri” eūa bāi 
toān ehinh lā ngiem eūa he phUdng trinh 


2a — b — 2 

< a + 26 + 2 a + 26 — 6 

\Ja 2 + (b + l) 2 + v / ō r +T6^3)2 


Giāi he nāy, ta dudc a = | vā 6 = —|. Tū day, thay eāe giā tri nāy vāo (1), ta eo ngay 


ps 12V5 x _^ + 3WS = 6V5 (2x _ y) + 38^ =2x/gi 


25 


25 


25 


25 


25 


v6i dang thūe xāy ra khi x = | vā y = —,|. 
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Vf du 35. Cho eāe so thiie āuong a, b, e thoa mān a + b + c — 6 vā a 2 + b 2 + e 2 = 14. Tim giā 
tri nho nhat eūa bieu thāe 


P = 


4 a + b 


e 


Ldi giāi. (a) Tim max P. De tim giā tri 16n nhāt eūa P, ta eān tim mōt so m thieh hop sao 
eho bāt dang thūe ^ m dūng vā dāu dāng thūe eo thō xāy ra. Chū y rāng bāt dāng thūe 
tren eo the duoc viet lai thānh 4a + b ^ me, hay tUOng dUOng 


(4 + n)a + (1 + n)b + (n — m)c < 6 n, Vn > 0. (1) 

Tū day, ta eo y tuūng lā dānh giā Cauchy-Schwarz eho ve trāi sao eho a 2 + b 2 + e 2 xuāt hien 
(vi nhu the.se tān dung duoc giā thiet a 2 + b 2 + e 2 = 14). Cāch dānh giā thieh hop 6 day lā 

[(4 + n)a + (1 + n)b + (n — m)c ] 2 ^ [(4 + n ) 2 + (1 + n ) 2 + (n — m) 2 ] (a 2 +b 2 + (?) 

= 14 [(4 + n ) 2 4; (1 + n ) 2 + (n — m) 2 ] . (2) 


Vi ta eān ehūng minh (1) nen tot nhāt ta nen ehon m, n sao eho ve phāi eūa dānh giā tren 
bāng vdi binh phuong eūa ve phāi eūa ( 1 ), tūe lā 


14 [(4 + n ) 2 + (1 + n ) 2 + (n — m) 2 ] = 36n 2 . 
Ngoāi ra, ta eūng ehū y rāng dānh giā (2) eo dāu dāng thūe xāy ra khi 


a _ b _ e _ a + b + c _ 6 

4 + n 1 + n n —m (4 + n) + (l+n) + (n —m) 5 + 3n —m’ 


( 3 ) 


tūe lā 


a = 


6(4 + n) 


b = 


6(1 + n) 


e = 


6 (n — m) 


5 + 3n — m ’ " 5 + 3n — m ’ 5 + 3n — m 

Do ta eān tim giā tri 16n nhāt eūa P nen bō so nāy thōa mān tāt eā eāe giā thiet eūa de bāi 
(de dang thūe eo the xāy ra). Nhu the, ta phāi ehon m, n sao eho a, b, e > 0, a + b + e = 6 
(hien nhien dieu nāy thōa mān) vā a 2 + b 2 + <? = 14, tūe lā 


n > m > 0, 36 [(4 + n ) 2 + (1 + n ) 2 + (n — m ) 2 = 14(5 + 3n — m) 2 . 


( 4 ) 


Giāi he (3) vā (4), ta tim dupc m = | vā n = |. Tū dāy ta eo a = y, b = y, e = |. Ngoāi 
ra, t v 6 i eāe so m, n nhu tren, the vāo ( 1 ) vā ( 2 ), ta thu duoc 

, 31 

4a + b < — e, 

£ 


v 6 i dāng thūe xāy ra khi a = y, b = y vā e = |. Tū do suy ra maxP = y. 

(b) Tim min P. Thue hien tUOng tu nhu phān tim max, ta eo the tim duoc dānh giā 


4 a + b 
e 


^ 2 , 


( 5 ) 


v 6 i dāng thūe xāy ra khi a = l,ā = 2vāc = 3. 

Bāt dāng thūe (5) eūng duoc ehūng minh tuong tu nhu tren, ta viet lai no du 6 i dang (sau khi 
dā ehon dupc eāe tham so them b 6 t thieh hpp) 


—4a — b + 2 c ^ 0 , 
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hay tirong dirong 

3a + 66 + 9c < 7(a + 6 + e) = 42. 

Tdi dāv, sd dung bāt dang thure Cauchy-Schwarz, ta eo ngay 

(3a + 66 + 9c) 2 ^ (3 2 + 6 2 + 9 2 )(a 2 + 6 2 + e 2 ) = 14(3 2 + 6 2 + 9 2 ) = 42 2 . 

Bai toan duoc giāi quyet xong. 

Vi du 36. ehiing minh rang vdi moi so thue x\, X 2 , ■ ■ ■, x n , ta eo 

x\ + ( x\ + :r 2 ) 2 + • • • + (aq + X2 + • • • + x n f ^ .- 2—~(^i + x\ + • • • + x n ). 

4sin 4ri+2 

Chiing minh. V6i moi 1 ^ i ^ n, ta dāt c\ = sinia — sin(* — l)a vdi a = vā 

Sk = e*! + c 2 H-1- Cfc = sin fea. 

Rō rāng e* > 0 do 0 < (i — l)a < ia < f. Hon nūa, ta eūng d§ dāng kiem tra dūOc 

S\ + 62 + • ■ ■ + Sn _ S 2 + S 3 + • • • + iSn _ _ S n _ 1 

c\ c 2 c n 4sin 2 | 

Bay giā, sū dung bāt dāng thūe Cauchy-Schwarz, ta eo 

+ct) M + ... + fl) = s +£i + ... + fl). 

V C 1 C k J \C\ c k J 


Tū do suy ra 


n n 

(zi +---+x k f < Y2 s k 


k=i 


*:=i 



4sirū 


■{x\ + x\ + • • • + x 2 n ). 


4n+2 


Dāng thūe xāy ra khi vā ehi khi = ■ • ■ = 




□ 


Bāi tāp ti/ luyen 
A Bat dang thu’e AM-GM 

Bāi tāp 28 . Chūng minh rāng v6i ba so dūOng a, 6, e, ta eo 

a 4 6 4 e 4 a 3 + 6 3 + e 3 

-1-1-- ^-. 

6 + 4c c + 4a a + 46 4 

Bāi tāp 29 (Nhat Bān, 2005). Cho a, 6, e > 0 thoa mān a + 6 + e = 1. Chūng minh rāng 

av^l + 6 — e + 6-v^l + e — a + c\/ 1 + a — 6 ^ 1. 

Bāi tāp 30 (Iran, 1998). Cho x\, x 2 , x 2 , X/\ > 0 vā a;ia: 2 a:3a;4 = 1. Chūng minh rang 

3333 ^ f 1 1 1 1 ] 

x, + x% + xi + x\ ^ max < x\ + x 2 + x 3 + x 4 , -|-1-1-> . 

( X\ X 2 X 3 X4 J 
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Bai tap 31 (Mōng Cō, 1996). Cho a, 6, e, d>Ovha + b + c + d = l. Chutng minh rāng 

1 + -fā 1 + \fb 1 + \fc. 1 + \fd 


+ 


+ 


+ 


> 8 . ' 


1 — a 1 — b 1 — e 1 — d 

Bai tap 32 (Hān Quoc, 1998). Cho x,y, z>0vkx + y + z = xyz. Chting minh rllng 

_1_ 1 , 1 ^3 

\/l + x 2 fl + y 2 \f\fTz? 2 

Bāi tāp 33 (Nga, 2002). Cho o, b, e > 0 vā a + b + e = 3. Chi!ng minh rāng 

fa + \fb + fe ^ ab + bc + ea. 

Bāi tap 34 (Latvia, 2002). Cho bon so duc)ng a, b, e, rfthoamān + T+^ = 

Ghiing minh rāng 

abcd ^ 3. 

Bāi tap 35 (Ukraina, 2001). Chiing minh rāng vōi a, b, e, x, y, z > 0, ta eō 

[a(y + z) + b(z + x) + c(x + y)\ 2 ^ 4(o6 + bc + ca)(xy + yz + zx). 

Bāi tap 36. Cho eāe so khōng ām a, b, e thōa mān a + 6 + e = 3. Chiing minh rang 

o b e _ 1 

+ , , _ + —-^ 


b z + 16 e 3 + 16 o 3 + 16 . 6 

Bāi tāp 37 . Cho ba so ehielng a, b, e thōa mān abc = 1 . Chiing minh rang 

, l+o 1+6 1+e 

a + b + c ^ --- + --h --. 

1 + 6 1 + e 1 + a 

Bāi tāp 38 . Cho eāe so dii0ng a, 6, e thōa mān a + 6 + e = 3. Chiing minh rāng 

.. 1 + a 1+6 1 + e 

(a) ~ ; tō + V—ō + s ^ 3; 


(b) 


(e) 


1 + 6 2 1 + e 2 1 + o 2 


a 2 6 2 e 2 


+ 


+ 


a + 26 3 6 + 2c 3 e + 2a 3 

■ 3 6 3 




a 


+ 


+ 


■ 3 3 




a 2 + 6 2 6 2 + e 2 c 2 + o 2 2 

Bāi tāp 39 . Cho x,y, z> 0 thōa mān xy + yz + zx = 1. Tim giā tri nhō nhāt eua 

(a) P = x 2 + y 2 + 2 z 2 \ 

(b) Q = x 2 + my 2 + nz 2 (m, n lā eāe hang so diiOng). 

Bāi tāp 40. Cho eāe so thue x, y, z, t thōa xy + yz + zt + tx = 1. Tim giā tri nhō nhāt eūa 

P = 5x 2 + 4 y 2 + 5z 2 + t 2 . 

Bāi tāp 41. Cho a, 6, e > 0 vā a 2 + 26 2 + 3c 2 = 3o6c. Tim giā tri nhō nhāt eūa bieu thiie 

„ o 8 6 4 

P — 3a + 26 + e H-1- t ■]—. 

a 6 e 
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Bāi tāp 42. Cho a, 6 , e > 0 vā a ^ max{ 6 , e}. Tim giā tri nho nhāt eua bieu thāe 


p =i +2 y 1+ l +3 \r+l- 

Bāi tāp 43. Chutng minh rāng neu a, 6 lā eāe so dudng thōa mān a 2 + b 2 = 5, thi 

a 3 + b 6 ^ 9. 

Bāi tāp 44. Chutng minh bat dāng thute sau dūng vōi moi 0 < x < 1, 

(9Vl + x 2 + 13Vl -a; 2 ) < 16. 


x 


Bāi tāp 45. Cho a\, a%, ■'.., a n (n ^ 2 ) lā eāe so thue thōa mān 

a\ū2 + ū2ū3 + • • • + a n _ia„ = 1. 

Chūng minh rāng 


a? + a^ + • • ■ + Q n ^ 


1 


eos 


n+l 


Bāi tāp 46 (Ba Lan, 2005). Cho a, b, e lā eāe so thvre dudng. Chūng minh rang 

3^ 


9a(a + b) 


+ 


6 bc 


2 (a + 6 + e ) 2 y ( a + b)(a + b + e) 
Bāi tāp 47. Chūng minh rang bāt dāng thūe sau vōi a, b, e > 0, 


<4. 


+ 


6 3 


+ 


a 3 + (b + e) V 6 3 + (e + a) V e 3 + (a + b) 


> 1 . 


Bāi tāp 48 (Tho Nhl Ky, 2007). Cho a, b, e > 0 vā a + b + e = 1. Chūng minh rang 
1111 


+ 


+ 




ab + 2 c 2 + 2 c bc + 2 a 2 + 2 a ea + 2 b 2 + 26 ab + bc + ea 

Bāi tāp 49 (Anh, 2007). Chūng minh rang vōi moi so thue a, b, e, ta eō 

(a 2 + 6 2 ) 2 ^ (a + 6 — e )(6 + e — a)(c + a — b)(a + 6 + e). 

Bāi tāp 50 (Moldova, 2009). Cho x, y, z G [ 5 , 2] vā (a, b, e) lā mot hoān vi t.ūy y eūa 
(x, y, z). Chūng minh rang 

60a 2 — 1 606 2 — 1 60c 2 — 1 _ 

, ----h -- - -h -- — ^ 12 . 

4 xy + 5z 4 yz + 5x 4 zx + 5 y 

Bāi tāp 51 (My, 1980). Chūng minh rāng vōi moi a, 6 , e G [0, 1], ta eō 
a 


+ 


6 e 

+ 


6 + e+ l e + a + 1 a + 6+1 


+ (1 — a)(l — 6)(1 — e) < 1 . 
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Bāi tap 52 (MoMova, 2007). Cho a\, a 2 , ..., a n £ [0, 1]. Dāt S = af H - h a^, ehiing minh 

bāt dāng thile sau 

® 1 0,2 . ._ Ūn _ 1 

2n + l + S — af 2n + \ + S — a\ 2n + l + S - a 3 ^ 3 

Bāi tāp 53 (Ba Lan, 2010). Chhng minh bāt dang thiie 

a 3 ^ 6 3 _^ ^ 

y/b A + b 2 c 2 + e 4 %/e 4 + c 2 a 2 + a 4 \/o 4 + a 2 b 2 + b 4 ^ 

dūng vdi moi so thife ditdng a, b, e thōa mān a 4 + b 4 + e 4 ^ a 3 + b 3 + e 3 . 

Bāi tāp 54 (Rumani, 1999). Cho x\, x 2 , ... , £ n > 0 vā o;ix 2 • • ■ x n = 1. Chūng minh rang 

1 1 1 

-— -- H--r + '' ’ H-—-r + 1. 

X\+n — 1 x 2 + n — 1 x n + n— 1 

Bāi tāp 55. Cho eāe so duc)ng a, b, e, d thōa mān a + 6 + c + d = 4. Chūng minh rāng 

+ + + + + H--+>a 2 + 6 2 H-c 2 + <i 2 . 
ab bccdda, 

Bāi tāp 56. Cho a, b, e > 0 vā a + b + e = 3. Chūng minh rang vōi moi k > 0, ta eō 


(fe + c) V^T + (c + a) V^TT + (o + 6) 


I ūb + 1 
c 2 + l 


Bāi tap 57. Cho eāe so dūdng ai, a 2 ,... , a n thōa mān aia 2 • • • a n = 1. Chūng minh rāng 


ai + a 2 +-ha„ ^ 




Bāi tāp 58 (IMO, 2006). Cho eāe so thūe a, b, e thoā mān a 2 + b 2 + c 2 = 1. Chūng minh rāng 


(a — b)(b — c)(c — a)(a + b + e) ^ 


16y/2' 


Bāi tāp 59. Chūng minh rāng vōi moi x, y, z > 0, bāt dāng thūe sau dūng 


(x + y + zf >2? / x + y + x + z _ A 
xyz \a: + 2 : x + y ) 


Bāi tāp 60. Cho eāe so khōng am a, b, e, d. Chūng minh rāng 

(a + b + e + d) 3 ^ 4 [a(c + d) 2 + b(d + a) 2 + c(a + b) 2 + d(b + e) 2 ] . 
Bāi tāp 61. Cho a, b, e lā eāe so dudng thōa mān abc = 1. Chūng minh rāng 

81(a 2 + 1)(6 2 + l)(c 2 + 1) ^ 8(a + b + e) 4 . 

Bāi tāp 62. Cho x, y, z lā eāe so dudng thōa mān xyz = 1. Chūng minh rāng 

1 1 1 3 

(x + 1 f(y + z) + (y+ 1 f(z + x) + (z + l) 2 (x + y) "" 8 
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Bāi tāp 63. Cho a, b, e ^ 0 thoa mān ab + bc + ca> 0. Chu:ng minh rāng 


a b e _ 5 >-;- 

H— .— H— 7 == 5% ~Va + b + e. 


\/a + b \Jb + e \Jc + a 4 
Bāi tāp 64. Cho ba s6 th\rc t, s, k, trong do t ^ 0, s ^ 1 vā k ^ 1. Chirng minh rl,ng 

H s+fc - (s + k)t k + s^(t- l) 2 . 

Bāi tāp 65. Cho ba so ditong a, b, e thoa mān ab + bc + ea = 3. Chung rninh rāng 

4(a 2 + b 2 + c 2 ) + 9 a 2 b 2 c 2 ^ 21. 

Bāi tāp 66 . Chu:ng minh rāng vdi moi a, b, e dvrong, ta dgu eo 


a 2 b 2 e 2 /, „ „ /a b c\ 

— H-1-b a + 6 -f- e ^ 2W(a 2 + b 2 + e 2 ) — H-b - ). 

b e a y \b e a J 


B Bat dang thu’e Cauchy-Schwarz 

Bāi tāp 67. Chung minh bāt dāng thdc sau dūng vdi moi a, b, c> 0, 

a 3 6 3 e 3 > a 2 + b 2 + e 2 

a + 2b b + 2c e + 2a 3 

Bāi tāp 68 . Cho ba so dutdng a, b, e thoa mān a + b + e — 3. Chūng minh rang 

a b e ' 

a + 2 bc b + 2 ca e + 2 ab ^ " 

Bāi tāp 69. Cho bon so dtrdng a, b, e, d. Chūng minh rāng 

a b e d _ n 

7-1- - + — ; —I-r ^ 2. 

b + e e + d d + a a + b 

Bāi tāp 70 (Indonesia, 2007). Chūng minh rāng vdi ba so thvre a, b, e tūy y, ta eō 

(a 2 + 1 )( 6 2 + l)(c 2 + 1 ) ^ ( ab + bc + ea — l) 2 . 

Bāi tāp 71. Cho a, b, e, d lā eāe sō thne thoa mān 

(a 2 + 1 )( 6 2 + l)(c 2 + 1 )(d 2 + 1 ) = 16. 

Chūng minh rāng 

—3 ^ a,b + ac + ad + bc + bd + cd — abcd ^ 5. 

Bāi tāp 72. Chūng minh rāng v 6 i ba sō diTdng tūy y a. b, e, ta deu eō 

\Ja(b + 1 ) + \Jb(c + 1 ) + \Jc(a + 1 ) ^ — \J(a + 1 )(b + l)(c + 1 ). 

I 

Bāi tāp 73 (Iran, 1998). Cho x, y, z > 1 vā i ^ + 7 = 2. Chūng minh rang 


\Jx + y + z ^ \Jx — 1 + \Jy - 1 + \Jz - 1 . 
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Bāi tāp 74 (Nga, 1999). Cho x, y > 0 vā x 2 + y 3 ^ x 3 + y A . Chilng minh r&ng 


x 3 + y 3 ^ 2. 

Bāi tāp 75 (IMO, 2005). Cho eāe so dirong a, b, e thoa mān abc ^ 1. Chutng minh rāng 


o 5 — e? 


b 5 — b 2 


a 5 + b 2 + e 2 + b 5 + e 2 + a 2 + e 5 + a 2 + b 2 ^ ^ 

Bāi tāp 76. Hāy giāi lai eāe bāi 11, 12, 13, 20 bāng eāeh sut dung Cauchy-Schwarz. 

Bāi tāp 77. Cho a, b, e lā eāe so thue duong thoa mān ab + bc + ca = 3. N 6 u k ^ 1, thi 

1 1 1 3 

a 2 ' + 6 2 + A; "*" 6 2 + e 2 + A; e 2 + a 2 + A: ^ 2 + k 

Bāi tāp 78. Cho a, b, e lā eāe so thue duong sao eho abc = 1 . Chutng minh rang 

1 1 1 

l + a + 6 2 "*"l + 6 + c 2 "*"l + c + a 2 ^ 

Bāi tāp 79. Cho a, b, e lā dp dāi ba eanh eua mpt tam giāe. Ch\ing minh rāng 

3 a + b 3 b + e 3c + a ^ ^ 

2 a + c + 26 + a + 2 c + 6 ^ 

Bāi tāp 80. Cho a, b, e lā do dāi ba eanh eua mot tam giāe. Chtfng minh rāng 

a b e ab + bc + ea 5 
6 + c"*"c + a"*"a + ft"*" a 2 + b 2 + e 2 "" 2 

Bāi tap 81. Cho a, b, e, d lā eāe so thtfe duong. Chtfng minh rāng 

a — b b — e e — d d — a 

_I-1-1-> o. 

a + 26 + e 6 + 2 c + d e + 2 d + a d + 2 a + 6 

Bāi tāp 82. Cho a, b, e lā eāe so thtfe duong thōa mān abc = 1 . Chtfng minh rang 

1 1 1 

a 2 — a + 1 + b 2 — 6+1 "*"c 2 — e+l^ 

Bāi tāp 83. Cho a, 6 , e, dlācāc so khōng am thōa mān a+ 6 +c+d = 4 vā a 2 +b 2 +(?+cP = 7. 
Chtfng minh rang 

a 3 + b 3 + e 3 + d 3 ^ 16. 

Bāi tap 84. Chtfng minh rang vōi moi a,b, c> 0, ta eō 

(b + c) 2 (e + a ) 2 (a + 6) 2 

tP + e 2 + a (6 + e) e 2 + a 2 + 6 (c + a) a 2 + 6 2 + c(a. + 6 ) ^ 

Bāi tāp 85. Cho ba so thue duong a, 6 , e thōa mān a + 6 + e = 3. Chtfng minh rāng 

1 1 1 1 
4a 2 + 6 2 + e 2 "*" 46 2 + e 2 + a 2 "*" 4c 2 + a 2 + 6 2 ^ 2 
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Bāi tāp 86 . Chu:ng minh rāng vāi moi a, 6 , e > 0, ta deu eo 


6 + e e + a a + b < 1 1 1 

a 2 + bc + b 2 + ca + e 2 + ab ^ a b e 


Bāi tāp 87. Cho a, b, e la eāe so thife dUdng. Chiing minh rāng 


a 


(2 a + b)(2a + e) + (26 + c)(26 + a) ~ r (2c + a)(2c + 6 ) 3 

Bāi tap 88 (IMO, 2008). Cho eāe so thue x, y, z khāe 1 vā thōa mān xyz = 1. Chiing minh 
bāt dāng thiie sau 


6 2 


+ 


1 


X 


X 1 


+ 


y- 1 


+ 


z - 1 


^ 1 . 


Bāi tāp 89. Cho a, b, e lā eāe so thue duong. Chufng minh rāng 


+ 


6 3 


+ 


a 3 + abc + 6 3 6 3 + abc + e 3 e 3 + abc + a 3 

Bāi tap 90. Cho eāe so thue dUdng a, b, e. ChUng minh rāng 

3 


> 1 . 


1 11 




a(l + 6) 6(1 + e) c(l + a) //abc ^l + ^abcj 

Bāi tāp 91. Cho eāe so thue dudng a, b, e thōa mān a + 6 + e = 6. Chiing minh rang 

i/° j+ -ti' + iA ! + /rr + \/ c2 + -4- 5! 

V a + 6 V b + c V e + a 2 

Bāi tāp 92 (Viet Nam, 1998). Cho hai so thue thay doi x, y. Tim giā tri nhō nhāt eūa 

P = yj\x + l) 2 + (y - l) 2 + yj\x - 1 f + (y + l) 2 + yj(x + 2) 2 + (y + 2) 2 . 

Bāi tāp 93 (Viet Nam, 1993). Cho eāe so thue a, 6, e, d thōa mān \ ^ a 2 + 6 2 + e 2 + d 2 ^ 1. 

Tim giā tri 16n nhāt vā giā tri nhō nhāt eūa bieu thūe 

P = (a - 26 + ef + (6 - 2c + df + (6 - 2a) 2 + (e - 2d) 2 . 

Bāi tap 94 (Trung Quoc, 2003). Cho a, 6, e, d lā eāe so thue dudng thōa mān ab + cd = 1 vā 
xi, x 2 , £ 3 , 24 , 2 / 1 , 2 / 2 , 2 / 3 , 2/4 lā eāe so thue sao eho 

£ 2 + 2/1 - £ 2 + 2/1 = A + 2/1 = x\ + y\ = 1. 

ChUng minh rang 


(ayi + by 2 + cy 3 + dy/f + (a £ 4 + bx 3 + cx 2 + dxif ^ 2 ^ 


a 2 + ā 2 e 2 + d 2 


ab ' cd 

Bāi tāp 95 . Cho a, 6 , e lā eāe so dudng vā x, y, z lā eāe so thue sao eho 

a 2 + b 2 + e 2 + ab + bc + ea = x 2 + y 2 + z 2 + xy + yz + zx. 

ChUng minh rāng 

ax 2 + 6 y 2 + cz 2 ^ 3a6c. 

Bāi tāp 96. Cho eāe so thue a\, a 2 , ..., a n thōa ai + a 2 + • • • + a n = 0. Chiing minh rang 


n— 1 


max a 2 ^ ^ (a^ - a i+ i) 2 . 


3 4 


i=l 
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4 Phu'oTng phāp don bien 

4.1 Gidri thieu ve phi/tfng phap don bien 

Nhu ta dā biet, hau het eāe bā,t dāng thiie deu eo dau bāng xāy ra khi eo mōt so bien bāng 
nhau hoāe eo mōt so bien nhan giā tri tai bien. Ngoāi ra, mot kinh nghiem phō thōng eho thāy 
eāe bāt dāng thhe v 6 i so bien lt thuōng dō xu: ly hon nhūng bāt dāng thūe nhieu biōn. Dua vāo 
nhūng dāc diem nāy, ngūōi ta dā de ra phuong phāp don bien de giūp dua bāt dāng thūe ve 
dang don giān hon. Khi āy, tāt nhien viee dānh giā eūng se nhe nhāng hon vi ta eo khā nhieu 
eōng eu (manh) de xū ly eāe bāt dāng thūe lt bien. 

ā' tūōng eūa phuong phāp nhu sau: Giā sū ta eān ehūng minh 

f(xi, x 2 ,. X n ) >0, (1) 

v 6 i x\, x 2 , ..., x n e I C M vā g{x\, x 2 , , x n ) = 0. 

Khi āy, neu ta du doān duoc (1) eo dāu bang xāy ra khi eo mot so bien bāng nhau, ehang han 
= x 2 = ■ ■ ■ = x m thi ta eo the thū dānh giā 

f(x%2 , ..., x m , •Tm+li ■ ■ ■ , -Tn) ^ f(f, t, . . . , t, X m +\, . ■ ■ , X n ), (2) 

trong do t e I lā so sao eho g(t, t, ..., t, x m+ i, ■..., x n ) — 0 . 

Hay tōng quāt hon, ta c 6 the thū ehūng minh 

f(x\, x 2 , .-.., x m , x m+ \, ..., x n ) {2 f(u, u, ..., u, y m+ \, ..., y n ), ( 3 ) 

v 6 i u, y m+ 1 , ...,y n El lā eāe so thūe thoa mān g(u, u, ..., u, y m+1 , ..., y n ) = 0 (u, y m+1 , 
■... y n lā eāe sō thue thieh hop duoc lua ehon tūy theo bāi toān). 

Neu nhu thue hien dUOc mōt trong hai dieu nāy, ta se dua duoc bāi toān ve xet mōt bāt dāng 
thūe m 6 i v 6 i so bien lt hon (n — m + 1 bien so v 6 i ban dāu lā n bien) vā tāt nhien eōng viee 
ehūng minh eūng se thuān loi hon rāt nhieu. 

Trong trūōng hop ta du doān dUOc (1) xāy ra dāng thūe khi eo mōt biln nhan giā tri tai bien 
eūa I, ehāng han lā x\, khi do ta eo the thū ehūng minh 

f(x\, x 2 , ..., x n ) ^ f(a, t,x 3 ,..., x n ), ( 4 ) 

trong do a lā hāng so vā lā bien eūa I, eon t € I lā so thūe sao eho g(a, t, x 3 , ..., x n ) = 0 . 

Rō rāng neu (4) dUOc thōa mān thi ta eo the dua bāi toān ve xet mōt bāt dang thūe m 6 i ehi 
v 6 i n — 1 bien. Phān viee eōn lai eūng se nhe nhāng hon rāt nhieu. 

Chū y . 

• Phep don bien theo (3) khā phūe tap vā dōi hōi nhieu kien thūe khāe nhau. Dieu nāy 
vUOt quā pham vi eūa bāi viet, do do ta se khōng xet no ō day. Chūng tōi se ehi trinh 
bāy eāe phep don bien theo (2) vā (4). 

• Cāc bāt dāng thūe (2) vā (4) eō the khōng phāi luōn dūng. Khi āy, ta se eān phāi bo 
sung giā thiet de ehūng trō thānh bāt dāng thūe dūng (bāng eāeh sāp thū tū, sū dung 
nguyen ly Dirichlet, ...). 
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4.2 Cac vf du minh hoa 

4.2.1 Di/a ve eāe bien bang nhau 

Ta mō dau phan nay bāng vi du sau. 

VI du 37. Cho eāe so āuang a, b, e thoa mān a + b + e = 3. CMng minh rang 

2 f —b —I—) + 3 abc ^ 9. 

\a b e) 

Chitng minh. Day la mot bat dang thhe dōi xi'mg vdi ba bien a, b, e va ta eo the du doān 
duoc dāu bāng xāy ra khi a = 6 = e = 1. TU day, ta nghl den viee dānh giā dua vā hai biān 
bāng nhau (ehū y rāng ta khōng the dua ve ba biān bāng nhau ngay tū dāu dudc, vi no tUdng 
dudng v6i bāt dāng thūe 6 de bāi!). Chāng han, ta se dānh giā dua (a, b) ve ( t, t), khi do so t 
phāi thoa mān a + b + c = t + t + c = 3, tūe 

• a + b 3 — e 
* 2 _ 2 ‘ 

Ngoāi ra, nāu dāt f(a, b, e) = 2 Q + £ + £) + 3 abc thi ta phāi eo 

f(a, b, e) ^ f(t, t, e), 

hay tuong dudng 

2 


1 


+ 7 H— ) + 3abc ^ 2 
a b e 


+ - ) + 3t 2 c. 
t e. 


Chū y rāng khi a = b = t thi 2 (£ + = |, 3 abc = 3 t 2 c, phān eon lai bi tri§t tiāu. Do do, ta 

se viet lai bāt dāng thūe tren thānh dang nhu sau (vi nhu the ta se tāeh duoc binh phudng!) 

2 ' 
t 


1 1 
a b 


^ 3c(t 2 — ab). 


D6n dāy, ta thāy 


(° ~ b ) 2 


t 2 — ab = 


(a + b) 2 


ab = 


(a - b) 2 


1 1 _ 2 _ 1 1 _ 4 _ 

a b t a b a + b ab(a + b)’ 4 4 

Do do bāt dāng thūe tren tUdng dudng v6i 

2(a — 6) 2 3 . , n2 

+- ^ 7 c(a - b f, 

ab(a + b) 4 v 

hay 

(a — b) 2 [8 — 3 abc(a + 6)] ^ 0. 

Ta se tim dieu kien eho bāt dāng thūe nāy dūng, tūe lā 

3 abc(a + b) ^ 8. 

Chū y rāng, dōi v6i nhūng bāt dāng thūe gom mpt “ehūm” bieu thūe phūe tap thi ta nen tien 
hānh dānh giā “sd qua” mot ehūt de dua ve dang ddn giān hdn roi hāy xet di§u kien eho bāt 
dāng thūe m6i dūng. Nhu the eōng viee se ddn giān vā nhe nhāng hdn. Chāng han, 6 day ta 
thāy ngay rang abc ^ 1, do dō bāt dāng thūe tren se dūng neu ta eo 

3(a + b) ^ 8. 

Tū day, ta thāy ngay rang ehi eān sāp thū tu eāe bien sao eho a + b nho nhāt lā xong. Vi bāt 
dāng thūe dā eho lā doi xūng v6i ba biōn a, b, e nen ta hoān toān eo thg giā sū e = max{a, b, e}, 
khi do hiōn nhien tacoc^lvāa + 6 = 3 — c<2<|. 
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Nhir vay, neu giā thiet e = max{a, b, e} thi ta eo thl ehufng minh 


/(a, b, e ) ^ f(t, 1, e) = f 


3 — e 3 — e 
2 ’ 2 ’ 


vā ta dita dtfdc bāi toān vl xet mōt bat dāng thāe mōt bien theo e lā 


' (V-V’ c ) ? 3 - 

Bāt dāng thufe nāy eo the ehiing minh khā de dāng bāng bien dōi tildng dudng. That vay, bāt 
dāng thiie tren eo the vilt lai thānh 


2 (rh + !;) + i <3 ~ c)2c ? 9 ’ 


4 1 


+ - ~ 3 ) >3--(3 -efe, 


\3 -e 6 ) 4 y ’ 

■ tfS->!( 4- c )( c -^, ■ 

(e — l) 2 [8 — c(3 — c)(4 — e)] ^ 0. 

Bāt dāng thiie euoi nāy dung do 0 < c(4 — e) = 4 — (e — 2) 2 ^ 4 vā 0 < 3 — e ^ 2. 
Sau dāy lā mot vi du khāe kho hdn. 

Vi du 38. Cho cdc sō khōng ām a, b, e thoa mān a + b + e = 3. Chūng minh rhng 

1 1 1 3 

6 — aā+6 — 6c + 6 — ea^ 5 

Chting minh. Tudng tu nhu tren, ta eūng tim eāeh dua (a, b ) ve ( t, t) vdi 

a + b 3 — e 


Dāt f(a, b, e) lā v! trāi eūa bāt dāng thiie dā eho, ta eān eo bāt dāng thiie 

f(a, b, e) ^ f(t, t, e), 

hay tudng dUdng 

1 1 1 1 2 

6 — ab 6 — bc "*" 6 — ea ^ 6 — t 2 "*" 6 — te 

VI khi a = b = t, ta c6 n6n ta tāeh bāt dāng thūe tren nhu sau 

1 1 2 1 1 

6 — bc 6 — ea 6 — te ^ 6 — t 2 6 — ab 


Den dāy, ta thāy ngay 


1 1 2 1 1 _ 4 c 2 (q - b) 2 

6 — bc 6 — ea 6 — te 6 — 6c 6 — ea 12 — ae — bc 2(6 — 6c)(6 — ca)(6 — te) ’ 

1 1 t 2 — ab — ab (a — b ) 2 


6 — t 2 6 — ab (6 ~ t 2 )(6 — ab) (6 — t 2 )(6 — ab) 4(6 — t 2 )(6 — ab) 
Do do, bāt dāng thiie tr6n eo the viet lai thānh 


(a - bf 


(6 — t 2 )(6 — ab) (6 — bc)(6 — ca)(6 — te) 
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Vx (a — b) 2 ^ 0 nen ta ehi eān tim dieu kien sao eho 

(6 — bc)( 6 — ca)(6 — te) ^ 2(6 — t 2 )(6 — ab). 

Quan sāt mot ehut, ta thāy neu ehon giā thiet sao eho ve trāi eāng lān eāng tot thi bāt dāng 
thute tren eo the se dūng. Tit do, ta nghl ngay den viee ehon giā thiet e = min{a, b, e} (vi e eāng 
nho, ve trāi se eāng 16n) vā ta se thū xet xem bāt dāng thūe nāy eo dūng khōng. Giong nhu vi 
du tren, ta eūng tien hānh dānh giā “so bō” trū6c. Do e = min{a, b, e} nen 6 — ca'^6 — ab>6 
vā 6 — te ^ 6 — t 2 > 0. Suy ra bāt dāng thūe tren se dūng neu ta eo 

6 - bc ^ 2. 

Tuy nhien, diōu nāy lā hien nhien vi 6 — 6c ^ 6 — 6 ^ 6 — 3 > 2. 

Nhū vay, bāng eāeh giā thiet e = min{a, b, e}, ta eo the ehūng minh duoc 

f(a, b, e) ^ f(t, t, e) — f 

de dua bāi toān vā xet mot bāt dāng thūe mōt bien theo e: 

3 — e 3 — e \ 1 2 ^3 

2 ’ 2 ’ 7 6 ( 3 ~ c ) 2 + 6 cQ-c) ^ s- 

Bāt dāng thūe nāy tuong duong v6i 

4 4^3 

15 + 6c-c 2 + 12-3c + c 2 ^ 5’ 

4(27 + 3c) ^3 

(15 + 6c-c 2 )(12-3c + c 2 ) ^ 5’ 

20(9 + e) < (15 + 6c - c 2 )(12 - 3c + e 2 ). 

Do (15 + 6c — c 2 )(12 — 3c + e 2 ) = 180 + 27c — 15c 2 + 9c 3 — e 4 nen bāt dāng thūe tren eo the 
dUOc viet lai thānh 

e 4 - 9c 3 + 15c 2 - 7c ^ 0, 

hien nhien dūng vi e 4 — 9c 3 + lōe 2 — 7e = c(c — 7)(c — l) 2 ^ 0. □ 

Tiep theo, ta xet mōt vi du don bien v6i dieu kien khāe. 

VI du 39. Cho ba so thue āuang a, b, e thoa mān abc = 1. ChUng minh rang 

2(a 2 + 6 2 + (?) + 15 ^ 7 (a + b + e). 

ehvtng minh. Tū du doān dāu dang thūe xāy ra khi a = ā = c = l,ta nghl ngay dōn viee sū 

dung don bien dua hai bien a, b vl bang nhau. Tuy nhien, khāe v6i hai vl du trU6c, giā thiet 6 

dāy lā abc = 1 nen so t mā ta ehon eūng se khāe (dāy ehmh lā eho mā nhieu ban thuōng hay 

bi vu6ng). Ō day t phāi lā so dUOng sao eho t ■ t ■ e = abc = 1, tūe 

t — Vāb = -4=. 

Ve 

Bay giā, tuong tu nhu eāe vl du tru6c, ta eūng se tim dieu kien sāo eho bāt dāng thūe 

f(a, b, e) ^ f(t, t, e) 

dūng, trong do f(a, b, e) = 2(a 2 + b 2 + (?) — 7 (a + b + e) + 15. 

Bāt dāng thūe nāy tuong duong v6i 

2(a 2 + 6 2 - 2 1 2 ) ^7(a + b- 2 1). 
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Do a 2 + b 2 — 2 1 2 — a 2 + b 2 — 2 ab — (a — b) 2 va a + b — 2t = a + b — 2\[āb = {^/a — \/b ^ nen 
bat dāng thu!c tren eo the drtpc vigt lai thānh 


(fa — fbj p (fa + y/bj — 7 
Nhif vay, ta eān tim dieu kien sao eho 


> 0 . 


^Va + VVj 


> 7. 


Danh giā “sd bo”, ta thāy 

{Vā + Vbj ^ 4:Vāb. 

Do do ta ehi ean ehon giā thilt sao eho 8Vāb ^ 7. Dieu nāy hoān toān eo the dupc, vi neu giā 
su e = min{a, 6, e} thi ta se eo Vāb ^ 1, tiie 8Vāb > 7. 

Vay lā, bang eāeh giā thilt e ~ min{a, b, e}, ta dā ehiing minh dupc 

f <°' b ’ c > > /(t ' *■ c) = f {V V c ) = 2 (1 + V ~ 7 {āc +c ) + is ' 

Cuoi eung, ta di den viee xet bāt dāng thiie 


2 - + e 2 - 7 
e 


V~c 


+ e ] + 15 ^ 0. 


Bāt dāng thāe nāy eo the viāt lai thānh 


2 + + e 2 — 3J ^ 7 + e - 3 1 . 


De y rāng - + x 2 — 3 = + 6 ( x + 2 [ d 0 (j 0 bāt dang thute tren tuong ductng vdi 


2(c - l) 2 (c + 2) > 7 (y/c - 1 f (yTc + 2) 


V~c 


hay 


^O. 


{\fc - l) 2 [2(c + 2 ){V~c+ l) 2 - 7V~c {V~c + 2) 

T6i day, sut dung bāt dāng thute AM-GM, ta eo 

2(c + 2) {\Tc + l) 2 - 7V~c {V~c + 2) ^ 2(c + 2) ■ 4^ - 7V~c {Ve + 2) 

= Ve (8e — 7 \/c + 2) 

= V~c [2 (2Vc - l) 2 + Ve] > 0. 

Bāi toān dupc ehiitng minh xong. 


□ 


Tren day, ta dā sut dung thānh eong phUPng phāp don bien de giāi nhōng bāi toān bāt dāng 
thute eo di§u kign. Vay v6i nhūng bāi toān mā eāe bien khōng bi rāng bupc nhau bōi bāt eut 
dieu kign nāo thi ta phāi lām sao? 
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Th§,t ra, phireing phāp don bien vān to ra rāt hieu quā trong eāe bāi toān āy. Thām ehf ta eon 
“tu do” hon trong viee ehon kieu don bien (trung binh eong, trung binh nhān, ...) vi khōng 
eo dieu kien rāng bupc. Tuy nhien, dō thānh eōng, ta khōng nen ehon kieu don bien mōt eāeh 
“bita bāi” mā phāi suy xet trvlōe nhiōu yeu tō, dāc biet lā eāe tmh toān. Ta nen ehon kieu dōn 
bien nāo mā tinh toān lt hon eā (vi nhu thō se lt eō sai sōt trong tfnh toān hon). 

Ta xet mōt vi du: 

Vi du 40. Cho ba so khōng ām a, b, e. Chūng minh rang 

(a + b + e) 3 + 9 abc ^ 4(a + b 4- c)(ab + bc + ea). 

ChvCng minh. De thāy bāt dāng thdc eō dāu bang khi a = b = e, do do ta nghi den viee lām 
giām so bien bang eāeh dua hai biān ve bāng nhau, ehāng h an ta dua (a, 6) ve ( t , t). Chū y 
rāng neu ta ehon t = Vāb (tuong ūfng, t = y/( a + c)(b + e) — e) de dām bāo tfeh abc (tuong 
ūng, ab + bc + ea) thi viee phān tfeh binh phuong khi don biōn se khā phūe tap, eāe bieu thūe 
thu duqc sau khi tāeh binh phuong se ehūa eān thūe vā khōng de de dānh giā (ban doc eō the 
thū kiem tra). Trong khi do, neu ehon t — 9 ^, moi thū se don giān hon rāt nhieu bdi ta khōng 
phāi xet den “ehūm” bieu thūe khō ehiu (a + 6 + e) 3 (trong khi hai kiōu kia thi ngupe lai), hon 
nūa sau khi tāeh binh phuong, eān thūe khōng tao ra nen eūng dō xū ly hon. 

Tū nhūng phan tieh nhu tren, ta nghl den viee tim dieu kien sao eho 

f(a, b, e) ^ f(t, t, e), 

trong do t = ^ vā f(a, b, e) = (a + b + e) 3 + 9 abc — 4(a + b+ c)(ab + bc + ea). 

Do a + b + e — 2t + e nen bāt dāng thūe tren tuong duong vdi 

(2 1 + e) 3 + 9a6c — 4(2 1 + c)(ab + 2 te) ^ (2 1 + e) 3 + 9 t 2 c — 4(21 + c)(t 2 + 2 te), 


hay 

4(2t + c)(t 2 — ab) ^ 9c(t 2 — ab). 

Vi t 2 — ab = — ab — ^ 0 nen ta ehi eān ehon giā thiet sao eho 

4(2t + e) ^ 9c, 


hay tuong duong 


4(a + b) ^ 5c. 

Ta thāy ngay dieu nāy se thōa mān khi ehpn e = min{a, b, e}. Nhu the, bang eāeh giā sū 
e = min{a, b, e} (dua vāo tinh d6i xūng eūa eāe bien), ta ehūng minh dupc 

f(a, b, e) ^ f(t, t, e), 

tū do bāi toān dupc dua ve ehūng minh 


f(t, t, e) = (2 1 + e) 3 + 9t 2 c - 4(2t + c)(t 2 + 2te) ^ 0. 

Do (21 + e) 3 — 4(2t + c)(t 2 + 2tc) = c(2t + c)(c — 4t) = c(c 2 — 2te — 8t 2 ) nen ta eo 

(2t + e) 3 + 9t 2 c — 4(2t + c)(t 2 + 2tc) = 9t 2 c + c(c 2 — 2te — 8t 2 ) = c(t — e) 2 ^ 0. 


Bāi toān dupc ehūng minh xong. 

Ta tiep tue vōi mōt sō vf du ve don bien eho eāe bāt dāng thūe bon bien. 

Vi du 41. Cho eae s6 thue āuōng a, b, e, d thoa a + b + c + d = 1 . Chxtng minh rang 

abc + bcd + cda + dab < abcd. 

27 2? 


□ 
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ChHng minh. De thāy dāng thufe xāy ra khi a = b = c = d= do dō ta eo y tufōng lā dānh 
gia dita ba bien ve bang nhau. Mat khāe, vi giā thiet lāa + 6 + c + d= 1 nen ta se tim eāeh 
danh giā dua (a, b, e) ve ( t, t, t) vdi 


t = 


a + b + e 1 — d 


3 3 

Dā y rāng bāt dāng thāe eān ehufng minh tueing dudng vdi /(a, b, e, d) < trong do 

176 ( 176 \ 

f(a, b, e, d) = abc + bcd + cda + dab ——abcd = abc ( 1 —— -d) + d(ab + bc + ea). 
Va ta eān tim diāu kien sao eho 

f(a, b, q d) ^ f(t, t, t, d), 

hay 


1 76 

abc ( 1 —— d ) + d(ab + bc + ea) ^ t 3 ( 1 
^ / 


176 

27 


d ) + 3 t 2 d. 


Do khi a = b = e = t thi abc = t 3 vā ab + bc + ea = 3 1 2 nen ta tāeh nhu sau 

'176 


hay tUdng dudng 


d(3t 2 — ab — bc — ea) ^ (r — abc) ( ~zzrd — 1 ) ^ 0, 

Z / 


3t 2 — ab — bc — ca> 


176 

27 


(t 3 — abc). 


( 1 ) 


Quan sāt mōt ehūt, ta thāy nen ehon d = min{a, b, e, d} vi khi do ve phāi eūa bāt dāng thūe 
tren se rāt nhō vā khā nāng dūng eūa bāt dāng thūe eūng se eao hdn. Tuy nhien, khāe vōi eāe 
vf du truōe, ta khōng the phan tieh nhān tū binh‘ phudng eho 3£ 2 — ab — bc — ea vā t 3 — abc 
(ban doc eō thl kiem tra). Nhu vay, de xet tfnh dūng dan eūa (1), ta eān phāi lām eāeh khāe. 
Vi (1) khā eōng kenh nen rāt tu nhien, ta nghl den viee dānh giā de lām gon bāt dāng thūe rōi 
sau do dua ve xet tfnh dūng dān eūa bāt dāng thūe mōi thu duōc. Y tuōng eūa ta nhu sau: 

Di y rāng 3t 2 — ab — bc — ea ^ 0 vā t 3 — abc ^ 0. Ta se tim eāeh dānh giā 3t 2 — ab — bc — ea 
theo t 3 — abc de sau buāc dānh giā, ta c6 tfie luōt bōt di dai ludng t 3 — abc ō hai ve vā thu 
dudc mōt bāt dāng thūe gpn gāng hdn. Do 3t 2 — ab — bc — ca c6 bāc hai vā t 3 — abc eo bac ba, 
hdn nūa ta eān dām bāo tlnh doi xūng eūa a, b, e (de tien viee dānh giā), nen dānh giā mā ta 
mong muon phāi eo dang 


M(a + b + c)(3t 2 — ab — bc — ea) ^ t 3 — abc, 


hay tuong dudng 


9 M(a + b + c)(a 2 + b 2 + e 2 — ab — bc — ea) ^ (a + b + e) 3 — 27 abc. 

Ta se tim hāng sō M tot nhāt di bāt dāng thūe tren dūng (vi dānh giā eāng ehāt thi tlnh hieu 
quā se eāng eao). Do tlnh doi xūng nen ta du doān dāu dāng thūe se dat dudc khi eo hai bien 
bang nhau, ehāng han a = b. Thay vāo, bāt dāng thūe trō thānh 


9M(2a + c)(a — e) 2 ^ (2a + e) 3 — 27 a 2 c = (8 a + c)(a — e) 2 . 
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Nhil vā,y, ta phāi eo 


9 M ^ r———, Va, e > 0, a ^ e. 


Mā 


8q+c _ 


1 + 


6a 


2a + e 

2a+c — x , 2a+c <1 + ^ — 4. Hefn nūa, khi e -+ 0 + thi -> 4. Vi vāy, ta phāi eo M ^ 

Tū day, ta dū doān M — | lā hang sō tot nhāt, tūe 

4(a + b + c)(a 2 + b 2 + e 2 — ab — bc — ea) ^ (a + b + e) 3 — 27 abc. 

De y mot ehūt, ta thāy ngay dāy ehinh lā ket quā eūa vi du 40 (dua vāo hāng dāng thūe quen 
thuoe a 2 + b 2 + e 2 — ab — bc — ea — (a + b + e) 2 — 3 (ab + bc + ea)). Nhu vāy, ta dā thiet lāp 
duqc mōt dānh giā khā ehāt lā 


-(a + b + c)(3t 2 — ab — bc — ea) ^ t 3 — abc, 


tU dāy ta eō 


3r — ab — bc — ca> 


■(t 3 — abc) — 


-(t 3 — abc). 


4(a + b + c) ' 4(1 — d) 

Nhu the, thay vi phāi xet trUe tiep (1) (khā kho khān), ta ehi eān xet tinh dūng dan eūa 

9 


4(1 - d) 


(t 3 - abc) ^ (t 3 - abc), 


hay 


(t 3 — abc) 


9 1 176 

4(1 -d) + d ~Tf 


> 0. 


Tuy nhien, ta lai thāy ngay bāt dang thūe nāy dūng do t :i — abc ^ 0 vā 


1 


3 2 4 2 ^ 

+ ——: ^ 


(3 + 4) 2 


7 2 




= 7 > 


176 


4(1 -d) d 4 — 4c? 16d (4 — id) + 16d 4 + 12d^ 4 + 3-1 27 

TU dāy, ket hop v6i eāe ly luān dā trinh bāy, ta suy ra khi d — min{a, b, e} thi 


f(a, b, e, d) < f(t, t, t, d) — f 


1 — d 1 — d 1 — d 


3 3 3 

Vā nhu the, ta ehi eōn phāi xet mōt bāt dang thūe mōt bien lā 
/1 -d 1 -d 1 -d \ 1 / 176 

* V 3 ’ 3 ’ 3 ’ / _ 27 y 27 

Bāt dāng thUe nāy tUōng dUOng v6i 


,d . 


d)(i-dy + -d(i-dy^-. 


(i-^. d yi-d) 3 +9d(i-d) 2 ^i, 


176 


d(l - d) 3 + 9d(l - d) 2 < 1 - (1 - df = d [l + (1 - d) + (1 - d) 2 ] , 

Z { 

Dāt u = 1 — d, | ^ u < 1, thi ta phāi ehUng minh 

176 o 9 
— 7 .+-u + 8 u 2 < 1 + u, 

27 

hien nhien dūng vi 1 + u — 8u 2 + jfii 3 = ^(11 u + 3)(4 u — 3) 2 ^ 0. 


□ 
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Vi du 42. Cho eāe so āuōng a, b, e, d thōa mān abcd — 1. Chūng minh rang 

3 (a 2 + b 2 + e 2 + d 2 ) + ā> (a + b + c + d) 2 . 

ChvCng minh. Dat f(a, b, e, d) = 3 (a 2 + b 2 + e 2 + eP) + ā — (a +b + c + d) 2 . Bat dā.ng thufe 
eān ehhng minh eo dang 

f(a, b, e, d) ^ 0 . 

Khōng māt tinh tong quāt, giā sut d = min{a, b, e}. Dāt t = \/abc, ta se ehufng minh 

f(a, b, e, d) > f(t, t, t, d), ( 1 ) 


hay 

3(a 2 + b 2 + e 2 — 3 1 2 ) > (a + b 4* e + d) 2 — (3 1 + d) 2 = (a + b + e — 3 t)(a + b + e + 3t + 2d). 
Do d < \fābc = tvha + b + c>3t nen ta» ehi eān ehutng minh ditdc 

3(a 2 + b 2 + e 2 — 3 1 2 ) > (a + b + e — 3 t)(a + b + c + 5t) = (a + b + e) 2 + 2 t(a + b + e) — 15 1 2 , 


hay tnong diTdng 


3(a 2 + 6 2 + e 2 ) + 6 t 2 (a + b + e) 2 + 2 t(a + b + e). 


( 2 ) 


Bāt dang thiie nāy eo the ehiing minh bang don hiān (xin dānh eho ban doc). Ō dāy xin trinh 
bāy mōt eāeh ehutng minh khāe nhuf sau: Ta eo 

a 2 + b 2 + e 2 + 2>t 2 — 2 t(a + b + e) = (a — t) 2 + (b — t) 2 + (e — t) 2 > 0. 

Mat khāe. theo eāe bāt dang thiie AM-GM vā Sehur thi 

2 ^ a 2 + 3t 2 — (a + b + e) 2 = 2 (a 2 + b 2 + e 2 ) + 3\/a 2 b 2 c 2 — (a + b + e) 2 

+ (a 2 + b 2 + e 2 — 2 ab — 2 bc — 2 ea) 


> 


aoe 
9 abc 


+ ( a 2 + b 2 + e 2 — 2 ab — 2 bc — 2 ca) 


a + b + e 

a 3 + 6 3 + e 3 + 3 abc — ab(a + b) — bc(b + e) — ca(c + a) 

a + b + e 


>0. 


Ket hdp hai dānh giā tren lai, ta suy ra (2) dung. Vi vāy (1) eūng dūng. Vā nhū the, ta dua 
dUdc bāi toān ve ehūtng minh (ehū y rāng d = ^) 


hay 


f(t, t,t, d) = f [t,t,t, -3 ) ^ 0 , 


1\ 2 

3 I 3 tf + —)+4 — |3t + -T) ^ 0. 


t e 




Do (3t + jj ) 2 = 9t 2 + f nen bāt dāng thūte tren tUdng dUdng v 6 i 


2 6 
_ +4 __ >0> 


hien nhien dūng theo bāt dāng thūte AM-GM. 


□ 
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Qua hai vf du tren, eo the thāy rang khi sur dung don bien de dua mōt so luong khōng nhō hdn 
3 eāe bien ve bāng nhau thi viee phān tieh ra binh phudng thuōng rāt kho khān vā ta buōc 
phāi sut dung nhōng dānh giā trung gian khāe mōi di den thānh eōng. Ta eūng gāp kho khān 
tudng tu khi sū dung don bi6n dua hai bien ve bang nhau trong mōt so bāt dāng thūe ba bien, 
dāc biet lā nhūng bāi toān eō dieu kien la. Ta xet vi du sau: 

Vf du 43. Cho a, b, e > 0 thoa mān ab + bc + ca + 6 abc = 9. Chting minh rang 

a + b + e + 3abc ^ 6. 

Chxtng minh. Giong nhu eāe bāi truōe, ta de dāng du doān dudc dāu dāng thūe xāy ra khi 
a = b = e = 1, tū dō ta eō y tūōng sū dung don bien dua hai bien ve bang nhau. Chāng han 
ta se dua (o, b) ve ( t, t) vāi t lā so dudng thōa mān (so t. nāy ton tai, ban doc eo the kiem tra) 

t 2 + 2 te + 6£ 2 c = ab + bc + ca + 6 abc = 9. (1) 

Nhu thuōng lp, ta eān tim dieu kien sao eho bāt dāng thūe 

f(a, b, e) ^ f(t, t, e) (2) 

dūng, trong do f(a, b, e) = a + b + c + abc. 

Giōng nhu nhūng vf du trūōe, ta tāeh bāt dāng thūe tren thānh 

a + b — 2t ^ 3 c(t 2 — ab). (3) 


Moi viee tuōng ehūng khā suōn se thuān ldi, nhūng dōn buōc nāy thi ta eo the thāy ngay mōt 
kho khān khā lōn. Tū (1), nōu tinh t trūe tiōp de eo the the vāo (3) vā tāeh binh phuong, ta 
se phāi trāi nhieu tinh toān vā thu dupc eāe eān thūe phūe tap. Dieu nāy khōng khā thi vi 
vōi eāe eān thūe rāt kho tāeh binh phudng, mā eho dū eo tāeh dudc thi ta eūng phāi trāi qua 
nhieu quā trinh true eān thūe de rōi euōi eūng thu dūdc mōt bieu thūe rāt phūe tap, rāt kho 
dānh giā. Lūe nāy, eo mōt y tuōng rāt thū vi: 

Di y rāng khi a = b = t thi t 2 = ab, 2 te = bc + ea vā 6t 2 c = 6 abc. Tū do ta viet lai (1) thānh 


(t 2 — ab) + (6t 2 c — 6 abc) = ac + bc — 2 te, 


hay tUdng dudng 


(1 + 6c)(t 2 — ab) = c(a + b — 21). 



Den day thi ehāe hān eāe ban dā phāt hien dupc diiu mā ehūng tōi muon de eāp. Tū (4), ta 
eo the rūt ra a + b — 2t = L^(t 2 — ab), vā do do ta eo the thi vāo (3) di phān tieh dupc nhān 
tū t 2 — ab vā thu dudc mōt bāt dāng thūe khā gon lā 


(t 2 — ab) 


1 + 6c 


3c ^ 0. 


(5) 


Nhu vāy, ta ehi eān tim dieu kien eho bāt dāng thūe nāy dūng nūa lā xong. 
Ta eo mōt ehū y quan trpng lā tū (4), ta eo thi suy ra 



2 
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That vāy, neu t > ~ thi ve phāi eua (4) lā mōt so am. Trong khi do, ta lai eo 

o , (a + b) 2 (a — b ) 2 

t 2 -ab> -——i- -ab= -—> 0 
4 4 

nen ve trāi eua (4) la mpt so diTdng. So am thi khōng the bāng so dttōng, do vay ta eo dieu 
māu thuān. Tuong tu, ta eūng khōng the e 6 t < Vāb. 

Bāy giō, tū ket quā tren ta suy ra t 2 — ab ^ 0. Va nhū thl, dō bāt dāng thūe (5) dūng, ta ehi 
eān tim dieu kien sao eho 

i±£-3c>0. 

C 

De thāy khi e eāng nho thi ve trāi eūa bāt dang thūe nāy eāng 16n, nghla lā khā nāng vō trāi 
khōng ām eūng se eāng eao. Tū day ta ngh! den viee ehon e = min{a, b, e}. Khi āy ta eo the 
thāy ngay 0 < e ^ 1, dān deri 

- 3c = - + 6 - 3c > 0. 

, e e 

Nhu vāy, trong trriōng hpp nāy (1) dūng vā ta dūa dūdc bāi toān vō xet mpt bāt dāng thūe 
mōt bien lā (ehū y rāng e = 


f{t, t,c) = f (^t, t, 


2t(3t + 1) 


Bāt dāng thūe nāy tūong dūong v6i 


n 9 - t 2 3/(9 - t 2 ) „ 
2t + 2t(3(+ 1) + 2(3t + 1) > 6 ’ 
_9-f_ MO-f) 

2/(3/ + 1) 2(3/ + 1) •" 1 

Q + t 

—--1- 3/(3 + t) ^ 4(3t + 1), 

v 

/ 2 + - - / - 1 ^ 0 , 


hiōn nhien dūng dot 2 + | — t — 1= ^ 0. 

Vi'tiu 44. Cho ba so āilōng a, b, e thoa mān ab + bc + ca + 2abc = 1. Chiing minh rang 


a 2 + b 2 + e 2 + 10 abc ^ 2. 


Chveng minh. Khōng māt tinh tōng quāt, giā sū e = min{a, b, e}. Ta se ehūng minh 

a 2 + b 2 + e 2 + 10 abc ^ 2t 2 + e 2 + 10t 2 c, 
vōi t lā so dūdng sao eho (sō t nāy ton tai) 

t 2 + 2 te + 2 t 2 c = ab + bc + ca + 2 abc = 1. 

Bāt dāng thūe (1) tūPng dūdng v6i 

(a + b) 2 — 2ab + 10 abc ^ 2t 2 +'10t 2 c, 


( 2 ) 
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hay 

(a + b) 2 — 4t 2 ^ (lOe — 2)(t 2 — ab). (3) 

Mat khāe, do (2) nen ta eo 

c(a + b — 2 t) = (2c 4- l)(t 2 - ab ), 

ttr do de dāng suy ra ^ ^ t ^ y/āb vā a + b — 2t = — fb(t 2 — ab), dān den 

(a + b) 2 — 4 1 2 — (a + b — 2 t)(a + b + 2t) — ° ^ (t 2 — ab)(a + b + 2 1). 

Vā do do, (3) eo the diroc viet lai thānh 

(t 2 - ab) [(o + b + 2t)(2c + 1) - 2c(5c - 1)] ^ 0. 

Bāt dāng thute nāy dung do a + b + 2t ^ 4 \fāb ^ 4c vā 2(2c + 1) — (5e — 1) = 3 — e > 0. Vay 

(1) dung, do vay ta ehi eān ehiing minh 

2 1 2 + e 2 + 10t 2 c ^ 2. 


Vi t = -rhr-, (suy ra tā (2)) nen bāt dāng thile tren trtemg duong v6i 


1+2 e 


10c + 2 


c z >2- 


(2c +1) 2 
10c + 2 


+ e 2 ^ 2, 


2c(4c — 1) 
(2c + l) 2 “ (2c+l)2 ’ 

c(4c 2 + 4c + 1) ^ 2(4c — 1), 


hien nhien dūng vi c(4c 2 + 4c + 1) — 2(4c — 1) = (e + 2)(2c — l) 2 ^ 0. □ 

Tren dāy, ta vūa xet qua mōt sō kieu don bien de dua eāe bien vg bang nhau. Ngoāi ra ta 
eon eo nhiāu phuong phāp don bien khāe tūy thuōe vāo tūng bāi toān vā dieu kien tUOng ūng 
(ehāng han, quy nap eūng eo the xem lā mōt phUOng phāp dōn bien hieu quā de xū ly eāe bāt 
dāng thūe dang tong quāt 7 ). Ban doc quan tam eo thg tu tim hieu thgm. 

4.2.2 Don bien ve bien 

Nhu dā noi d phān giōi thieu, khi mōt bāt dāng thūe eo dāu bang dat duoc tai bign thi ta eo 
the thū sū dung dōn bign ve bign de dua vg sō bien lt hon. Cōng viee eōn lai ehi lā tim eāeh 
xū lv bāt dāng thūe mōi vōi so bien lt hon āy. Sau day lā mōt so vi du: 

Vi du 45. Cho eāe so khong ām a, b, e thoa mān a + b + e = 3. Chūrig minh rang 

a 2 b + b 2 c + c 2 a ^ 4. 


ChvCng minh. Dav lā mōt bāt dāng thūe hoān vi vōi ba bien a, b, e. Kinh nghiem thōng 
thuōng eho thāy eāe bāt dāng thūe hoān vi thuōng xāy ra dāu bang khi tāt eā eāe bien bang 
nhau hoāe khi eo mpt bien nhān giā tri tai bign. Māt khāe, ta de dāng nhan thāy bō so 
a = b = e = 1 khōng phāi lā diem dāng thūe eūa bāi toān nāy, vi vay rāt eo khā nāng bāt 
dānf thūe dā eho eo dāu bāng khi mōt trong ba so a, b, e bang 0. Do tinh hoān vi vong quanh 


7 Xem lai vf du 4 phān 1. 
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nen ta eo thg gia sii e = 0, khi do 6 = 3 — a. Thay vao kigm tra trne tiep, ta eo ngay tai a = 2 
(tnong hng 6 = 1) thi dāu dāng thiie xāy ra. Vāy ta du doān dtfpc dieu kien dāng thāe eua bāi 
toān lā a = 2, b — 1 vā e — 0. 

Ttf du doān nāy suy ra phep don bien mā ta nen sāt dung 6 dāy lā dōn ra bien (ehuf khōng phāi 
dua eāe bien v§ bāng nhau). Chang han, ta se don e ve 0. Chū y rāng, ta eān dām bāo giā 
thiet eūa dō bāi lā a + b + e = 3, hdn nōa do dieu kien dang thūe nhu tren nen rāt tU nhien ta 
nghl den viee “gān” nhōng eāi 16n nhāt vāo a. Tō nhōng phan tieh nāy, ta nghl den viee dānh 
giā dua ( a, b, e) ve (a + e, 6, 0) (6 dāy ta ghep e vāo a de so hang dāu eāng them 16n). 

Nhu vay, ta eān tim dieu kien sao eho 

f(a,b,c)^f(a + c,b, 0), (1) 

trong do f(a, b, e) = a 2 b + b 2 c + c 2 a. 

Tinh toān trUe tiep, ta eo 

f(a, b, e) - f(a + e, b, 0) = a 2 b + b 2 c + c 2 a - (a + c) 2 b = a 2 b + b 2 c + c 2 a - b(a 2 + 2ac + e 2 ) 

= b 2 c + c 2 a — 2 abc — bc 2 = c(b 2 + ae — 2 ab — bc). 

Suy ra, de bāt dāng thōe (1) dūng thi ta phāi eo 

b 2 + ae — 2 ab — bc < 0. 

Quan sāt mot ehūt, ta thāy b 2 + ac- 2 ab -bc= (b - a)(b - e) — ab < (b — a)(b -e). Do do neu 
(b — a)(b — e) ^ 0 thi (1) se dūng vā bu6c don bien dU6c thue hien xong. Nhung dieu nāy hoān 
toān eo the xāy ra, eu thl nōu ta ehon b lā so nām giōa a vā e thi se eo ngay (b — a)(b — c) ^ 0. 
Phep giā sō nāy hoān toān hpp le, vi day lā mot bāt dang thōe hoān vi v6i ba bien a, b, e. 

Nhu vay, ta dā tim duoc dieu kien de (1) dūng. Tāt eā eōng viee phāi lām eōn lai ehi lā xet 
bāt dang thōe mōt bien 

f(a + e, b, 0) = /(3 - b, b, 0) = 6(3 - 6) 2 < 4. 

Nhung ta eo the thāy ngay bāt dāng thōe nāy dūng vi 4 — 6(3 — 6) 2 = (4 — 6) (6 — l) 2 ^ 0. Bāi 
toān dU6c ehōng minh xong. □ 

VI du 46. Cho eae so khōng ām a, 6, e thoa mān a + 6 + e = 2. Chiing minh rang 

a 2 b 2 + 6 2 c 2 + c 2 a 2 < 1. 

Chiing minh. Dāt f(a, 6, e) = a 2 b 2 + 6 2 c 2 + c 2 a 2 . Ta eān ehōng minh 


f(a, 6, e) ^ 1. 

Khōng māt tinh tong quāt, giā sō a = max{a, 6, e}. Khi do, ta eo 

f(a, 6, e) - f(a, 6 + e, 0) = a 2 b 2 + b 2 c 2 + c 2 a 2 - a 2 (b + e) 2 

= a 2 6 2 + 6 2 c 2 + c 2 a 2 - a 2 (b 2 + 26c + e 2 ) 
= 6c(6c — 2a 2 ) + 0, 

suy ra 

f(a, 6, e) < f(a, 6 + e, 0) = a 2 (b + e) 2 . 

Māt khāe, sō dung bāt dāng thōe AM-GM, ta lai eo 


a 2 (6 + c) 2 < 


a + (6 + e) 


~\ 4 


= 1 . 


Tō day, ket hop v6i tren, ta suy ra ngay dieu phāi ehōng minh. 


□ 



170 


Cac chuyen de boi du’9ng hoe sinh giōi Toan 


Khi giāi toān, ta se gāp phāi nhōng bāi toān mā neu ehi sut dung don thuān mōt phep don 
bien thi se khōng māy thānh eōng. Tuy nhien, khi phoi hop nhiōu phep don bien vōi nhau, ta 
lai thu duoc hieu quā dāng kinh ngae. Xet mōt vi du sau 

Vf du 47. Cho ba so ehtefng a, b, e thSa mān a + b + e = 3. Chxlng minh rang 

8f- + ^ + -^+9^ 10(a 2 +.6 2 + e 2 ). 

\a b e) 


ChvCng minh. Ō nāy, ta du doān duoc dāu dāng thute xāy ra khi a = 6=|, c = 2 (vā eāe 
hoān vi). Do dō, giong nhu nhūlng bāi dā lām d phān truāe, ta nghi ngay den viee don bien 
dua ve hai bien bāng nhau. Chāng han, ta se tim eāeh dua (a, b ) ve (^, (do giā thiet lā 
a + b + e = 3). Khi dō, ta eān tim dieu kien dō bāt dāng thute 


/(a, b, e) ^ / 


a + b a + b 


c 


dūng, trong dō /(a, b, e) = 8 Q + £ + 1) + 9 — 10(a 2 + b 2 + e 2 ). 
Tinh toān trUe tiep, ta eo 


f{a, b, c)-f( 


a + b a + b 


e 


o.ll 4 

8 ( _ + -—— 

a b a + b 


8 (a — 6) 2 
ab(a + 6) 


— 5(a — 6) 2 = (a — 6) 


5 [2(a 2 + 6 2 ) - (a + 6) 2 ] 
8 


ab(a + 6) 


-5 


Vi the, ta eān tim diōu kien sao eho 


( 1 ) 


ab(a + 6) < 

5 

Tuy nhien, mōt dieu trā treu lā dū ta eo bo sung giā thiōt the nāo bāt dāng thūe nāy eūng 
khōng dūng (vi ta eō sāp thū tu eāe bien the nāo di ehāng nūa thi bō (1, 1, 1) vān luōn nām 
trong dō, mā tai diem nāy bāt dāng thūe tren sai). Nhu vāy, muon don ve hai biān bāng nhau 
thi ta ehi eōn eāeh xet truāng hpp mā thōi. Cu the, neu ab(a + 6) < | thi (1) se dūng vā khi 
dō ta dua duoc bāi toān ve xet mōt bāt dāng thūe mpt biōn lā 

e 


f 


a + b a + b \ /3 — e 3 

ō > ō , c I — / 


, e 0 . 


Bang eāe bien dōi tuong duong, ta eo the thāy ngay bāt dāng thūe nāy dūng (xin dānh eho 
ban doc). Do vay, ta ehi eōn phāi xet truōng hpp 

ab(a + 6) > -. 

5 

Ly luān tuong tu, de thāy rang ta ehi eān xet bāi toān trong truōng hpp 

8 8 8 

a6(a + 6)>-, 6c(6 + c)>-, ca(c + a)>~. (2) 

o i o 5 

Rō rāng lūe nāy viee don bien dua eāe bien ve bang nhau nhu truāe khōng thue hien dupc 
nūa. Vūy ta phāi lām the nāo dāy? 
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Trong tinh huong nay, eo mōt y tuōng rat sāng tao vā tāo bao lā phoi hdp vōi ddn bien ve 
bien. Hāy eung ehūng tōi xem xet y tuōng nāy: Khōng māt tinh tong quāt, giā sū a ^ 6 ^ e. 
Khi do, ta se xem e lā bien eūa a, 6 vā thue hien don biān ve bien nhu thōng thuōng, nghia lā 
ta se ehūng minh 

f(a,b,c)^f(a + b-c,c,c). (3) 

Bāt dāng thūe nāy tUOng dudng vōi 

8 (- + i-^-^ 10 [a 2 + b 2 — <? — (a + b — e) 2 ] . 

\a b a+b-c e) L v ' J 


Do a 2 + b 2 — e 2 — (a + b — e) 2 = —2(a — c)(b — e) vā 

11 1 1 o 4* 6 a + b 

a b a + b — e e ab c(a + b — e) 

« 

nen ta eo thō viet lai bāt dāng thūe tren thānh 


(o 4- b)(a — c)(b — e) 
abc(a 4 - b — e) 


4 (a — c)(b — c) 5-■ ~V > -—r ^ 0, 

v /v _ o6c(a + 6-c) ’ 


hay tuong dudng 


4(a — c)(6 — e) [5a6c(a + 6 - e) - 2(a + 6)] ^ 0. 

Chū y rkig 4(a — c)(6 — e) ^ 0. Māt khāe, tū (2) ta lai eō 

8 8 8 24 

6abc — a ■ bc(b + e) + 6 • ca(c + a) + e • ab(a + b)>a-- + b-- + c-- — —, 

5 5 5 5 

suy ra 5abc > 4 vā do do 

5abc(a + b — e) — 2 (a + 6) > 4(a + 6 — e) — 2(a + 6) = 2(a + 6 — 2c) ^ 0. 

Vāy (3) dūng, vā ta quy dudc bāi toān ve hai bien bang nhau (dū ta dā thue hiōn don bien ve 
bien!). TrUōng hdp nāy dā dUdc xet ō tren nen bāi toān dUdc ehūng minh xong. □ 

Cuoi eūng, ta ket lai phān nāy vōi mōt ehūng minh thū vi bāng phep don bien ve bien eho bāi 
toān thi ehon hoe sinh gioi Quoc gia nām 1996. 

Vi du 48 (Viet Nam, 1996). Cho eāe so khong ām a, 6, e thoa mān ab + bc + ca + abc = 4. 
ehāng minh rang 

( a + b + e ^ ab + bc + ea. 

Chvlng minh. Do a6 + 6c + ea = 4 — q6c nen bāt dāng thūe eān ehūng minh eo thi dudc viet 
lai duōi dang f(a, 6, e) ^ 4, trong do 

f(a, b, e) — a + b + c + abc. 

Khōng māt tfnh tong quāt, giā sū a nām giūa 6 vā e. Khi do ta se ehūng minh 


f(a, 6, e) ^ / ( 6 + e, 0) , 


a + 6 + e + abc ^ 6 + e 
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Bāt dāng thi'te nay eo thi viet lai thanh 


(i a + abc){b + e) ^ 4. 


Tinh toan trule tiip, ta eō 

(a + abc){b + e) — 4 = {ab + ae) + abc{b + e) — {ab + bc + ca + abc) = bc [a{b + e) — a — l]. 

Chu y rāng, tfif gia thiit. de dāng suy ra ab + bc + ea ^ 3. Th day kit hdp v6i bāt dāng thhe 
AM-GM, ta drfdc 

a 2 + 1 a 2 + 3 

a{b + e) — a — 1 ^ a{b + e) --— — 1 = a{b + e)--— 

& 

, \ a 2 + {ab + bc + ea) {a - b){a - e) ^ n 
^ a(o + e)- - -—- - + 0. 

Do vay (2) dūng, suy ra (1) eūng dūng. Va v6i kit quā nāy, ta eo ngay 

/(a, b, e) > f (b + e, o) ={b + c) + > 4. 


Bāi toān dudc ehūng minh xong. □ 

Bāi tap ti/ luyen 

Bāi tāp 97 (Viet Nam, 2006). Cho ba so dudng a, b, e thoa mān abc= 1. Chūng minh rāng 


a 2 + b 2 + c 2 + 3>2(- + f + -). 

V a b e / 


1 1 1 


Bāi tāp 98. Cho a, b, e € [|, 2] . Chūng minh rang 


„/a b c\ _ _ / y z x\ 

8(7-4-I— ] ^ 5 ( — .4-1— ) + 9. 

\b e a) \x y zj 


Bāi tāp 99. Cho a, b, e ^ \ vā a + b + e = 3. Chūng minh rang 


a 2 b 2 + b 2 c 2 + c 2 a 2 ^ ab + bc + ea. 


Bāi tāp 100. Cho ba so khōng ām a, b, e thoa mān ab + bc + ca = 3. Chūng minh rang 


a 3 + b 3 + e 3 + labc ^ 10. 


Bāi tāp 101. Cho ba sō khōng am a, b, e thoa mān ab + bc + ca = 3. Chūng minh rang 


a 2 + b 2 + e 2 + 3 abc ^ 6. 


Bāi tāp 102 (Viet Nam, 1996). Cho a, b, e lā eāe so thue bāt ky. Chūng minh rāng 


(a + b) 4 + {b + e) 4 + (e + a) 4 ^ ~{a 4 + b 4 + e 4 ). 
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Bāi tāp 103 (Iran, 2009). Cho a, b, e > 0 vā a + b + e = 3. Chutng minh rāng 

1 11 


+ 


+ 


<?. 


a 2 + 6 2 + 2 b 2 + c 2 + 2 e 2 + a 2 + 2 4 

Bāi tāp 104 (Viet Nam, 2009). Cho a, b, e lā eāe so thne dudng. Tim tāp hpp tat eā eāe so 
thile k sao eho bāt dāng thile sau dūng 


k + 


b + e 


k + 


k + 


a + b 


> \k+ l - 


c + a) ' 

Bāi tāp 105. Cho eāe so khōng am a, b, e thōa mān a + b + e = 3. Chūng minh rang 

a 2 b + b 2 c + c 2 a + abc < 4. 

Bāi tāp 106 (Viet Nam', 2002). Cho ba so thile a, b, e thōa mān a 2 + b 2 + c 2 = 9. Chūng minh 

2(a + b + e) — abc ^ 10. 

Bāi tāp 107. Chūng minh rāng nlu x, y, z lā eāe so thue thōa mān x 2 + y 2 + z 2 = 2, thi 

x + y + z < xyz + 2. 

Bāi tāp 108. Cho ba so thife difdng a, b, e thōa mān a :i + b 3 + e 3 = 3. Chūng minh rāng 

a 4 b 4 + 6 4 c 4 + c 4 a 4 ^ 3. 

Bāi tāp 109. Cho eāe so khōng ām a, b, e thōa mān a + b + c = 2. Chūng minh rang 

a 3 b 3 + b 3 c 3 + c 3 a 3 < 1. 

Bāi tāp 110. Chūng minh rang vōi moi a, b, e khōng am, ta eō 

a 4 (b + e) + b 4 (c + a) + c 4 (a + b) < -^(a + b + e) 5 . 

Bāi tāp 111. Cho eāe so khōng am a, b, e thōa mān a + b + e = 2. Chūng minh rāng 

(a 2 + ab + b 2 )(b 2 + bc + c 2 )(c 2 + ca + a 2 ) ^ 3. 

Bāi tāp 112 (Viet Nam, 2008). Cho a, b, e lā eāe so khōng ām khāe nhau tūng dōi mot. 
Chūng minh rāng 

1 1 1 _ 4 


+ 


+ 




(a — b) 2 (b — e) 2 (e — a) 2 ab + bc + ca 
Bāi tāp 113. Cho ba so khōng ām a, b, e thōa mān ab + bc + ca = 1. Chūng minh rāng 


1 1 15 

+ - + -- ^ 


b + e e + a a + b 2 
Bāi tāp 114 (Iran, 1996). Cho ba so thue duong a, b, e. Chūng minh rāng 


(ab + bc + ea) 


+ 


+ 


1 


l(b + C y (c + a y (a + 6) J 4 
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Bāi tap 115 (Viet Nam, 2006). Cho a, b, e lā dō dāi ba eanh eua mōt tam giāe. Chi5ng minh 


(a + b + e) ( —h - H— ) ^ 6 
\a b e 1 


a b e 

+ — + 


b + e c + a a + b , 

Bāi tāp 116. Chiing minh rang neu a, b, e, d lā eāe so thue dUdng, thi 

3(a 4 + ā 4 + e 4 + d 4 ) + 4 abcd ^ (a + b + e + d)(a 3 + 6 3 + e 3 + d 3 ). 


Bāi tāp 117. Cho eāe so khōng am. a, b, e, d thōa mān a + 6 + c + d = 4. Chilng minh rāng 
a 2 + b 2 + e 2 + d 2 + 4 (a — 1)(6 — l)(c — 1 )(d —1)^4. 

Bāi tāp 118. Cho eāe so khōng am a, b, e, d thōa mān a + 6 + c + d = 2. Chiing minh rāng 
(a 2 + b 2 + c 2 )(b 2 + e 2 -f d 2 )(c 2 + d 2 + a 2 )(d 2 + a 2 + b 2 ) 4. 

Bāi tāp 119. Cho eāe so khōng arn a, b, e, d thōa mān a + 6 + c + d = 3. Chilng minh rang 


ab(b + e) + bc(c + d) + cd(d + a) + da(a + b) ^ 4. 

Bāi tāp 120. Hāy giāi lai eāe bāi toān 18, 19, 22, 23 bāng eāeh suf dung don bien. 

Bāi tap 121 (Viet Nam, 2011). Cho so nguyen n ^ 3. Xet n sō thite x\, x 2 , ..., x n thōa mān 

dōng thōi eāe diōu kien: 

(i) xi ^ x 2 ^ ^ x n ; 

(ii) xi + x 2 H-1- x n = 0; 

(iii) x\ + x\ 4-1- Xn = n(n - 1). 

Tim giā tri lōn nhāt vā giā tri nhō nhāt eūa tong S = x\+x%. 

Bāi tāp 122 (My, 1999). Cho so tu nhien n ^ 4 vā eāe sō thue x 1? x 2 , ..., x n sao eho 

xi + x 2 H-1 -x n ^n, x\ + x\ H-1- x 2 n > n 2 . 


ChUng minh rāng 

max{a:i, x 2 , ..., x n } ^ 2. 

Bāi tāp 123 (Canada, 2000). Cho eāe so thue x\, x 2 , ..., sioo thōa mān: 

(i) xi ^ x 2 ^ ^ xioo > 0; 

(ii) x x +x 2 ^ 100; 

(iii) x 3 + x 4 4-h- a;ioo < 100. 

Tim giā tri lān nhāt eūa tong x\ + x\ H-1- x 3 00 . 

Bāi tāp 124. Cho eāe so khōng am x\, x 2 , .x n c 6 tōng bang 1 . Chūtng minh rāng 
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THAM SŌ HŌA TRONG CHŪNG MINH 
BAT BĀNG THŪC 

Cao Minh Quang : 


Chūng ta dā quen v6i ky thuat tham so hoa trong eāe bāi toān ve phuong trinh, he phuong 
trinh. Trong bāi viet nāy, ehūng tōi xin trinh bāy ky thuat giāi eāe bāi toān bāt dāng thūe 
bang eāeh tham so hōa. 

Y tuōng ehinh eūa ky thuāt lā nhan xet eāe moi quan he giūa eāe bien trong bāi toān de eō 
the them bien phu. Ō day, ta thue hien tham so hoa bang eāeh sū dung tmh ehāt: Vōi moi so 
thue a, b thi luon ton tai so thue k sao eho a = b + k. Trong truōng hop bāi toān eo nhieu biōn 
thi ta eo the tham sō hoa them mōt vāi bi6n khāe. Mue tieu ehfnh 6 day lā sū dung “phep tinh 
tien tren true so” dō chuyen eāe bien dang duoc xem xet thānh eāe bien nhān giā tri nhō hon, 
vā tū day ta se de dāng dānh giā eāe bien mōi so vōi eāe bien ban dau. 

Ky thuat nāy thuōng āp dung eho 16p eāe bāi toān bāt dāng thūe dong bac, doi xūng hoae 
hoān vi. Sau day lā mot so bāi toān minh hoa. 

Bāi toān 1 (Bāt dāng thūe AM-GM eho ba so). CMng minh rang vōi moi so thue khōng ām 
a, b, e, ta eo ba.t ddng tMe 

a + b + c ^ 3rr 
---> Vabc. 

O 

ChvCng minh. Dāy lā bāi toān eo bān, noi tieng, eō nhieu eāeh ehūng minh vā ūng dung. Mpt 
eāeh tUOng dU0ng, ta ehi eān ehūng minh 

a 3 + b 3 + e 3 ^ 3 abc, Va, b, e ^ 0. 

Khōng māt tfnh tong quāt, giā sū a = min{a, b, e}. Dāt b = a + x vā e = a + y thi x, y ^ 0. 
Thay vāo bāt dāng thūe ean ehūng minh, ta eo 

. a 3 + (a + x) 3 + (a + y) 3 ^ 3a(a + x)(a + y). 

rp J 

Sau khi khai trien vā rūt gon, ta dupc 

3 ax 2 + 3 ay 2 + x 3 + y 3 ^ 3 axy. 


Bāt dāng thūe nāy hien nhien dūng do ta eo 3ax 2 + 3 ay 2 — 3 axy = 3 a(x — y) 2 + 3 axy ^ 0 vā 
x 3 + y 3 ^ 0. Bāi toān dupc ehūng minh xong. □ 

Bāi toān 2. Cho eāe so thue khōng ām a, b, e. CMng minh rang 

Q — + - ~ ~ - C - ^ abc + ^\(a - b)(b - c)(c - a)\. 

^Giao vien truūng THPT Chuyen Nguyen Binh Khiem, Vlnh Long. 
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Nhān xet. Bai toān 2 lā mōt ket quā ehāt. hefn so vōi bāi toān 1 nen eo the ehūng ta se gāp 
nhieu kho khān trong viūe tim 16i giāi. Māe dū bāt dāng thūe dang xet eo dang dong bac vā 
doi xūng nhung kho khān mā ehūng ta gāp phāi lā lām thg nāo phā bo duoc dāu tri tuyet doi. 
May mān thay, vi tinh ehāt doi xūng, nen khong māt tinh tōng quāt, ta eō the “sāp xep thū 
tu” eāe bien a, b, e, tū do ta eo thl bo dāu tri tuyet doi vā biln doi tiōp de eo lōi giāi. 

ChHeng minh. Khōng māt tinh tōng quāt, giā sū a ^ b ^ e. Khi dō ton tai x, y ^ 0 sao eho 

b = a + x, c = a + y, y ^ x. 

Thay vāo, bāt dāng thūe eān ehūng minh eo the viet lai thānh 

g 

a 3 + (a + x) 3 f (a + y ) 3 - 3a(a + x)(a + y)~ -xy(y - x) ^ 0, 


tuong duong vāi 


hay lā 


(3 ay 2 - 3 axy) + 3 ax 2 + x 3 + y 3 - ^xy 2 + ^x 2 y ^ 0, 


3 ay(y — x) + 3 ax 2 + (y — x) 3 + -xy(y — x) + 2x 3 ^ 0. 


□ 


Bāt dāng thūe euoi eūng luōn dūng vi y ^ x ^ 0. 

Ta se eūng xem xet rnot so vi*du khāe. 

Bāi toān 3. Cho a, b, e lā eāe so khong ām thoa mān a + b + c = 1. Chiing minh rang 

(a - b)(b - c)(c - a) ^ 

Nhān xet. Kho khān ehūng ta gāp phāi lā bieu thūe khōng doi xūng. Neu dūng phep bien 
doi dai so thi ta phāi ehūng minh mōt bāt dāng thūe bāc 3 khōng doi xūng. Tuy nhien, vdi luu 
y rāng A < |^4j, 'iA G M, ta eō the chuyen bieu thūe thānh dang doi xūng nhu 6 bāi toān 2. 

Chv!ng minh. Ta se ehūng minh bāt dāng thūe manh hon 


|(a — b)(b — c)(c — a)| ^ 


18 


Vi day lāmōt bāt dāng thūe doi xūng nen khōng māt tinh tōng quāt, ta eo the giāsiia < 6 < e. 
Dāt b = a + xvkc = a + y vōi y ^ x ^ 0, bāt dāng thūe eūa ta trd thānh 


xy(y - x) < 


18 ' 


Doa + 6 + c = l nen 3a + x + y = 1, suy ra x + y ^ 1. Mā y ^ x ^ 0 nen ta eo 0 < x < \ vā 
x ^ y ^ 1 — x. Tū day suy ra 

xy(y — x) < x(l — x)(l — 2x) = 2x 3 — 3x 2 + x. 

Xet hām so f(x) = 2x 3 — 3x 2 + x v6i x € [0, i] . Ta eo 

f(x) = 6x 2 — 6x + 1. 


(1) 
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De thay f'(x) = 0 khi x = f'(x) > 0 khi x € 0, va f(x) < 0 khi x 6 5 

Ket quā nāy eho thāy lā digm eue dai, vā nhu vay ta eo 


f( - x) < f 3 -ir) = w Vxe 




Kāt hop vdi ( 1 ), ta suy ra ngay ket quā eān ehufng minh. V 6 i giā thiet a < 6 e, dāng th 6 c 
xāy ra khi vā ehi x = y = t 6 c a = 0, 6 = e = □ 

Chu y. V 6 i ehāng minh tren, ta khōng ehi giāi ducfc bāi toān mā eōn thu dU0c mōt bāt dāng 
thile “kep” thū vi lā 

"ll ^ (a - b)(b - c)(c ~ a) ^ 

Cāc bāi toān tiep theo se minh hoa eho tinh uu vipt eūa ky thuāt nāy. 

Bāi toān 4. Cho a, b, e lā ba eanh eūa mōt tam giae. Chūng minh rhng 

(a + b + e) min{a, b, e} < 2 ab -f 26c + 2 ca — a 2 — 6 2 — e 2 . 

Chvtng minh. Do tinh doi xūng nen ta eo the giā sū a = min{a, b, e}. Bāt dāng thūe eān 
ehūng minh trd thānh 


(a + b + c)a < 2 ab + 2 bc + 2 ca — a 2 — 6 2 — e 2 , 


tuong duong 


2 a 2 + 6 2 + e 2 ^ ab + ae + 26c. 

Dāt 6 = a + x vā e = a + y v 6 i x, y ^ 0. Thay vāo tren. ta eo 

2 a 2 + (a + x) 2 + (a + y) 2 < a(a + x) + a(a + y) + 2 (a + x)(a + y), 
hay tuong duong 

x 2 + y 2 ^ x(a + y) + y(a + x). 

Bāt dāng thūe euoi luōn dūng, vi ta eo a + x > y (tuong duong v 6 i a + 6 > e) vā a + y > 
(tuong duong v 6 i a + e > 6 ). Bāi toān dupc giāi quyet xong. 

Bāi toān 5 (Crux). Cho a, 6 , e, d > 0 vā d = min{a, 6 , e, d}. Chvtng minh rhng 

a 4 + 6 4 + e 4 + df — Aabcd ^ 4 d [(a — d) 3 + (6 — d) 3 + (e — d) 3 — 3(a — d)(b — d)(c — d)] . 

Chūcng minh. Do d = min{a, 6 , e, d} nen ta eo the dāt a = x + d, b = y + d va, e = z + d vd\ 
x, y, z ^ 0. Bāt dāng thūe eān ehūng minh trd thānh 

(.r + d) 4 + (y + d) 4 + (z + d) 4 + d 4 - Ad(x + d)(y + d)(z + d) ^ 4d(:r 3 + y 3 + z 3 — 3 xyz). 

Sū dung eāe phep bien doi dai so, ta eo 

A = (x + d) 4 + (y + d) 4 + (z + d) 4 + d 4 

= x 4 + y 4 + z 4 + Adf + 4 d(x 3 + y 3 + 2 3 ) + 6d 2 (x 2 + y 2 + z 2 ) + Ad 3 (x + y + z) 


va 


Ad(x + d)(y + d)(z + d) = Ad 4 + Ad 3 (x + y + z) + Ad 2 (xy + yz + zx) + Axyzd. 


□ H 
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Do do bat dāng thile tren eo the viet lai thānh 

x 4 + y 4 + z 4 + 6d 2 (x 2 + y 2 + z 2 ) — 4 d 2 (xy + yz + zx) + 8 xyzd ^ 0 , 

trtdng dutdng 

x 4 + y 4 + z 4 + 4 d 2 [(x 2 + y 2 + z 2 ) — (xy + yz + zx )] + 2 d 2 (x 2 + y 2 + z 2 ) + 8 xyzd ^ 0 . 

Bāt dāng thiie euoi eiing luon dūng do x 2 + y 2 + z 2 ^ xy + yz + zx vā x, y, z, d ^ 0. Dāng 
thūe xāy ra khi vā ehi khi x. = y — z — 0, hay a — b — e = d. □ 

Bāi toān 6 . Cho eae sō thue a, b, e thoa mān max{a, b, e} — min{a, b, e} ^ 1. Chūng minh 

1 + a 3 + ā 3 + e 3 + 6 abc ^ 3 a 2 b + 3 b 2 c + 3 c 2 a. 

ChvCng minh. Khōng māt tinh tong quāt, giā sū a — min{a, b, e}. Dāt b — a + x va, e = a + y 
vōi x, y ^ 0. Ta eo 

a 3 + 6 3 + e 3 — 3 abc = 3 a(x 2 — xy + y 2 ) + x 3 + y 3 


vā 


a 2 b + b 2 c + c 2 a — 3 abc — a(x 2 — xy + y 2 ) + x 2 y. 

Do do, bāt dāng thūe eān ehūng minh tudng v 6 i 

1 + x 3 + y 3 ^ 3 x 2 y. 

Tū giā thiet, ta suy ra 0 ^ x, y < 1. Va nhu vay, sū dung bāt dāng thūe AM-GM, ta dudc 

1 + x 3 + y 3 ^ 3 xy ^ 3 x 2 y. 


Bāi toān dudc ehūng minh xong. 


Bāi toān 7. Cho a, b, e lā eāe so thue ddi mōt khāe nhau. Chi2ng minh rang 


(a 2 + b 2 + e 2 — ab — bc — ea) 


1 1 1 
+ — -+ 


[(a — b) 2 (b-c) 2 (e — a) 2 J 




27 


□ 


Oh-āng minh. Sū dung tinh doi xūng, ta giā sū a = min{a, b, e} vā dāt b = a + x, e — a.+ y. 
Vi a, b, e dōi mōt phān biet nen x, y > 0 vā x ± y. Bāt dang thūe eān ehūng minh trd thānh 


De y rang 


{x 2 -xy + y 2 ) 


j_ j_ 1 

x 2 y 2 (x — y) 2 



j_ j_ 1 = (x 2 + y 2 )(x - y) 2 + x 2 y 2 = (x 2 + y 2 )(x 2 + y 2 - 2 xy) + x 2 y 2 

x 2 y 2 (x — y) 2 x 2 y 2 (x — y) 2 x 2 y 2 (x — y) 2 

_ (x 2 + y 2 ) 2 - 2xy(x 2 + y 2 ) + x 2 y 2 _ (x 2 + y 2 - xy) 2 
x 2 y 2 (x — y) 2 x 2 y 2 (x — y) 2 


Do vay, bāt dāng thūe tren tUdng dudng v 6 i 


(x 2 -xy + y 2 ) ■ 


(x 2 - xy + y 2 ) 2 
x 2 y 2 (x — y) 2 
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x l — xy + y 2 (x 2 — xy + y 




-14 


Dāt t = x — >1 (do a:, y > 0, x / y). Ta eān ehting minh 

4 1 3 

~T> 27 - 

Do 4t 3 — 27(i — 1) = (2 1 — 3 ) 2 (t + 3) ^ 0 nen bāt dāng thhe tren hien nhien dūng. □ 

Bāi toān 8 . Chitng minh rang vōi moi a, b, e > 0, ta eo 

a b e > 3 7 max{(a — b) 2 , (b — e) 2 , (e — a) 2 } 

b + c + e + a a + b ^ 2 ‘16 ab + bc + ea 

ChvCng minh. Khōng māt tinh tōng quāt, giā sū a ^ b ^ e. Bāt dang thūe dā eho trd thānh 

a b e 3 7 (a — e) 2 

- _|_ - ~|_ - ^ — -f- - • -. 

b + e e + a a + b 2 16 ab + bc + ea 

Nhan eā hai ve eho ab + bc + ea, ta eo 

afa(ā + c) + 6 cl 6 [ā(c + a) + cal c[c(a + ā) + a 6 l 3. , . . 7 , 

b + c e+a a + b 2 16 

hay' tuong duong 


a 2 + b 2 + e 2 + abc 


1 1 1 
—r + - 1 -- 


d H~ b b + e e + d ) 2 


3 7 

^ ~(ab + bc + ea) + — (a - e) 2 . 


Sū dung bāt dāng thūe Cauchy-Schwarz, ta eo 


1 1 1 9 

a + b b + c c + a^2(a + b + c) 


Tū do suy ra ta ehi eān ehūng minh 


9 19 9 9a6c 3, . , . 7, .o 

“ +b +C + 2Ti : 6Trj > 2 ( “ !, + 6c + C “ ) + l6 (a “ c) ' 


Dāt a = c + xvhb — c + y vōi x ^ y ^ 0. Bāt dāng thūe tren trō thānh 

(llm 2 — 32 xy + 32 y 2 )c + (x + y)(3x - 4 y) 2 ^ 0. 

Day lā mot ket quā hien nhien, vi vay ta eo dieu phāi ehūng minh. II 

Cuoi eūng, xin dua ra mot so bāi tāp dō ban doc tu tim hiōu them. 

Bāi tap 1 (Bāt dāng thūe Shur). Cho a, b, e, r lā eāe so thue khōng ām. Chūng minh rāng 


a r (a — b)(a — e) + b r (b — c)(b — a) + c r (c — a)(c — b) ^ 0 . 
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Bāi tāp 2 . Cho eae so thite phān biet a, b, e. Chi!ng minh rāng 

1 


(a 2 + b 2 + e 2 ) 


11 

” 1 * /i + 


L(a — b) 2 (b-c)\ (e — a) 2 J " 2 


^ r. 


Bāi tāp 3. Cho eāe so thne phān biet a, b, e thōa mān eāe dieu kien a + b + e = lvā 
ab + bc + ea > 0. Hāy tim giā tri nhō nhāt eūa biāu thūe 


A = 


2 2 2 

+ -r + 7-r + 


|a — b\ | b — c| |c — a| y/ab + bc + ca 
Bāi tāp 4 (Viōt Nam, 2008). Cho eāe so khōng am phān biet x, y, z. Chūfng minh rāng 

1 t 1 ^ 1 ^ 4 

(a: — y) 2 (y — z ) 2 (z — x) 2 ^ xy + yz + zx' 

Bāi tāp 5. Cho k > 0 lā mpt hāng so eho truōe. Tim hāng so A lōn nhāt sao eho vōi mpi 
a^ō^e^rf^O thōa dieu kifn a + 6 + c + d= l thi bāt dāng thūfe sau dūng 

a—b b—c c—d d—a 

kTe + i + F+5TJ + F+T+i + kTb + c ? _ b ^ b ~ c ^ c ~ d) ' 

Bāi tāp 6 . Chūfng minh rāng vōi moi a,b,c> 0, ta deu eō 

(a 2 + 6 2 + e 2 ) 2 ^ 3(a 3 4 5 6 7 8 6 + 6 3 c + c 3 a). 
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DOI bien de chūng minh bAt DANG THŪe 

Nguyen Viet Hung 1 


C 6 rat nhieu phtrong phāp khāe nhau de ehutng minh bāt dāng thiie (BDT). Bāi viet nāy trinh 
bāy ve mot phuong phāp tuy khōng māi nhung khā hieu quā de giāi quyet eāe bāi toān BDT, 
dō lā phuong phāp doi bien. Trong rāt nhieu phuong phāp ehUng minh BDT thi dōi bien lā 
mot trong nhūng ky thuāt hay, the hien dupc tinh sāng tao eūa nguPi hoe toān. 

Dōi biln eūng eo rāt nhieu eāeh khāe nhau, tūy thuōe vāo tūng bāi toān eu the mā lua ehon 
eāeh doi bien sao eho thieh hpp. Viee doi bien mpt eāeh kheo leo se giūp ta chuyen BDT eān 
ehūng minh ve nhūng BDT quen thuōe vā dō ehūng minh hon. 

• 

1 Phi/oTng phap luTeTng giāe hoa 

Phuong phāp lupng giāe hōa (hay doi biōn lupng giāe) nhieu khi to ra rāt hieu quā doi vōi mōt 
sō BDT eo dieu kien. Bāng eāeh dōi bien thleh hpp ta eo the chuyen mōt BDT dai so eo dieu 
kien ve mōt BDT lupng giāe. Viee lām nāy rāt eo y nghla vi trong lupng giāe ta dā eo sān hāng 
loat eāe eōng thūe vā BDT eo bān. Nhung truōe het ta eān lām rō mōt so ket quā sau dāy 

Bō de 1. Niu x, y, z la eae so āuong thoa mān āieu kien x + y + x — xyz thi tdn tai mōt tam 
giāe nhon ABC sao eho x — tan A, y = tan B vā z — tan C. 

Chvtng minh. Ta eo tāp giā tri eūa hām so f(t) = tan t tren (0, f) lā R + . Do do, v 6 i moi 
so duong x, y, z dōu tōn tai eāe goe A, B, C e (0, |) de x = tanA, y = tan£ vā z = tanC. 
Thay vāo, dieu kien x + y + x = xyz trō thānh 

tan A + tan B + tan C = tan A tan B tan C, 


hay 


tan A + tan B = (tan A tan B — 1) tan C. 
Do tan A + tan B > 0 nen ta eo tan A tan B — 1 ^ 0 vā 


tan A + tan B 
1 — tan A tan B 

Dāng thūe nāy eo thō viet lai thānh 


— tan C. 


tan(A + B) = tan(7r — C). 

Tū day suy ra A + B = —C + kn, k e Z hay A + B + C = kn. ViO < A + B + C < nen 
k = 1. Vāy ta c6 A + B + C = n, hay A, B, C lā ba goe eūa mpt tam giāe nhon. □ 

Nhān xet. Hoān toān tUOng tu, ta eo thl ehūng minh dupc: Neu x, y, z lā eāe so āuong thoa 
mān x + y + z = xyz thi ton tai tam giāe ABC sao eho x = eot j, y = eot j vā z = eot j. 

^Hoe vien Cao hoe khoa 2010-2012, Dai hoe Khoa hoe Tu nhien, Dai hoe Quoc gia Hā Nōi. 
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B 6 de 2. Neu x, y, z lā eāe so āiiting thoa mān āieu kien xy + yz + zx = 1 thi ton tai mōt 
tam giāe ABC sao eho x — tan j, y = tan j, z = tan j. 

Chv!ng minh. Chū y rang gia thiet xy + yz + zx = 1 eo the viet lai thanh ^ + ^ + ^ \ 

Do do, theo hō d§ 1, ta thay rang tōn tai tam giae nhon ABC sao eho 

1 A 1 B 1 C 

— = eot —, - = eot —, - = eot —. 

x 2 y 2 z 2 

Tū day, sū dung eong thūe eot x = , ta eo ngay x = tan j, y — tan j va z = tan j. Bo de 

duoc ehūng minh. □ 

Nhān xet. Tttong tu, ta eūng eo: Neu x, y, z lā eāe so āuang thoa mān xy + yz + zx = 1 thi 
tdn tai tam giāe nhon ABC sao eho x = eot A, y = eot B vā z = eot C. 

Bō dl 3. Niu x, y, z la eāe so duōng thoa mān dieu kien x 2 + y 2 + z 2 + 2xyz = 1 thi tōn tai 
mot tam giāe nhon ABC sao eho x = eos A, y = eos B vā z = eos C. 

Chv!ng minh. Tū gia thiet suy ra 0 < x, y, z < 1, do do ta eo the dat x = eosA, y = eos B 
va z = eos C v 6 i 0 < A, B, C < |. Dilu kien x 2 + y 2 + z 2 + 2xyz = 1 eo th§ viet lai la 

eos 2 A + eos 2 B + eos 2 C + 2 eos A eos B eos C = 1, 

(eos A + eos B eos C) 2 + eos 2 B + eos 2 C — eos 2 B eos 2 C = 1, 

(eos A + eos B eos Cf + (1 — eos 2 C) eos 2 B = (1 — eos 2 C), 

(eos A + eos B eos Cf = (1 — eos 2 J5)(l - eos 2 C), 

(eos A + eos B eos C) 2 = sin 2 B sin 2 C, 

eos A + eos B eos C = sin B sin C, 

eos A + eos (B + C) = 0, 

A + B + C A — B — C n 
eos---eos---= 0 . 

Māt khae, do A, B, C E (0, |) nen A+ ^ +c g ( 0 , ^) va G (—f, j) . Tū day, k 6 t hdp 

vūi tren ta suy ra A + B + C = n, tūe A, B, C la ba goe eūa mot tam giae nhon. □ 

Nhgn xet. Chūng minh tuong tu, ta eūng eo: Neu x, y, z lā eāe so duong thoa mān diiu 
kien x 2 +y 2 + z 2 + 2xyz = 1 thi ton tai mot tam giāe ABC sao eho x = sin j, y = sin j vā 
z = sin j. Vi vāy ean āp dung linh hoat hai eāeh bien dōi nāy doi v 6 i tūng bāi toān eu the. 

Bāy gi 6 ta di vāo phan tfeh mōt vāi vl du eu thg de thāy dupc phān nāo tfnh hieu quā eūa 
phuong phāp nāy. 

Vi du 1 (Hān Quoc, 1998). Cho x, y, z > 0 thoa mān x + y + z = xyz. Chdng minh rang 

1 1 1 3 

Vl + x 2 y/l + y 2 \/l + z 2 ^ 2 

Chvtng minh. Tū dieu kien giā thiet suy ra ton tai tam giāe nhon ABC sao eho x = tan^4, 
y = tan B vā z = tan C (theo bo de 1). BDT eān ehūng minh tUOng duong v 6 i 

1 , 1 , 1 ^3 

\/l + tan 2 A \/l + tan 2 B \/l + tan 2 C ^ 2’ 
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hay la 


eos A + eos B + eos C ^ 


Dāy lā mōt BDT eō bān trong tam giāe, viee ehilng minh no rāt de dāng. 
Vi du 2. Cho x, y, z > 0 thoa mān xy + yz + zx = 1. Chvcng minh rang 


□ 


2x 2 y 2z 

+ r-Tr + 




+ 


+ 


1 + x 2 1 + y 2 1 + z 2 \/l + x 2 y/l + y 2 Vl + z 2 

ChvCng minh. Suf dyng bo de 2, ta eo the dāt x = tan f, y = tan f, 2 = tan f vdi A, B, C 
lā ba goe eua mōt tam giāe. BDT eān ehufng minh eo th§ viet lai thānh 

B 2 tan ? 


2 tan j 


2 tan 


1 + tan 2 ! + l + tan 2 f ^ 1 + tan 2 f ^ ^ + tan 2 a ' ^ 1 + tan 2 | ' ^/l + tan 2 f ’ 
hay titong duong 


+ 




+ 


l 


+ 


1 


A B C 

sin A + sin B + sin C < eos — + eos —• + eos —. 

z z z 


Do eos ~ > 0 vā eos 4^ ^ 1 nen 


•. . . _ 0 C A — B ^ n C 
sm A + sin B = 2 eos — eos —-— ^ 2 eos —. 

z z z 


Tuong tu, ta eūng eo 


A B 

sin B + sin C < 2 eos —, sin C + sin A < 2 eos —. 

z z 

Cōng ba bāt dāng thūe nāy lai theo ve, ta eo ngay ket quā nhu tren. 

Vi du 3. Cho x, y, z > 0 thoa mān xy + yz + zx = 1. Chi(ng minh rang 

2 x y z 


□ 


+ 


+ 




VT+āĀ i/l + y 2 vTTF 4 


Chv:ng minh. Dāt x = tan j, y = tan f va z = tan j v 6 i 0 < A, B, C < ir vā A + B + C = n. 
BDT eān ehūng minh eo the viet lai nhu sau 


2 tan j 


+ 


tan j 


+ 


tan • 


1 + tan 2 j yj 1 + tan 2 f yjl + tan 2 ~ 


4 


n . A . B . C ^ 9 
2 sin- + sm-+sin- ^ -. 


Dāt t = sin ta eo 


. A . B . C n B + C n . B + C B — C 
2 sm — + sm — + sin — = 2 eos — -b 2 sm —-— eos —-— 

Z Z Z Z ~r 4r 


< 2(1 — 2 sin’ 


B + C 


+ 2 sin 


B + C 


= 2 + 2t — 4r = - — ( 2t — - I ^ 


Bāi toān duoc ehūng minh xong. 


□ 
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Vi du 4. Cho x, y, z > 0 thoa mān x 2 + y 2 + z 2 + 2xyz = 1. Chvcng minh rang 


1 + X 


1 ~* + J l r Zl + 


1 + y 


1 + z 


Chiing minh. Theo bo d 6 3, ton tai tam giāe nhon ABC sao eho x — eosA, y — cosJB vā 
2 = eos C. BDT eān ehuriig minh trō thānh 

1 — eos A 1 1 — eos B 1 1 — eos C r- 

1 + eos A V 1 + eos B V 1 + eos C ' 

A B C r 
tan — + tan — + tan — ^ v 3, 


A B C 
tan — + tan — + tan — 
z / / 


>3, 


o A 2 B 2 C 
tan — + tan — + tan — ^ 1 . 

BDT euoi eung eo the ehiing minh de dāng. □ 

VI du 5 (Ān Dō, 1998). Cho a, b, e > 0 thoa mān ab + bc + ea + abc = 4. Chiing minh rang 

a + b + e^ ab + bc + ea. 

Chxtng minh. Dieu kien ō giā thiet eo the viet lai nhuf sau 

ab bc ea n y/āb \/bc Jcā 

' T + 4 + 4 +2 ' —' —-V = L 

Do do ton tai tam giāe nhon ABC sao eho 

Vāb = 2 cosC, Vbc = 2cosA, Vāā=2cosB. 


Tuf day, ta eo 


2 eos B eos C , 2 eos C eos A 2 eos A eos B 

a = ---, b =-—-, e --. 

eos A eos B eos C 

Vā nhu the, BDT eān ehāng minh eo the dupc viet lai thānh 

eos B eos C eos C eos A eos A eos B 


+ 


+ 


eos A ' eos B ' eos C 
Bāng phuong phāp veeto ta de dāng ehUng minh dupc rang 


^ 2(cos 2 A + eos 2 B + eos 2 C). 


x 2 + y 2 + z 2 ^ 2yz eos A + 2 zx eos B + 2 xy eos C, Vx, y, z e R. 


Suf dung BDT nāy vPi x = ^ cos c B J° A sC , y = ^/ cos c ^ c ;f 4 
eān ehutng minh. 


\/ C9S c ™c B ’ ta c6 n s a y kct 9uā 

□ 


Nhān xet. Day lā mpt bāi tuong doi kho khi sU dung phuong phāp lupng giāe hōa. Ta se gāp 
lai bāi toān nāy trong mue “phuong phāp doi bien dai so”. 
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Vi du 6. Cho x, y, z > 0 thoa mān xy + yz + zx = 1. ChHng minh rang 

- + - + - ^ 3 (x + y + z). 
x y z 

Chvtng minh. Dāt x = tan f , y = tan j, z = tan j vāi A, B, C lā ba goe eūa mot tam giae. 
Khi do, ta phāi ehūng minh 


B 


C 


B 


hay 


A A 

eot-tan — 

2 2 


eot —|- eot — + eot — ^31 tan — + tan — + tan — 


B B 
+ I eot — — tan — 


, e C\ ^ / A B C 
+ eot — — tan — i ^ 2 tan — + tan — + tan — 


Do eot x — tan x = cot -f ' x - = 2eot 2x nen bāt dāng thūe tren eo thl vilt lai thānh 

eot X *-* 


/ „ ^ A B C 

eot A + eot B + eot C ^ tan — + tan — + tan —. 

z z z 


Ta eō 


eot A + eot B = — 


sinC 


2 sin C 


> 2 sin C ^ C 
sin A sin B eos (A — B) — cos(>l + B) ^ 1 + eos C &n 2 


Dānh giā tUOng tu, ta eūng eo 

A B 

eot B + eot C ^ 2 tan —, eot C + eot A ^ 2 tan —. 

z z 

Cōng ve theo ve ba BDT nāy, ta c6 ngay ket quā eān ehūng minh. 

Nhgn xet. Neu khōng doi biln thi ta eōn eo the lām theo eāeh khāe nhu sau: Do 


□ 


1 1 1 xy + yz + zx 

x y z xyz 


xyz 


nen BDT eān ehūng minh tuong duong vōi 

1 ^ 3 xyz{x -Vy + z) = 3 (xy ■ yz + yz • zx + zx • xy). 

Den dāy, ta ehi eān āp dung bāt dāng thūe eO bān 3(ab + bc + ea) < (a + b + e) 2 vōi a = xy, 
b = yz, e = zx. 

Vf du 7. Cho a,b, c> 0 thoa mān ab + bc + ea = 1. CMng minh rang 


Va 2 + 1 + a/ō 2 + 1 + Ve 2 + 1 < 2(a + b + e). 

Chiing minh. Dāt a = tan j,b — tan j, e = tan j vōi 0<A, B,C<7rv&A + B + C = 7r. 
BDT eān ehūng minh dupc viet lai nhu sau 


r 71 r 7 b F 7c ^ n ( A B C\ 

W1 + tan 2 — + Y1 + tan2 + Y + tan2 tan ~2 tan ~2 "*" tan ~2 ) ’ 


+ 


+ 


A • R 1 C 

eos j eos J eos J 


+ 


B 


B 


< tan — + tan — + tan — + tan — + tan — + tan — 


C 


+ 


< 


eos J 


+ 


eos J 


+ 


eosf 


4 ' R 1 n A R 1 R ' C* A > 

C0S J eos Y eos Y eos .^eosf- COS-jCOSj eos y eos 


B 


B e 


e 


B 


e 


eos — eos —I- eos — eos — + eos — eos — ^ eos — + eos — + eos —. 


2 2 2 
Dāy lā mot ket quā hien nhien. 


□ 
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Nhān xet. Lc)i giai sau day khōng sii dung phep lupng giāe hoa mā lai ddn giān hon: Ta eō 

a + b + a + e 


Va 2 + 1 = Va 2 + ab + bc + ea = \/(a + b)(a + e) ^ 


Vb 2 + 1 = Vb 2 + ab + bc + ea = y/(b + a)(b + e) ^ 


Ve 2 T 1 = V e 2 + ab + bc + ea — y/(c + a)(c + b) ^ 


b + a + b + e 


c + a + c + b 


Cōng eāe BDT nāy lai ta eo ngay dieu phāi ehiitng minh. 

Vf du 8. Cho x, y, z > 0 thoa mān x + y + z = 1. CMng minh rang 


+ 


+ 




x + yz y + zx z + xy 4 
Chting minh. BDT eān ehāng minh tuong duong v 6 i 

1 , i , 1 J9 

T+ū* + T+n + ^ I’ 

x y z 

1 1 1 9 

+ Z - 7 + -- + 


1 + a 1 + 6 1 + e 4’ 

trong do a = b = — vā e = m . 

Dl y rāng Vāb + Vbc + \fcā = x + y + z — l. Do do ton tai mōt tam giāe ABC sao eho 

r— A nr B p- C 
Va = tan—, vo = tan—, V c — tan —. 

z z z 

Nhu vāy ta phāi ehāng minh 


+ 


+ 




1 + tan 2 j 1 + tan 2 j 1 + tan 2 j ^ 4 ’ 


hay 


n x~L 9 ?C 9 

eos — + eos — + eos — < 


A 2 B 

I +cos 2'-2'4' 
Do eos 2 f = 1+c ° sx nen bāt dāng thile tren eo the viet lai thānh 


hay tUOng dUOng 


1 + eos A t 1 + eos 5^1 + eos C ^ 9 

2 + 2 2 ^ 4 1 


eos A + eos B + eos C ^ -. 

2 


Day lā mōt BDT dā quā quen thuōe. 


□ 


Vf du 9. Cho ba sō thue āuefng x, y, z thoa mān āieu kien = -^==. Tim giā tri 

lōn nhāt eua bieu thāe 



Doi bien de ehu’ng minh bat dang thu’e 
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Lōi giai. Di§u kien gia thiet diidc viet lai la y/xy + /yz + yfzx = 1 . Do do ton tai tam giāe 
ABC sao eho ^fx = tan j, fy = tan f vā fz = tan j. Ta eo 

. ' _ C7 -<4 — B _ 

P = sm A + sm B — eos G = 2 eos — eos — -eos G 

£ z 

2 


^ 2 cos 


e 


C 


2 eos — + 1 = - — 2 [ eos — — - 


C 1 


3 

^ 2 ' 


Dāng thute xāy ra khi vā ehi khi eos ^j^- = 0 vā eos j = Dieu nāy ehi xāy ra khi C — ^ vā 
A = B = |, tile x — y = tan 2 = 7 — 4\/3, 2 = tan 2 f = 3. □ 

Vi du 10 (Iran, 1998). Cho x,y, z> 1 thoa mān \ + \ + \ = 2. Chiing minh rang 


Vx - 1 + i/y,- 1 + y/z-l < + V + z- 

Chihig minh. Dāt a = V® —T, b = \/y — 1 vā e = 1/2 — 1 , thi ta eo x = a 2 + 1, y = b 2 + 1, 
2 = e 2 + 1. Khi do, dilu kien bāi toān trō thānh 


1 1 1 
a 2 + l + 6 2 + l+ c 2 + l 


= 2 , 


hay tudng difdng 

a 2 ā 2 + 6 2 c 2 + c 2 a 2 + 2 a 2 6 2 c 2 = l. ( 1 ) 

Cūng ttt phep dāt tren, ta eo BDT eān ehūng minh dudc vilt lai thānh 

a + b + e < Va 2 + b 2 + e 2 + 3. 

Binh phudng hai ve vā rūt gon, ta dudc 

3 

ab + bc + ea < -. 

Nhung tū (1) suy ra tōn tai tam giāe nhon ABC sao eho ab = cosj4, bc = eos B, ea — eos C. 
Bāi toān quy ve ehūng minh BDT quen thupe eos A + eos B + eos C ^ §. □ 


Nhān xet. Tāt nhien bāi toān tren eōn eo mōt 16i giāi khāe ddn giān hdn nhieu lā: Ap dung 
trUe tiep BDT Cauchy-Schwarz, ta eo 


Vx-\ + Vy ~ 1 + V z — 1 = 






Vx + y + z. 


Tuy nhien eāeh lām d tren eūng rāt tu nhien vā dāng de ta luu y. Trong phān sau ta tilp tue 
gāp lai bāi toān nāy. 

VI du 11 (My, 2001). Cho a, b, e lā eae so thue khong ām thoa mān a 2 + b 2 + e 2 + abc = 4. 
Chilng minh rang 

0 ^ ab + bc + ea — abc < 2 . 
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Chitng minh. Chting minh ehān dtfāi khā don giān. Thāt vāy, t€f dilu kien giā thiāt suy ra 
lt nhat mōt trong ba so o, b, e khōng lān hon 1 (vi neu ngutoe lai thi a 2 + b 2 + e 2 + abc > 4). 
Giā sā so do lā a, thō thi 

ah + bc + ca — abc = a(b + e) + bc( 1 — a) ^ 0 . 


Tiep theo. ta ehi'rng minh ehān tren. Diōu kien giā thiet eō the viet lai lā 


a 2 b 2 e 2 a b e 

T + 4 + T + 2 '2'2'2 = 1 ' 


Do vāy tōn tai tam giāe ABC khōng tu sao eho a = 2 eos A, b = 2 eos B, e = 2 eos C. BDT eān 
ehhng minh trā thānh 


2 eos A eos B + 2 eos B eos C + 2 eos C eos A — 4 eos A eos B eos C ^ 1. (1) 

Ta eo nhān xet sau: eō hai trong ba goe A, B, C khōng lān hon 60° hoae khōng nho hon 60°. 
Khōng māt tong quāt, giā sii hai goe do lā A vā B, khi do 


(1 — 2cos^4)(l — 2 cosB) ^ 0. 

Māt khāe, ta eo BDT (1) tuong duong vāi 

cos(A + B) + cos(v4 — B) + ( 2 eos A + 2 eos B — 4 eos A eos B) eos C ^ 1, 
cos(^4 — B) + (2coSi4 + 2cos B — 4cosj4cos B — 1) eos C < 1, 
cos(^4 — B) — (1 — 2cosj4)(1 — 2cosB)cosC ^ 1. 


Do (1 — 2cos,4)(l — 2cos B) ^ 0, cosC > 0 vā cos(^4 — B) ^ 1 nen bāt dāng thūe euoi hien 
nhien dūng. Bāi toān duoc ehūng minh xong. □ 

Nhān xet. Dāy lā 1 bāi toān hay vā tuong doi kho. Trong eāeh giāi tren ta dā giān tiep ehūng 
minh duoc mōt BDT trong tam giāe khā dep sau day: Vāi moi tam giāe ABC khōng tū, ta eo 

(eos A + eos B + eos C) 2 < sin 2 A + sin 2 B + sin 2 C. 

Tiep theo, ta xem xet mōt so eāeh lupng giāe hōa khāe. 

Vf du .12 (Toān hoe vā Tuoi tre). Chūng minh rhng neu o, 6 , e > 1 thl 



ChuCng minh. Tū giā thiet, ta suy ra ton tai x, y, z G (0, |] sao eho £ = sinx, £ = siny vā 
- = sin z, hay a = —□, b = -4-, e = -4-. BDT eān ehūng minh eo the viet lai thānh 

e ’ J sin x 5 sin y 5 sin z ° 




Quy dong māu so vā rūt gon, ta dupc 


(1 — sina:siny)(l — sinysinz)(l — sinzsina;) ^ (1 — sin 2 a:)(l — sin 2 y)(l — sin 2 ,z), 




Doi bien di ehu’ng minh bat dang thu’e 
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hay 

(1 — sinxsiny)(l — sinj/sinz)(l — sinzsin:r) ^ eos 2 x eos 2 y eos 2 2. 

Do cos(a; — y) ^ 1 va eos x eos y > 0 nen ta e 6 

1 — sin x sin y ^ cos(a; — y) — sin x sin y = eos x eos y > 0 . 

Tnong tir, ta eūng eo 

1 — sin y sin 2 > eos y eos z> 0 , 1 — sin 2 sin x > eos 2 eos x > 0. 

Nhan ba BDT nay lai theo ve, ta c 6 ngay ket quā eān ehūng minh. □ 

VI du 13 (Rumani, 2002). Cho o, b, e lā cdc so thtfe thu,Qc khoāng (0, 1). CMng minh rāng 

Vābc+ \/(l — o)(l — 6)(1 — e) < 1 . 

ehitng minh. Dāt a = eos 2 x, b = eos 2 y vā e = eos 2 2, vāi x,y, 2 € ( 0 , f). Thay vāo, BDT 
eān ehūng minh trō thānh 

eos x eos y eos 2 + sin x sin y sin 2 < 1 . 

Nhung BDT nāy ehūng minh rāt d§ dāng, that vay ta eo 

VT < eos x eos y + sin x sin y = cos(x — y) < 1 . □ 

Vi du 14 (Viet Nam, 1999). Cho ba so thif.c a, b, e thoa mān āiiu kiin abc + a + e = b. Tim 
giā tri ldn nhat eūa biiu thile 

0 0 

P = 


o 2 + l 6 2 + l c 2 + l' 
ChūCng minh. Dieu kien giā thiet eho c6 the viet lai lā 

o + e 


b = 


ae 


Tū do dāt o = tan A vā e = tan C (—f < A, C < §) thi ta eo 


tan A + tan C 

b = - --- 7- -- = tan(,4 + C). 


1 — tan A tan C 


Thay vāo bieu thiie dā eho ta du<?c 


P = 


+ 


2 eos 2 A — 2 cos 2 (^4 + C) + 3 eos 2 C 


tan 2 A + 1 tan 2 (A + C) + 1 tan 2 (7+1 
= eos 2,4 — eos 2 (,4 + C) + 3 eos 2 C = 2 sin(2A + C) sin C + 3 eos 2 C 
< 2|sin(2^4 + C')j| 'sin<7| + 3cos 2 C < 2 |sinC| + 3(1 — sin 2 (7) 

= 2 | sin C\ + 3(1 - |sin C\ 2 ) = y - 3 ^| sin C\ - ^ < y. 


Dāng thūe xāy xāy ra khi vā ehi khi 


( sin(2>l + (7) sin C ^ 0 
I |sin(2>l + (7)| = 1 


1 


sinC| = - 


Vay max P = y. 
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Bāi tap de nghj 

Bāi tap 1. Cho a, 6, e > 0 thōa mān ab + bc + ea = 1. Chi5ng minh rang 

! ^ a t b ^ 1 

(a) 1 + a 2 + l +b 2 ^ VT+?’ 

/u\ 1 ~' a2 , 1 — b 2 ^ 2c 

(} TTT 2+ IT6 2 "TfT?’ 

. 1 — a? 1 — b 2 

(e) -+ —— ^ 2 e. 

a b 

Bāi tāp 2. Cho x, y, z lā eāe so ditdng thōa mān x + y + z — xyz. Chiing minh rang 

x y z 3a/3 


Bāi tāp 3. Chi5ng minh rāng nōu 0 < x, y, z < 1 vā xy + yz + zx = 1, thi 

x y z 3\/3 

1 — a ; 2 + l — j / 2 + l — z 2 ' 2 

Bāi tāp 4. Cho a, b, e > 0 thōa mān -^ + -^- + ^. = -^L.. Chi5ng minh r&ng 

y/ā Vb \Jc < 3\/3 
a+l + fe+l e +1 "" 4' 

Bāi tāp 5. Cho a, b, e > 0 thōa mān a 6 + bc + ea = 1, a < 1 vā b < 1. Chi5ng minh rāng 

a b 1 

1 — a 2 + l — b 2 ^c 

Bāi tāp 6 . Cho a, b, e > 0 vā ab + bc + ea = 1. Chi5ng minh rang 

/~\ a , 6 ( e ^3 

(a) vTTō 2 + VT+¥ + vT+r ^ 2 ’ 

1 -a 2 , 1 - 6 2 , 1 -e 2 ^ 3 

{ ’ 1 + a 2 + 1 + 6 2 + 1 + e 2 ^ 2 ’ 

, . 1 — a 2 1 — 6 2 1 — e 2 a b e 

1 + a 2 1 + 6 2 1 + e 2 vTTō 2 vTTF vTTe 2 

Bāi tāp 7. Cho a, b, e > 0 vā ab + bc + ea = 1. Chi5ng minh rāng 

, . I I 1 1 a b e 

V i + o? l + 6 2 i + e 2 ^ vTTō 2 vTTT 2 vTTe 2 ’ 

(b) (‘ + vrl^) (' + 7rW) ( ! + vtW) s 4 - 

Bāi tāp 8 . Cho a,b,c> 0 thōa mān a 2 + 6 2 + e 2 + abc = 4. Chi5ng minh rāng 


a + 6 + e ^ 3. 
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Bāi tāp 9. Cho a, b, e > 0 vā ab + bc + ea = 1. Chting minh rang 
ia) Vl + a 2 + Vl + 6 2 + \/l + e 2 ^ 2\/3; 

./-[ _i_ r 2 

b' \/l + a 2 + Vl + 6 2 - < 1; 

e 

{e) Va + b + Vb + e + v/eT+ā < 2 ^a\/6 + e + 6\/c + a + c\/a + 6^ . 

Bai tāp 10. Cho a, b, e > 0 vā ab + bc + ea = 1. ehiing minh rang 
. x 6(1+ a 2 ) c(l + 6 2 ) a(l + e 2 ) 


a 2 V1 + 6 2 6 2 \/l + e 2 c 2 \/l + a? 


^ 6 ; . 


a 2 6 2 . e 2 ^ 9 

(b) (1 + a 2 ) 2 + (1 + 6 2 ) 2 + (1 + e 2 ) 2 ^ 16' 

Bāi tāp 11. Cho a, 6 , e > 0 vā a 6 + 6 c + ea — 1. Chūng minh rang 
. . a 6 3c r—T 

( a ) t , -o + , , . o + v ; :~o~ < 


v y l + a 2 l + 6 2 VTTT 

„ s \~Tū~ , / 26 , / 2c ^ 1 , 1 , , 1 

(b) Vl + a 2 + Vl + 6 2 + Vl + c 2 " Vfā' 

Bāi tāp 12. Cho a, b, e > 0 vā a 6 + 6 c + ea = 1. Tim giā tri 16n nhāt eūa bi 6 u thūe 

2 _2_ 3 

1 + a 2 1 + 6 2 + 1 + e 2 ’ 

Bāi tāp 13. Chūng minh rang neu x,y, z> 0 thoa māu x 2 + y 2 + z 2 + 2 xyz = 1 thi 

- - , - - 3\/2 

Vl-x + y/l — y + Vl-z + 

Bāi tāp 14. Chūng mirih rāng neu x,y, z > 0 thoa mān xy + yz + zx + 2 xyz = 1 thi 


xy + yz + zx ^ ^ 6 xyz. 

Bāi tāp 15. Chūng minh rang vdi moi so thue a, b, ta deu eo 

_I < (a + 6)(l -a6) 1. 

() 2 " (l + a 2 )(l + 6 2 ) " 2’ 

(h) -- < ( fl2 ~ ^H 1 ~ a2b2 ) < I 

() 4 ^ (l + a 2 ) 2 (l + 6 2 ) 2 " 4' 

Bāi tāp 16. Chūng minh rang v 6 i moi so thue a, b, e ta deu eo 

|q- 6[ ^ 1 Q ~ c l , |c~6| 

i/(l + a 2 )(l + 6 2 ) " V(1 + q2 )(1 + c 2 ) v / Ō++ q2 K1 + 6 2 )' 

Bāi tāp 17. Chūng minh rang v 6 i moi so thue a, b, e, 

(ab + bc + ca — l) 2 < (a 2 + 1)(6 2 + l)(c 2 + 1). 
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Hiiōng dān. Luong giāe hoa bang eāeh dāt a — tan x, b = tan y, e = tan 2 vōi |x|, \y\, \z\ < 
Ngoai ra eūng eo the ehtfng minh trūe tiep bāng phūOng phap biln doi toong dūOng. 

Bāi tūp 18. Cho x,y, z> 0 thoa mān x 2 + y 2 + z 2 + 2 xyz = 1. Chūng minh rang 

, . 1 

(a) xyz ^ 

3 

(b) x + y + z ^ 

(e) xy + yz + zx < ^ < x 2 + y 2 + z 2 ; 

(d) xy + yz H- zx < ^ + 2 xyz. 

Bāi tāp 19. Cho x,y,z> 0 thōa mā,n x + y + z = xyz. Chi3ng minh rāng 


xy 


+ yz + zx ^ 3 + Vx 2 + 1 + vV + l + Vz 2 + 1. 


2 Phi/erng phāp doi bien dai so 

Cāc bo d 6 dnoc trinh bāy trong phān nay rāt hūu feh trong mpt so bāi toān ve BDT. 

B 6 d 6 4. 

(a) Neu ba so āUōng a., b, e eo tieh bang 1, thi 

(i) Ton tai eāe so āuang x, y, z sao eho 

x,y z , y , z x 

a = —,b = —,c=—, hay a = -,b = -,c=—. 
y z x x y z 

(ii) Ton tai eāe s6 duang m, n, p sao eho 

m 2 , n 2 p 2 np , pm mn 

a = —,b = —, e = 1 , hay a=—,b = —,c=—. 

np pm mn m 2 n/ p z 

(b) Neu eāe s6 āuang a\, a^, ■ ■ ■, a n eo tieh bhng 1 thi ton tai X\, X 2 , ..., x n > 0 sao eho 

X\ X2 X n , X% X$ X\ 

' = j ^2 = 5 • • • j = } nūy Ū\ = , Ū2 — ? • • • > Ū n — . 

X2 X$ X\ X\ X2 X n 

ChvCng minh. (a.i) Chāng han, ehon x = 1, y = £ vā 2 = ^ thi ta eo ngay 

x y z 1 

(i , 6, r e. 

y z x ab 

NgilOe lai, neu ehon x = 1, y = a, z = ab thi ta se eo % = a, | = b vā - z = e. 

(a.ii) Vi du, ehon m = yfā, n = \fb vā p = yfc thi ta eo mnp = 1 vā 


m 


= m = a, 


n 3 , P 3 

= = b, - 


mn 


= p = e. 


np pm 

Ngiroe lai, nāu ehon m = n = -^=, vā p = thi ta se eo ^ = a, ^ = b vā ■= e. 
(b) Tuong tu nhu (a.i), ta eo thg ehon x x = 1, x 2 = £, a ; 3 = ...,x n = -^f- a 


a\ū2 7 


0102—a n -i 


tom 
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Bō d§ 5. 

(«) Neu ba so āuong a, b, e eo tōng bāng k thi ton tai eāe so duang x, y, z sao eho 

kx , ky kz 


a = 


; b = 


e = 


x + y + z' x + y + z x + y + z 

(b ) Neu eāe so āuong a\, a%, ■ ■ ■, a n eo tong bhng k thi ton tai x\, xi, ..., x n > 0 sao eho 
kx i kx 2 kx n 


Oi 


X\ + x 2 H-h x n 


, 02 = 


X\ + X2 + • 1 1 + X n 


X\ + X2 H-h X n 


ChvCng minh. Ta ehi ean ehtfng minh (b) la dū (vl n 6 la tōng quāt eūa (a)), va ket qua n&y 
eo the thu dnqc bāng eāeh ehpn x\ = a\, VI < i < n. □ 


Bō de 6. 


(a) Neu x, y, z > 0 thoa mān diiu kien xyz = x + y + z + 2 thi ton tai a,b,c> 0 sao eho 


b + e c + a a + b 

x = -, y = r , 2 =-. 

a b e 


(b) Neu x, y, z > 0 thoa mān xy + yz + zx + 2 xyz = 1 thi tōn tai a, b, e > 0 sao eho 


X =T7~' 

o + e e + a 


z = 


a + b' 


Chvtng minh. (a) Chū y rang gia thiet xyz = x + y + z + 2co th§ viet lai thānh 


1 1,1 

+ —-h - — 1. 


1 + x 1 + y 1 + 2 
Do do theo bō d§ 5, ton tai eāe so duPng a, b, e sao eho 
1 o 1 b 


tū dāy ta eo 


1 + x a + b + e 1 + y a + b + e 1 + 2 a + b + e 


b+c e+o a +6 

x - -, y = ~ , 2 = 


a ' ~ 6 ’ e 

(b) Dieu kien xy + yz + zx + 2 xyz = 1 tUdng dUdng v6i 

1 1 1 n 1 

-1-1-h2 = -. 

x y 2 xyz 

Vi the, theo (a), ta thāy ton tai eāe sō dudng a, b, e sao eho 

1 6 + e 1 c + a 1 a + 6 


hay 


Bo de 6 dupc ehūng minh. 


x a ’ y b ’ z 
a 6 

x = —’ y = — 7—> z = 

6 + e c + a 


a + 6 
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Bo de tiep theo la mot BDT doi xdng ba bien rat noi tieng va eo nhieu dng dung. 

Bo d 6 7 (Bat dāng thile Sehur). Vōi moi so thue khōng ām a, b, e, k, ta eo 

a k (a — b)(a — e) + b k (b — c)(b — a) + c k (c — a)(c — b) ^ 0 . 

Chvtng minh. Co nhieu eāeh ehiing minh eho BDT Sehur, 6 dāy xin neu mot eāeh ehiing 
minh ddn giān nhāt. Khōng māt tfnh tong quāt ta eo the giā sāt a ^ b ^ e ^ 0, khi do 

a k (a — b)(a — e) = (a — b) \a k (a — e) — b k (b — e)] + c k (a — c)(b — e) ^ 0 

doo — b ^ 0, a k ^ b k ^ 0 va a — e ^ b — e^O. □ 

Nhān xet. Trong truōng hop dac biet k = 1 , ta ducic 

a 3 + b 3 + e 3 + 3 abc ^ ab(a + b) + bc(b + e) + ca(c + a) 

Ta thuāng āp dung BDT Sehur 6 dang bāc nhāt nāy. 

Bāy giō ta se sii dung eāe phep doi bien d tren de ehiing minh mōt so BDT. 

Vi du 15 (IMO, 2000). Cho x, y, z lā eāe so āuōng eo tieh bang 1. Chilng minh rāng 


x H- 1 ( y + 


z + -~ 1 )^ 1 . 

X 


Chiing minh. Do xyz = 1 nen ton tai a,b, c> 0 sao eho x = |, y = \ vā z = BDT eān 
ehiing minh tuong duong vdi 


(H-o(+H(; + H^ 


hay lā 


(a + e — b)(b + a — c)(c + b — a) ^ abc. 


( 1 ) 


Nhan thāy rang tōng eūa hai so bāt ky trong baso o + e — b, b + a — e, c + b — a luōn eo ket 
quā lā mōt sō duong, do do trong ba so āy eo nhiōu nhāt lā mōt so am. Neu eo mōt so ām thi 
(1) hien nhien dūng vi vō trāi ām eon vō phāi duong. Xet truōng hop e k a + c — b, b + a — e vā 
c + b — a deu khōng ām, khi do āp dung BDT AM-GM ta eo 


yj(a + c — b)(b + a — e) < a, yj(b + a — c)(c + b — a) ^ b, yj(c + b — a)(a + c — b) ^ e. 


Nhān ba BDT nāy lai theo v 6 , ta thu dupc ngay (1). 


□ 


VI du 16. Cho eāe so āuang a, b, e thoa mān āiiu kien abc ^ 1 . Chilng minh rang 

a b e , 

r 1 - 1 — ^ a + b + e. 

b e a 


ChHng minh. Dāt abc = 1 — k vōi 1 > k ^ 0. Khi do, ta eo -^== • - 37 = 
ton tai eāe so duong x,y, z sao eho 

a = — k b = \/\ — k e =• J 1 — k ■ —. 

y' z x 


C 


= 1. Do vāy 
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BDT eān ehilng minh trd thānh 


xz yx zy 3/ -——r i ^ y 

-T + T- + -T > [- + - + 

y 2 z 2 x 2 


x y z 

—I-1— 

y z x 


i)o ^ 1 nen ta ehi eān ehiing minh 


bay 


xz yx zy x y z 

-2 +K 2+-l>- + - + - 
y 2 z 2 x 2 y z x 

- 3 z 3 + y 3 x 3 + z z y 3 ^ xyz(x 2 z + y 2 x + z 2 y). 


x~z~ + y~x~ + z~y~ ^ xyz\x~z + y~x + z~y). ( 1 ) 

Ap dung BDT AM-GM, ta eo 

t 3 z 3 + x 3 z 3 + y 3 x 3 ^ 3 x 3 yz 2 , y 3 x 3 + y 3 x z + z 3 y 3 ^ 3 x 2 y 3 z, z 3 y 3 + z 3 y 3 + x 3 z 3 ^ 2>xy 2 z 3 . 
Cōng ba BDT nāy lai theo vā, ta thu ditdc BDT (1). □ 

Vi du 17 (Nga, 2004). Cho X\, x 2 ,..., x n > 0 (n > 3) eo tieh bang 1. CMng minh rang 

1 11 


+ 


+ ■ • • + 


1 + X\ + XiX2 1 + X 2 + X^X 3 1 + X n + X n Xi 

Chvtng minh. Tht giā thiet, ta thāy ton tai oj, 02 , ..., a n > 0 di 


> 1 . 


02 03 

x x = —, x 2 = —, 
Oi a 2 

Thay vāo, BDT eān ehumg minh trei thānh 

ai , a 2 


ai 

■■> %n — 

a n 


+ 


a \ + a 2 + Ū 3 a 2 + 03 + a 4 


+ ••■ + 


a n + a 1 + a 2 


> 1 , 


vā ta eō the thāy ngay BDT nāy dūng do ai+a ~ + ) +a — ^ ai+a2 ^!... +0n , VI ^ i K n (6 dāy ta xet 
theo module n, tūe lā a n+ i = ai vā a n+ 2 = 02 ). □ 

Vi du 18 (Iran, 1998). Cho x,y, z > 1 thoa mān ^ + ^ + \ = 2. Chitng minh rang 


Vx-1 + yjy — 1 + Vz- 1 ^ V x + V + z - 

ChvCng minh. Ō phān truāe ta dā sū dung phuong phāp luong giāe hoa de giāi bāi nāy. Bay 
gief, ta se ehūng minh no bāng eāeh sū dung phep dōi biln dai so: Giā thiet eūa bāi toān eo 
the duoc viit lai thānh 

rr. — 1 71 — 1 7. — 1 

1 . 


x — 1 y — 1 z — 1 
-+ I -+- 


x y z 

Dox — 1>0, y — l> 0 vā 2 — 1>0 nen tū day ta thāy ton tai eāe so dudng a, b, e sao eho 

x — 1 a y — 1 b 2 — 1 e 


x 


a + b + e 


V 


a + b + e’ 


a + b + e’ 


hay 


a + b + e a + b + e a + b + e 

x = — : -, y = -, 2 = 


b + c ’ 


e + a 


a + b 
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Nhtf vay ta phai ehumg minh 


+ \l— -H \! ~~r ^ 4 /( 0 .+ 6 +e) (^—7 -1---1- 1 


b + e V e + a V a + b 

' 1 

Den dāy, āp dung BDT Cauchy-Schwarz, ta eo 


b + e c + a a + b 


\lbT~ c - v hT7 + \Itt; + vri 


b + e 


e + a 


a + b 


J (a + b + e) f 7——i-1-. 

y \b + c e + a a + bj 


Bāi toān dtf<?c ehutng minh. 

Vf du 19 (Latvia, 2002). Cho a, b, e, d > 0 thoa mān āieu kiān 


□ 


1 1 1 1 

+ z ■ ~ +.——7 + 7 — —rr = 1 . 


1 + a 4 1 + 6 4 1 + e 4 l + d 4 

Chdng minh rang 

abcd ^ 3. 

ChvCng minh. Tit giā thiet, ta suy ra tōn tai eāe so dudng x, y, z,t sao eho 
—L, — —u _ _ 1 _ — * 1 _ . t . u„ v 

1 + 6 4 x-\-y~\-z+t ’ 1 -f-e 4 x-\-y-\-z-\-t 7 1 +d 4 x-\-y-\-z-\-t’ > ^ 


1 _ x 

1+a 4 x-\-y-\-z-\-t ’ 


y + z + t 


, b = 


z + t + x 


x v y 

Thay vāo, BDT eān ehumg minh trō thānh 


e = 


t + x + y 


, d 


x + y + z 


y+z+t Jz+t+x Jt+x+y Jx+y+z 


t 


^ 3, 

x v y \ z v t ’ . 

tudng dudng 

(y + z + t)(z + t + x)(t + x + y)(x + y + z) ^ 81 xyzt. 

BDT nāy ehutng minh de dāng! 

Vf du 20 (Phāp, 2005). Cho a, b, e > 0 thoa mān a 2 + b 2 + e 2 = 3. CMng minh rang 

ab bc ea 

— + - + — ^ 3 . 
e a b 

Chvtng minh. BDT eāii ehilng minh tUdng dudng vāi 

a 2 b 2 + b 2 c 2 + c 2 a 2 ^ 3 abc. 

Dāt a 2 = b 2 = -, e 2 = ^ vōi x,y,z> 0 thi ta eo 


( 1 ) 


a = 


3x 


x + y + z 


, b = 


3 y 


x + y + z 


e = 


3z 


x + y + z 
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BDT (1) trd thanh 


9 xy 


+ 


9 yz 


+ 


9 zx 


^3, 


27 xyz 


(. x + y + z ) 2 ' (x + y + z) 2 ' (x + y + z) 2 ^ ~y ( x + V + Z Y ’ 

Sau khi quy dong va khii māu, ta ditqc 

xy + yz + zx ^ \/ 3xyz(x + y + z), 

hav tUOng duong 

(xy + yz + zx) 2 ^ 3 xyz(x + y + z). 

Dāv lā mot ket quā quen thuōe. 

Vi du 21. Cho so tu nhien n ^ 2 vā X\, xi, ■ ■ ■, x n lā eāe so thue āuōng thoa mān 

11 1 
+ ——» + ■■■ + --= 1 . 


1 + rei 1 + X2 


1 + x n 


Chtcng minh rhng 

x^x 2 ...x n ^ (n - l) n . 

ChvCng minh. Ton tai a u a 2 , ..., a n > 0 sao eho ^ = Ql+a2 a /.„ +an , VI ^ k ^ n, hay 

ai + • • • + n*:-i + Ofc+i + • • • + a n 


Xk 


Ofc 


-, VI ^ k ^ n. 


BDT eān ehhng minh trd thānh 

a 2 + °3 + ’ ' ’ + a n a l + a 3 + ' ' ' + a n a l + °2 + ‘ ' * + a n -1 


>(n- l) n . 


d\ d% d n 

Phān viee eon lai lā rāt don giān! 

Vi du 22. Cho x, y, z > 0 thoa mān xy + yz + zx + 2 xyz = 1. ChHcng minh rhng 


□ 


□ 


^i+v^ f/3(y + l)(z + l). 

ChvCng minh. Dat x = y = z ^ vdi a,b, c> 0. BDT eān ehtfng minh trō thānh 


3 / b e 3/ ^ 3/0 (a + h + e) 2 

V e + a a + b + V " y (c + a)(a + 6)’ 
y/bc + \/2(a + b)(a + e) ^ \/3(a + b + e) 2 , 


a + b + e a + b + e 
Āp dung BDT AM-GM ta eo 


+ \2 


a + b a + e 


b 


• i ^ 1 


a+b+c a+b+c 


b e 

+ 


(2 + fr + e d + b + e 3 3 \d + b + e d + b + e 3 


^ ^3. 


1 

+ 


a + b a + e 2 1 / a + b 


- £ 


+ 


a + e 


+ - 


a+b+c a+b+c 3 3\a+6+c a+b+c 3 

Cpng hai BDT tren lai, ta duoc ngay kōt quā eān ehUng minh. 


□ 
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Vi du 23 (Ān Dō, 1998). Cho a, b, e > 0 thoa mān ab + bc + ca + abc — 4. Chiing minh rang 

a + b + e ^ ab + bc + ea. 

v 7. 

ehvHng minh. Bāi toān nāy dā du! 0 c giāi bāng phuong phāp liTOng giāe hoa. 0 dāy ta trinh 
bāy mōt ldi giāi khāe dOn giān hon: Dieu kien ō giā thiet eo thl viet lai nhu sau 

a b b e e a a b e 

2 2 ~^~ 2 2 2 2 ~^~ 2 2 2 

Nhu vāy ton tai eāe so duong x, y, z sao eho § = f = hay 

2z 


2x 2 y 

a =-, b = 


y + z 


Ta phāi ehUng minh 


2x 2 y 2 z 

+ —^— + - ^ 


4 xy 


z + x 


+ 


e = 


x + y 


4yz 


+ 


4 zx 


y + z z + x x + y (y + z)(z + x) (z + x)(x + y) (x + y)(y + z) ’ 


hay 


x(x + y)(x + z) + y(y + z)(y + x) + z(z + x)(z + y) ^ 2 xy(x + y) + 2yz(y + z) + 2zx(z + x). 
Chū y rang 

(x + y)(x + z) = x 2 + xy + yz + zx, 

(y + z)(y + x) = y 2 + xy + yz + zx, 

(z + x)(z + y) = z 2 + xy + yz + zx. 

Do do, BDT tren tuong duong vōi 

(x + y + z)(xy + yz + zx) + x 3 + y 3 + z 3 ^ 2xy(x + y) + 2yz(y + z) + 2zx(z + x), 

hāy 

x 3 + y 3 + z 3 + 3 xyz ^ xy(x + y) + yz(y + z) + zx(z + x), 
dūng do day ehmh lā BDT Sehur bac nhāt. □ 

Vi du 24. Chūng minh rang neu x,y, z> 0 thoa mān xyz = x + y + z + 2, thi 

2 (y/xy + y/yz + yfzx) ^ X + y + z + 6. 

Chvlng minh. Ta eo 2 (y/xy + y/yz + y/zx) = (y/x + fy + y/z) 2 - (x + y + z). Do do BDT 
eān ehūng minh eo the viet lai nhu sau 

y/x + y/y + y/z < y/2(x + y + z + 3). 

Tū dieu kien giā thiet suy ra tōn tai o, b, e > 0 sao eho 

6+e e+o a+b 

x = -, y = ——, z=. 


a 


b ’ 


Nhū vay ta phāi ehūng minh 


b + e 


+ 


e + a a + b 
—^ + 


^ \l 2 (° + b + e) ( —— )• 

abc 



Ooi bien de ehu’ng minh bat dang thu’e 


201 


Āp dung BDT Cauchy-Schwarz, ta eo 



Bai toan dttpc ehhng minh xong. □ 

Vi du 25. Chi2ng minh rang neu x, y, z > 0 thoa mān xy + yz + zx + 2 xy'z — 1 thi 

3 „ 

xy + yz + zx ^ ^ 6 xyz. 

Chitng minh. (a) Chi2ng minh ve trāi. Dat x — y = ^ vk z — ^ vāi a, b, e > 0. Khi 
do BDT eān ehhng minh eo the viet lai thānh 

ab bc ea 3 

(b + c)(c + a) + (e + a)(a + b) + (a + b)(b + e) "" 4’ 

3 

ab(a + b) + bc(b + e) + ca(c + a) ^ -(a + b)(b + c)(c + a), 

3 

(a + b + c)(ab + bc + ea) - 3abc ^ ~[(a + b + c)(ab + bc + ea) — abc ], 

/ ~x 

(a + b + c)(ab + bc + ea) > 9 abc. 

BDT euoi hien nhien dūng theo AM-GM. 

(b) CMng minh ve phāi. Do 6 xyz — 3(1 — xy — yz — zx) nen BDT dā eho tuong dudng v6i 

v. 3 

xy + yz + zx ^ -. 

Dāy ehfnh lā ket quā vūa dudc ehūng minh 6 phān (a). □ 


2.2 Bāi tāp de nghi 

Bāi tāp 20. Cho a, b, e > 0 thoa mān = 1. ehūng minh rang 


abc ^ 1. 


Bāi tāp 21 (Viet Nam, 1998). Cho so tu nhien n ^ 2 vā X\, x 2 , ..., x n lā eāe so thue dudng 
thoa mān + ■ ■ • + = Tm- Chlin g minh r ^ n S 


x n +1998 1998' 


yxix 2 ■■■x r 
n — 1 


^ 1998. 


Bāi tāp 22. Cho so tu nhien n ^ 2 vā x\, x 2 , ..., x n lā eāe so thpe dUdng thoa mān 


X\ X2 ^ X n _ ^ 

1 + Xi 1 + 012 1 + x n 


Chūng minh rang 


XiX 2 ■■ ■ x n ^ 


(n — l) n ’ 
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Bāi tap 23 (Trung Quoc, 2005). Cho eae so dtrong o, 6 , e, d eo tieh bang 1. Chutng minh rāng 

1 11 1 


+ 


+ 


+ 


^ 1 . 


(l+o ) 2 (1 + 6) 2 (1 + e ) 2 (l + d )2 

Bāi tāp 24. Chi2ng minh rang neu a, b, c> 0 thoa mān i + £ + 1 = 1 thi 

Va- 1 + Vb-1 + Ve-1 ^ 3\/2. 


Bāi tāp 25. Cho a, b, e > 0 thoa mān abc — 1. Chi2ng minh rang 

I +06 1 + 6 c 1 + ea 

- 1 - 1 -> 3. 

1 + a 1 + 6 1 + e 

Bāi tāp 26 (Nga, 2003). Cho a, 6 , e > 0 thoa mān o + 6 + e = 1. Chi2ng minh rāng . 

1 1 1 2 2 2 

1 — o 1 — 6~*"l — e' l + a"*"l + 6"*"l + c 

Bāi tāp 27 (Canada, 2008). Cho a, 6 ,*c > 0 thoa mān a + 6 + e = 1. Chufng minh rāng 

a — bc b — ea e — ab 3 

a + 6 c 6 + eo e + 06 2 

Bāi tāp 28. Cho x,y, z> 0 thōa mān xy + yz + zx + 2 xyz = 1. Chutng minh rang 
Vx + 1 + \/y + l + Vz + 1 ^ 2 y/(x + 1 )(y + l)(a: + 1). 

Bāi tāp 29. ChiJng minh rāng neu x,y, z> 0 thōa mān xy + yz + zx + 2 xyz = 1 thi 

\fx + Vv + V* < \/l 2 (x + l)(y + l)( 2 : + l). 

Bāi tāp 30. Cho x,y, z > 0 thōa mān xyz = x + y + z + 2. Chting minh rling 

xyz{x - 1 ){y - l)(z - 1 ) < 8 . 

Bāi tāp 31. Cho x,y, z> 0 thōa mān xy + yz + zx + 2xyz = 1. Chi2ng minh rāng 
{x + 1 ){y + 1) + {y + 1 ){z + 1) + (2 + l)(a; + 1) ^ 

Bāi tap 32. Chi2ng minh rāng neu x,y, z> 0 thōa mān xy + yz + zx + 2 xyz = 1 thi 

- H- V - ^ 4 {x + y + z). 

XXX 

Bāi tāp 33. Cho x, y, z > 0 thōa mān xyz = x + y + z + 2. Chi2ng minh rāng 

(a) xy + yz + zx ^ 2 (a; + y + 2 ); 

3 

(b) \fx + Vv + \fz ^ - \fxyz. 

Bāi tāp 34. Cho x, y, 2 > 2 thōa mān j j + ~ = 1. Chi2ng minh rāng 
( a ) {x - l){y - l){z - 1) ^ 8; 


(b) {x - 2){y - 2){z - 2) ^ 1 . 

Bāi tāp 35 (Balkan MO). Cho a, 6 , e lā eāe so thrre drrong eō tieh bang 1 . Chi 2 ng minh rāng 


a +6 6 +e e+a 


+ 


+ 


6 


+ 6 ^ 2 (a + 6 + cH-f- — H— ). 

a 6 


Hiiōng dān. Dāt a = |,6 — f,c=j, sau do khai trien vā thu gon ta nhan dtfdc BDT Sehur 
bāc nhāt. 
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3 Mot vāi kieu doi bien khāe 


Trong mue nay ta e6 mōt ket quā sau thuōng ditdc goi lā “phep thg Ravi”. 

Bō de 8. Cac so thue a, b, e lā dp dāi ba eanh eua mot tam giāe khi vā ehi khi ton tai eāe so 
dfflng x, y, z sao eho a = y + z,b = z + x, e = x + y. 

ChUng minh. Ta eō 

a = y + z 

, b+c—a c+a—b a+b—c 

b = z + x +> x = ---, y= ---, z = ---. 

e = x + y 

Do dō neu a, b, e lā dō dāi ba eanh eua mot tam giāe thi ta eo the dat 

a + b — e 


x 


b + e — a e + a — b 

, y>= 


z = 


2 " 2 
dā eo x, y, z > 0 vā a = y + z, b = z + x, e = x + y. 

NgUdc lai, neu eo x, y, z > 0 thi rō rāng eāe so a, b, e xāc dinh bōi a = y + z,b = z + x, 
e = x + y thoa mān eāe BDT tam giāe nen ehung lā do dāi ba eanh eua mōt tam giāe. □ 

Nhan xet. Phep thg Ravi giūp ta chuyen mōt bāi toān BDT v6i ba so dudng ve mōt BDT 
trong tam giāe vā nguoe lai. 

Vi dp 26. Chiing minh rang neu a, b, e lā d0 dāi ba ca,nh eūa mot tam giae thi 

a(b + c- a) < 2 bc. 

ChvCng minh. Sū dung phep dōi bien a = y + z, b = z + x, e = x + y v6i x, y, z > 0, BDT 
eān ehūng minh tr6 thānh 

x(y + z) < (x + y)(z + x). 

T6i dāy, āp dung BDT Cauchy-Schwarz, ta eo 

(x + y)(z + x)^- (y/xz + \fyx) 2 = xy + xz + 2x\/yz > xz + yx. 

Bāi toān dUdc ehūng minh xong. □ 

VI du 27. Cho x, y, z > 0 thoa mān dieu kien xyz(x + y + z) = 1. Tim gia tri nho nhat eūa 

P =(x + y)(x + z). 

Chūlng minh. Dat a = y + z,b^=z + xvhc = x + y, khi do a, b, e se lā dō dāi ba eanh eūa 
mōt tam giāe ABC nāo do. Vā ta eo 

b+c—a c+a—b a+b—c 

x = --- = p — a, y= --- = p — b, z = --- = p - e. 

Dieu kien dā eho tr6 thānh p(p — a)(p — b)(p — e) = 1 hay S = 1 (6 day S lā dien tfeh eūa tam 
giāe ABC). Tū dāy, ta eo 

P = bc~^ ftesinA = 2S = 2. 

Dang thūe xāy ra khi vā ehi khi 

f sin^4 = 1 ( b 2 + e 2 = a 2 ( x(y + z) = yz 


bc = 2 




bc = 2 




(x + y)(x + z) = 2 


Vāy min P = 2. 


□ 
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Nhan xet. Tāt nhien bāi toān tren eon eo mpt ldi giāi don giān khāe bang AM-GM nhn sau 

A = x 2 + xy.+ yz + zx = x(x + y + z) + yz ^ 2 \/xyz(x + y + z) = 2. . 

Tuy nhien leii giāi tren eho ta mot “eāi nhin” rāt tn nhien. 

Vi du 28. Cho a, b, e lā do dāi ba eanh eūa mot tam giāe eo dien Ueh S. Chūng minh rāng 

a 2 + b 2 + e 2 ^ 4^/35' + (a — b) 2 + (b — e) 2 + (e — a) 2 . 


ChūCng minh. Dāt a = y + z, b = z + x vā e = x + y v6i x, y, z > 0. Khi do ta eō 
p = x + y + z, p-a = x, p-b = y, p — c = z, S = \J xyz(x + y + z). 

Do do, BDT eān ehiing minh eo the difpc viet lai thānh 

(y + z) 2 + (z + x) 2 + (x + y) 2 ^ 4\/3 xyz(x + y + z) + (y - x) 2 + (z - y) 2 + (x - z) 2 . 

Sau khi thu gon ta dtfpc 

xy + yz + zx ^ \JZxyz(x + y + z), 

hay 

(xy + yz + zx) 2 ^ 3 (xy ■ yz + yz ■ zx + zx ■ xy). 

Dāy lā mpt ket quā cd bān. □ 

Nhān xet. Dāy lā mpt bāi toān khōng ddn giān nhung vāi eāeh doi bien nhu tren ta dā eo 
dupc mpt ldi giāi rāt tu nhien. 

Vf du 29 (IMO, 1984). Cho a, b, e lā dā dāi ba eanh eūa mot tam giae. Chūng minh rang 

a 2 b(a — b) + b 2 c(b — e) + c 2 a(c — a) ^ 0. 

ChūCng minh. Do a, b, c lā ba eanh eua mōt tam giāe nen tōn tai x,y,z> 0 sao eho a = y+z r 
b = z + x, e — ■ + y. Thay vāo, bāt dāng thiie eān ehātng minh trā thānh 

(y + z) 2 (z + x)(y -x) + (z + x) 2 (x + y)(z - y) + (x + y) 2 (y + z)(x - z) ^ 0, 

tuong duong 

x 3 z + y 3 x + z 3 y ^ x 2 yz + xy 2 z + xyz 2 , 


hay 


x 2 y 2 z 2 

— + — + —> x + y + z. 
y z x 


BDT nāy ehUng minh d§ dāng! 

VI du 30. Cho a, b, e lā eae sō thue dilctng thoa mān abc = 1. Chūng minh rang 


□ 


+ 


1 1 
+ 


>1. 


a 2 (b + c) b 2 (c + a) c 2 (a + b) 2 

ChvCng minh. Dāt a = i b = i e = ^ thi ta eo xyz = 1, vā BDT eān ehUng minh trā thānh 

■ x y z 


x 2 y 2 z 2 

+ -r^-r + 


>3 

i + i ' i + i ' i + i ^ 2’ 

y z z x x y 


tUOng duong 

Day ehlnh lā BDT Neshitt. 


> 3 . 

y + z z + x x + y 2 


x y z 

+ -^— + 


□ 
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Vi du 31. Cho a, b, c> 0. Tim giā tri nho nhat eūa bieu thūe 

_ 3 a 4 b 5 e 

P = - -+ —+ 


b + e e + o a + b 

Chvfrig minh. Dat x — b + e, y = c + av&z = a + b, khi do ta eo x, y, z la dp dai ba eanh 
eua mōt tam giāe vā 

y + z — x . z + x — y x + y — z 

a = ---, o=-r-, c=---. 


Biōu thile P duoc viet lai thānh 


.p = 3 (y + z- x) 2 (z + x- y) + 5 (x + y-z) 


2x 
2x 3 y 


y 


2 z 


= (—+ 7f ) + l-^ + 

V 2a; 

Sii dung bat dāng thile AM-GM, ta eo 

2* 3 v\ n ./z 5y , 2z 


5 y 2z \ ( 3 z 5x 


+ ~ + ^ -6. 


2 z y J \2x 2z 


Th do suy ra 


- + ^»2V3, ? + -> 2V5, f£ + ^ > v'l5. 

y 2x 2 z y 2x 2 z 


2v^3 + 2\/5 + fl5 - 6. 


Dāng thute xāy ra khi vā ehi khi — \ — > 0 (thoa x, y, z lā dŌ dāi ba eanh tam giāe). 

Vāy min P = 2>/3 + 2\/5 + \/l5 — 6. □ 

Vi du 32 (Balkan, 2006). Cho a, b, c> 0. Chūng minh rāng 

1 1 13 

+ T-n—■—7 H— - 7 + 


o(l + b) 6(1 + e) c(l + a) 1 + abc 

ChvCng minh. Dat abc = k 3 , v6i k lā mōt so thife dildng nāo do. Khi do, ta thay t6n tai x, 
y, z > 0 dd a = k = ^,b = k = ^, e = ^f. BDT ean ehiing minh dupc viet lai thānh 

x y z ^3k 

+ . ^ 


y + kz z + kx x + ky 1 + k 3 

Sur dung BDT Cauchy-Schwarz klt hop v6i BDT eo bān (x + y + z) 2 > 3 (xy + yz + zx), ta eo 


VT = 


x 


+ 


+ 




(x + y + zf 


> 


xy + kzx yz + kxy zx + kyz ^ (1 + k)(xy + yz + zx) ' \ + k 
Do do, ta ehi eān ehāng minh 


1 > k 


\ + k " 1 + k 3 ’ 

nhung dāy lai lā mōt BDT don giān vā eo the ehāng minh khā dō dāng. 

Vi du 33. Cho a, b, e > 0. Chūng mir^, rāng 

4 e 4a b 

+ r—z~ H-:— ^ 3. 


□ 


2a + b b + 2 e e + a 
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Chiing minh. Dāt x = 2a + 6, y = 6 + 2c vā 2 = e + a, thi ta eo 

y - x + 2z 


x — y + 2z x + y — 2z 

a = ---, 0 = ■ 


e = 


4 2 4 

Do do, BDT ean ehiing minh trei thānh 

y — x + 2z x — y + 2z x + y — 2z 


+ 


y 


+ 


ttfOng duong 


y x\ (2z x \ . , . 

x + y) + {T + Tz) + [j + Tz 


2 z 

% z , y 


>3, 


Rō rāng BDT nāy dūng theo BDT AM-GM. 
Vi du 34. Cho a, b, c> 0. Chxtng minh rang 


□ 


a + 26 


+ 


3c 


e + 2a 

+ —--- ^ 1. 


5c + 4a 4a + 46 + e a + 26 + 6c 

Chttng minh. Dāt x = a + 26, y = 3c vā 2 = e + 2a. Khi do, BDT ean ehūng minh trō thānh 

x y z ^ , 

+ „ + — ^ 1 . 


y + 2z z + 2x x + 2 y 

Bāy giō, āp drmg BDT Cauchy-Schwarz vā BDT cd bān (x + y + z) 2 ^ 3 (xy + yz + zx), ta eo 

x ■ y z x 2 y 2 z 2 

+ —— + —— = -r-=—+-+ 


y + 2z z + 2x x + 2y xy + 2 zx yz + 2 xy zx + 2 yz 

^ (x + y + z) 2 ^ ^ 

" 3 (xy + yz + zx) ^ 

Bāi toān duoc ehūng minh xong. □ 

Vf du 35 (Iran, 2007). Cho a, 6, e lā eāe so thite āitōng khāe nhau ddi mot. Chitng minh rang 


a+6 6+e e+a 

+ 7 -H 


a — 6 6 — e e — a 


> 1. 


ehulng minh. Do tfnh doi xūng nen ta eo the giā sū a > 6 > e. Tū do dāt a = c + x, b = c + y 
vdi x > y > 0, ta eo 


+ 


+ 


a — 6 6 — e e — a 


e + a 


2 c + x + y 

e — a 


x-y 



( 1 


= 

2c ( 



\x-y 



( 1 


— 

2c ( 



\x-y 


H- 

V 

1 1 , 

+-) + 


x 

x + y 


+ 


x-y 

xy 


) + ^ 


x-y 
V 
y 


Tū day v6i ehū y 2c > 0 vā > 1, ta suy ra ngay ket quā eān ehūng minh. □ 

Vf du 36. Cho a , 6, e ^ — 1 vā a 2 + b 2 + e 2 = 6. Tim giā tri nho nhat eua bieu thite 

A = a + b + e. 
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Chiing minh. Dāt a = x - 1, b = y - 1 vā e = z - 1 vāi x, y, z ^ 0. Di§u kien giā thiāt eo 

the viet lai lā (x — l) 2 + {y — l) 2 + (z — l) 2 = 6, hav 

x 2 + y 2 + z 2 - 2(x + y +~z) = 3. 

Vi x 2 + y 2 + z 2 ^ (x + y + z) 2 nen th tren suy ra 

(x + y + z) 2 - 2(x + y + z) ^ 3. 

Giāi bāt phuong trinh nāy, ta dupc 

x + y + 2 ^ 3. 

Th do suy i&A = x + y + z — 3^0. Dāng thtie xāy ra ehāng han khi a = b= — 1 vā e = 2. □ 

Vi du 37 (IMO, 2001). Chvtng minh rhng vdi moi so thue āiiōng a, b, e, ta eo 

a b e ^ . 

+ . = + . , ■. . ^ 1 . 


\/a 2 + 8 bc y/b 2 + 8ca \/c 2 + 8a6 
ChtCng minh. BDT eān ehiing minh tuong duong vdi 

1 + 


+ 8 • £ V 1 + 8 • i ^1 + 8-f 

Dāt x = ^,y = ff, z = ^ thi ta eo x,y, z > 0, xyz = 1, vā BDT trān trd thānh 


1 1 1 

H— '."v : H—^ T 


\/l + 8x \/l + 8y \/l + 8z 


tuong duong 


V(1 + 8x)(l + 8 y) + y/(\ + 8y)(l + 8 z) + y/(\ + 8z)(l + 8x) ^ y/(l + 8x)(l + 8y)(l + 8 z). 
Binh phuong hai ve, ta duoc 

]T(1 + 8x)(l + 8 y) + 2y/(\ + 8x)(\ + 8y)(\ + 8 z)J2 vT+ 8^ > (1 + 8x)(l + 8y)(l + 8 z). 

Do 52(1 + 8x)(l + 8y) = 3 + 16(x + y + z) + 64 (xy + yz + zx) vā 

(1 + 8x)(l + 8y)(l + 8z) = 1 + 8(x + y + z) + 64 (xy + yz + zx) + b\2xyz, 
nen BDT tren eo the viet lai thānh 

4 (x + y + z) + \J(\ + 8x)(l + 8y)(l + 8 z) (\/l + 8x + y/\ + 8 y + V\ + 8z^j ^ 255. (1) 

Sā dung BDT AM-GM, ta eo 

4(x + y + z) ^ 12 tfxyz = 12, 

y/W + 8x) = yj 513 + 8 Y, x + 64 ^ xy ^ y^513 + 24 ^Jxyz + 192 \Jx 2 y T/ 2 = 27 
vā 


VT+8x + v/1 + 8 y + VTTTz ^ 3^/(1 + 8x)(l + 8y)(l + 8 z) ^ 3^729 = 9. 

Tā dāy, de dāng suy ra (1). Bāi toān dU0c ehāng minh xong. □ 
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Nhān xet. Bāi toān tren eon eo mōt lōi giāi khāe ddn giān hdn nhieu lā sut dung BDT Holder. 

Vi du 38 (DH khoi A, 2009). Chxtng minh rang vōi moi x,y, z > 0 thoa mān x{x+y+z) = 3 yz, 
ta eo bat dāng thtee sau 

(a; + y) 3 + (x + z) 3 + 3(x + y)(y + z)(z + x) ^ 5(y + z) 3 . 

ChvCng minh. Dāt a — y + z, b = z + x,c = x + y. Khi do ta eo a, b, e > 0 vā 

a + b — e 


b + e — a e + a — b 

x =---, y = -ō-, 


2 — 


BDT eān ehutng minh trō thānh 


hay tudng dudng 


e 3 + b 3 + 3 abc ^ 5a 3 , 


6 3 e 3 „bc 

-ō*H— ō + 3 • - • — ^ 5. 
a d a 6 a a 


Dieu kien giā thiet eo the vilt lai lā 

(b + e — a)(a + b + e) = 3(c + a — b)(a + b — e). 

Sau khi thu gon, ta dupc b 2 + e 2 — bc = a 2 , hay 

b 2 c 2 bc_ 

o I o ’ 

a z a z a a 

T6i dāy, dāt u = ~, v = & thi u, v > 0 vā u 2 + v 2 — uv = 1. Nhu vāy ta phāi ehting minh 

u 3 + v 3 + 3uv ^ 5. 

BDT nāy dūng vi ta eo uv ^ 1 vā u 3 + v 3 ^ 2. Thāt vay, tū giā thiet suy ra 
(u + v) 2 < (u + v) 2 + 3 (u — v) 2 = 4 (u 2 + v 2 — uv) = 4, 
dān den u + v ^ 2. Vā do do, ta eo 


u 3 + v 3 = (u + v)(u 2 + v 2 — uv) = u + v ^ 2, uv ^ 


(u + v) 2 


^ 1 


Bāi toān dudc ehūng minh xong. 


□ 


Vi du 39 (Thi vāo 16p 10 chuyen DHSP Hā Nōi, 2008). Cho x, y, z lā eae so thue khong ām, 
doi mot khāe nhau vā thoa mān diiu kien (x + z)(y + z) = 1. Chiing minh rang 


1 1 1 
+ t—:—tō + 


^4. 


(x - y) 2 (x + z) 2 (y + z) 2 
ChvCng minh. Dat a = x + zvhb = y + z. Khi do ta eo ab = 1 vā BDT dā eho trō thānh 


1 1 
H—ō + tx 4. 


BDT nāy tudng dUdng v6i 
hay 


(a — b) 2 a 2 b 2 
1 


a 2 + b 2 — 2 
1 


+ cl +6 > 4, 


+ (a 2 + b 2 — 2) ^ 2, 


(a 2 + b 2 — 2) 


hien nhien dūng theo AM-GM. 


□ 
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¥£ du 40. Cho x, y, z e [0, 2] vā x + y + z = 3. ChHng minh rang 

3 ^ x 2 + y 2 + z 2 ^ 5. 

Chrtng minh. Ta se doi bien de dua doan [0, 2] ve doan doi xdng [-1, 1]. Muōn vay, ta dat 
a = x — l,6 = y — 1 va e = z - 1. The thi a, b, e E [—1, 1] va a + b + e = 0. BDT eān ehūng 
minh trō thanh 

3 ^ (a + l) 2 + (a + l) 2 + (e + l) 2 ^ 5, 

"remg dnong 

3 < a 2 + 6 2 + e 2 + 2(a + b + e) + 3 ^ 5, 


hay 

0 ^ a 2 + b 2 + e 2 ^ 2. 

Tir day, ta thā,y ngay rang ehi eān ehutng minh ve phāi. Vi a, b, e € [—1, 1] nen 

a 2 + b 2 + e 2 ^ |a| + |6| + |c|. 


Māt khāe, do a + 6 + e = 0 nen trong ba so āy phāi eo hai so eung khōng am hoāe eung khōng 
duong, giā sā do lā a vā b. Khi d6 |a| + |6| = |a + b\ = | — c| = |c|. Nhu vay 

a 2 + b 2 + e 2 < 2|c| ^ 2. 

Bāi toān duoc ehurng minh xong. □ 

Vi du 41. Cho eāe sS th'tfe x, y, z € [0, 2] thoa mān x + y + z = 3. Tim giā tri lān nhat vā 
giā tri nho nhat eua biiu thtie 

P = x 3 + y 3 + z 3 - 3(x - 1 )(y - 1 )(z - i), 

Chutng minh. Dāt a = x — l,b = y — 1, e = z — 1. Khi do a, b, e G [—1, 1], a + b + e = 0 vā 

P = ( fl + l) 3 + (6 + l) 3 + ( c + l) 3 - 3a6c 

= a 3 + 6 3 + e 3 — 3abc + 3(a 2 + b 2 + e 2 ) + 3(a + b + e) + 3 
= (a + b + c)(a 2 + b 2 + e 2 — ab— bc — ea) + 3(a 2 + 6 2 + e 2 ) + 3(a + b + e) + 3 
= 3(a 2 + b 2 + (?) + 3. 


Theo kōt quā bāi toān truōe, ta eo 

0 ^ a 2 + b 2 + t? ^ 2. 

Tuf day, d§ dāng tim duoc min P = 3 dat duoc khi x = y = z = 1 vā max P = 9 dat duoc khi 
x = 0, y = 1, z = 2 va, eāe hoān vi. □ 


Bāi tāp de nghj 

Bāi tāp 36. Cho a, b, e lā dō dāi ba eanh eūa mōt tam giāe. Chufng minh rāng 

a . b e 


+ 


+ 


>3. 


b+c—a c+a—b a+b—c 
Bāi tāp 37. Cho a, b, e lā dō dāi ba eanh eūa mōt tam giāe. Tim giā tri nhō nhāt eūa 

4a 96 16c 


P = 


+ 


+ 


6 + e —ā e + a —6 a + 6 —e 
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Bāi tāp 38. Cho a, 6, e lā do dāi ba eanh eua mōt tam giāe. Chufng minh rāng 

a 6 e ^ 

3a — b+'c 3 b — c + a 3c — a + b ^ 

Bāi tāp 39 (IMO, 1961). Chiing minh rāng nāu a, b, e lā dō dāi ba eanh eua mot tam giāe 
eō dien tieh S thi 

a 2 + b 2 + e 2 ^ 4-\/35. 

Bāi tāp 40 (IMO, 1964). Cho a, b, e lā dō dāi ba eanh eua mot tam giāe. Chutng minh rang 
a 2 (b + e — a) + b 2 (c + a — b) + c 2 (a + b — e) ^ 3 abc. 


Bāi tāp 41. Cho a, b, e lā dp dāi ba eanh eūa mōt tam giāe. Chūng minh rāng 
a 2 (a + b)(b — e) + b\b + c)(c — a) + c 2 (c + a)(a — b) ^ 0. 

Bāi tāp 42 (IMO, 1995). Cho a, b, e lā eāe sō dtfdng thoa mān abc = 1. Chūng minh rāng 


1 


+ 


+ 




a 3 (b + c) b 3 (c + a) c?(a + b) 2' 

Bāi tāp 43. Cho x,y, z> 0. Chūng minh rāng 
, s x + 3z ^ + 3x 4 y 

w '7TST + TT 7 + 7^ > 6; 

( b) li-~^ + ^z5£ + 3 i'- 11 %-3. 

x + 2y y + 3z z + 4x 

Bāi tāp 44. Cho a, b, e lā dō dāi ba eanh eūa mōt tam giāe. Chūng minh rāng 

a 3 + b z + 3abc > e 3 . 

Bāi tāp 45. Cho a , b, e lā dō dāi ba eanh eūa mpt tam giāe eo dipn tfeh S. Chūng minh rāng 

(a) ab + bc + ea^ 4^/35; 

(b) a + b + c^2^/27y/S. 

Bāi tāp 46. Cho eāe so thtfe a, b thoa mān a + 6^8vā6^3. Chūng minh rang 

27 a 2 + 106 3 ^ 945. 

Bāi tāp 47. Cho eāe so thtre a, 6, x, y thoa mān 

x ^ a, x + y ^ a + 6, a ^ 6 > 0. 

Chūng minh rang 

x 2 + y 2 ^ a 2 + b 2 . 

Bāi tāp 48. Cho eāe so thue x<2vhx + y> 5. Chūng minh rā,ng 

5a: 2 + 2 y 2 + 8 y ^ 62. 
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Bai tāp 49. Cho eāe so thite x, y thōa mān x^lvax + y = 3. Chntng minh rāng 

x 3 + y 3 ^ 9 vā 2x 4 + y 4 ^ 18. 

Bāi tāp 50. Chhng minh rang neu a ^ 4, b ^ 5, e ^ 6 vā a 2 + b 2 + <? = 90 thi 


a + b + e ^ 16. 


Bāi tāp 51. Cho a, b, elā eāe so thule dōi mōt khāe nhau. Chāng minh rāng 


(a) 


+ 


b 2 


+ 


(b — e) 2 (e — a) 2 (a — b) 2 


> 2 ; 


( a + b ) 2 , (b + e) 2 (e + a) 2 
(b) (a-b)* + (b-c) 2 + (e-a) 2 ' \ 

. a 2 + b 2 b 2 + e 2 e 2 + a 2 5 
(e) t- — + - - - + --— ^ - 


(d) 


(a-b) 2 (b — e) 2 (e — a) 2 ' 2’ 

ab bc ea 1 

(a — b) 2 + (b — e) 2 + (e — a) 2 ^ 4 


Hitōng dān. (a) Hāy ehutng minh xy + yz + zx = -1 vōi x = y = z = Sau do 
sii dung dong nhāt thiie x 2 + y 2 + z 2 = (x + y + z) 2 — 2 (xy + yz + zx). 

(b) Lām tuong tu nhu eau (a): Dāu tien, ta ehutng minh xy + yz + zx = -1 vdi x = ~, 
y = z = Sau do sut dung dāng thute x 2 + y 2 + z 2 = (x + y + z) 2 - 2 (xy + yz + zx). 

(e) Si3t dung klt quā ō eāu (b) vdi ehu y a 2 + b 2 = ( a+6 L _+( a ~ 6 ) _ 


(d) Sii dung kōt quā ō eāu (b) vōi ehū y ab = ( a+b ) ^( a 6 ) _ 

Bāi tāp 52 (IMO, 2008). Chūtng minh rāng neu x, y, z lā eāe so thue khāe 1 vā xyz = 1 thi 

3:2 | y 2 i * 2 > i 

(x — l) 2 + (y — l) 2 + (z — l) 2 1 

Hvt&ng dān. Dāt a = b = e = roi tim su lien hō eūa a, b, e. Sau do sū dyng 
eāe hāng dāng thūe quen thuōe. 

Bāi tāp 53 (Thi vāo lōp 10 chuyen Toān-Tin, DHKHTN Hā Nōi, 2009). Cho x,y, z € [0, 2] 
vā x + y + z = 3. Tim giā tri lōn nhāt vā nhō nhāt eūa biiu thūe 

P = x 4 + y 4 + z 4 - I2(x - 1 )(y - 1 )(z - 1). 
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BUŌNG dang GIĀC, BUŌNG boi trung 

Nguyen Tang Vu 1 


•p 

1 Oi/eftig dāng giāe 

1.1 Djnh nghTa 

Dinh nghla 1. Cho goe ZxOy. Ta noi hai diidng thāng d\ vā d 2 lā eae dudng dāng giāe trong 
qoc dā eho neu ehung eung di qua dinh 0 vā doi xilng vdi nhau gua phān giāe eua goe do. 

Vi du 1. 

(a) Mot truōng hop tām thuāng lā: Dudng phān giāe lā dāng giāe vdi ehinh no. 

(b) Trong mot tam giāe vuong, dudng eao vā trung tuyen xuat phāt tii dinh goe vuōng lā hai 
dudng dāng giāe. 

(e) Tong quāt hefn, neu tam giāe ABC noi tiep trong dudng trān (0) thi AO vā dudng eao 
ha, tii dinh A xudng eanh BC lā hai dudng dāng giāe eua goe ZBAC. 



Ban doc eo th§ kiem tra mot eāeh de dāng eāe vi du tren. 

1.2 Cāc tmh ehat eef bān 

1.2.1 Tieu ehuan de hai difdTng thang lā dang giāe eua mot goe 

Dinh ly 1 (Dinh ly Steiner). Cho tam giāe ABC vā hai diim D, E tren eanh BC 
AD vā AE lā hai dudng dang giāe eua goe ZBAC khi vā ehi khi 

~BD BE AB 2 

W ' W ~ ĀCD' 

^Giāo vien trudng Phō thong Nāng khieu, Dai hoe Quōc gia thānh pho Ho Chi Minh. 


Khi do, 
(1) 
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Chiing minh. 



C 


(a) Phan thuān. Giā suf AD vā AE lā hai du6ng dāng giāe eūa goe ZBAC, ta se ehūng minh 
dāng thūe (1) eūng dūdc thoa mān. Ta eo 

AB sin ZBAD 
ĀŌ' sinZDAC' 


BD Sbad AD • AB • sin ZBAD 


DC 

Tūdng tū, ta eūng eo 


Sdac AD • AC • sin ZDAC 


( 2 ) 


BE 

EC 


AB 

AC 


sin ZBAE 


(3) 


sin ZEAC' 

Māt khāe, do AD, AE lā hai dūc(ng dāng giāe eūa goe ZBAC nen 

ZBAD = ZEAC, ZDAC = ZBAE. (4) 

Tū day k§t hdp vdi (2) vā (3), ta thu dūdc ngay dāng thūe (1). 

(b) Phan āāo. Giā sū AD, AE thoa (1), ta ehūng minh AD vā AE lā hai dufdng dāng giāe 
ūng v6i goe A. Ve AD' lā dūdng dāng giāe eūa AE (D' G BC). Khi dō ta eo he thūe 

~BD' ~BE AB 2 
WC ~EC ~ AC 2 ' 

Ket hdp v6i (1), ta eo = = ■=. Suy ra D = D', tūe AD vā AE lā hai dūōng dāng giāe. □ 

Dinh ly 2. Cho goe ZxOy vā āuōng thang d\ qua O, A lā mōt diim hāt ky tren d\. Goi H, K 
lān luot lā hinh ehieu eua A tren Ox, Oy. Khi do, dudng thdng efe dudng dāng giāe eua d\ 
ling vōi goe ZxOy khi vā ehi khi d 2 Q ua O vā vuōng gōe vdi HK. 

ChvCng minh. Chūng minh djnh ly nāy khā ddn giān, dl thuān ti$n ta sū dpng goe hinh hpe. 
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(a) Phān thuān. Gia sii d 2 la dilāng dāng giae eūa d\, ta se ehūng minh d 2 _L HK. Ta eo 
OHAK la tut giāe nōi ti§p dutcJng tron duōng kinh OA nen 

ZAOH = ZAKH. 

Māt khāe, ta lai eo ZKOB = ZAOH, nen tū tren suy ra 

ZKOB = ZAKH. 

Vi ZAKH + ZHKO = 90° nen ta eo ZKOB + ZHKO = 90°, tir do suy ra OB 1 HK. 

(b) Phān ddo. Giā sū d 2 di qua O vā vuōng goe v6i KH, ta se ehūng minh d 2 lā duōng dāng 

giāe eūa d\. Goi duōng thāng d! lā duōng dāng giāe eūa d\ ūng vōi gōe ZxOy. Theo phān 
thuān ta eo d' _L HK, suy ra d' trūng d 2 . Vāy d 2 lā duōng dāng giāe eūa d\. □ 

He quā 1. Goi A\, A 2 lan luot lā diim doi xūng eūa A qua Ox vā Oy. Khi do, dudng trung 
true eūa doan A\A 2 lā dudng dang giāe eūa OA. 

1.2.2 Cāc tmh ehāt e d bān 

Dinh ly 3. Cho goe ZxOy. A vā B lā hai diem sao eho OA, OB lā hai dudng dang giāe ūng 
vōi goe ZxOy. A\, A 2 lān luot lā hinh ehieu eūa A tren Ox, Oy vā B\, B 2 lān luot lā hinh 
ehieu eūa B tren Ox, Oy. Khi do, ta eo eāe diiu sau: 

( a ) Bon diem A\, A 2 , B\, B 2 eūng nam tren mot dudng trān eo tām lā trung diim eūa AB\ 

(b) AA\ ■ BB\ = AA 2 ■ BB 2 . 

Chvlng minh. 


V 



(a) Ta eo 

OA\ = OAcosZAOA\, OB\ = OBcosZBOB\ 

vā 

OA 2 = OA eos ZAOA 2 , OB 2 = OB eos ZBOB 2 . 

Suy ra OA\ ■ OB\ = OA 2 ■ OB 2 . Do do, bon diem A\, A 2 , B\ vā B 2 eūng thuōe mōt duōng 
tion. Hon nūa tām eūa du6ng tron nāy ehinh lā trung diem eūa AB. 

(b) Ket quā nāy duoc suy ra trUe tiep tū dinh nghia dū6ng dāng giāe. 


□ 







216 


Cac chuyen de boi di/dng hoe sinh gioi Toan 


Dinh ly 4. Cho tam giāe ABC. Cāc eāp dudng thāng d a , d' a lā dudng dāng giāe āng vōi goe 
A. dmh nghia tuong tu vōi db, d' b vā d c , d' c . Khi do, d a , db, d c ddng quy tai P khi vā ehi khi d' a , 
d' b , d' c dōng quy tai P'. 

Ch\tng minh. 


A 



Sii dung dinh ly Ceva dang ludng giae ta ehhng minh dinh ly 4 nhif sau: Giā sut d a , db, d c dong 
quv tai P. ta eo 

sin(d a , e) sin((4, a) sin (d c , b) _ 
sin(d a , b) sin(db, e) sin(d c , a) 

Lai eo (d a , e) = ~(d' a , b). vā (d a , b) = ~(d' a , e) nen 

sin(d a , e) _ sin (d' a , b) 
sin (d a ,b) sin (d' a , e)' 

Tuong tu, ta eūng eo 

sin (d b , a) _ sin (d' b , e) sin (d c , b) _ sin(d c , a) 
sin (d b . e) sin^, a) ’ sin (d c , a) sin(d' c , b)' 

Tū nhūng ket quā nāy, ta suy ra 

sin(d a , b) sin(dj, e) sin (d' c , a) _ 
sin(ū a , e) sin(dj,, a) sin(<f c , b) 

Do do d' a , d' b , d' c dong quy. Dinh ly duqc ehūng minh. □ 

Tū dinh ly 4, ta eo dinh nghia sau: 

Dinh nghla 2. Hai diem ductc goi lā hai diem dang giāe neu eāe eāp dudng thang nōi ehung 
vōi mōi dinh lā nhūng eāp duōng dāng giāe. > 

VI du 2. Trong mot tam giāe thi tām duōng tron ngoai tiep vā tnie tām lā hai diem dang giāe. 
Āp dung dinh ly 3 ta eo dinh ly sau: 

Dinh ly 5. Cho P vā P' lā hai diim dang giāe dōi vōi tam giāe ABC. Goi X, Y, Z lan luot 
lā eāe hinh ehieu eūa P tren eāe eanh BC, AC, AB vā X', Y', Z' lan luot lā eāe hinh ehiiu 
eūa P' tren eāe eanh BC, AC, AB. Khi do, sāu āiim X, Y, Z. X', Y', Z' eūng nam tren mot 
āuōng tron. 

MOt he quā eūa dinh ly 5 lā djnh ly ve dudng tron Euler: 

Dinh ly 6. Trong mot tam giāe, ehān eāe āUōng eao vā trung diem eāe eanh thi eūng thuoe 
mot āuōng trān, tām āuōng tron Euler ehinh lā trung diim eūa doan th&ng noi trUe tām vā 
tām ngogi tiip tam giāe. 
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1.3 Mot so bāi toan āp dung 

Bai toān 1. Cho tam giāe ABC. Dudng tron thay doi qua B vāC eat eāe dudng thang AB vā 
AC tai D vā E. Chiing minh rāng tām I eua dudng tron ngoai tiip tam giāe ADE di ehugen 
tren mot dudng thāng eo dinh. 

Chv?rig minh. 



Goi O lā tām du:dng tron ngoai tiep tam giāe ABC. Ta eo tam giāe ADE vā tam giāe ACB 
dong dang, suy ra hai tam giāe AID vā AOC dōng dang, do do ZDAI — ZOAC. Ket quā 
nāy eho thāy AI vā AO lā hai dudng dā,ng giāe doi vdi goe A. Mā dudng eao AH eua tam giāe 
ABC vā AO eūng lā hai dudng dang giāe. Tir dāy suy ra / € AH eo dinh. □ 

Nhān xet. Dāy lā bāi toān thi vāo trudng Pho thōng Nāng khieu nām 2011 vā lā mōt bāi 
toān khā d§. Ta khōng eān phāi sū dung tōi khāi niem dāng giāe. Tuy nhien, qua bāi nāy ta 
eō mōt dāu hien de nhan biet duoc hai duōng dāng giāe: Cho hai diim D, E thuoe eāe dudng 
thāng AB vā AC sao eko Z\ADE ~ AACB. Khi do eāe dudng thāng tuōng vtng eūa hai tam 
giāe ADE vā ABC qua A lā hai dudng dāng giāe eūa goe ZBAC. 2 

Cu the hon: Cho tam giāe ABC. Neu DE lā dudng doi song eūa BC thi trung tugen (dudng 
eao...) xuat phāt tū A eūa tam giāe ADE vā tam giāe ABC lā hai dudng dang giāe. 

Day lā mōt y khā hay dō ta giāi duqc eāe bāi toān. Ta xet vi du sau: 

Bāi toān 2. Chūcng minh rāng trong mot tam giāe, eāe dudng thang ke tū tām eūa dUdng trān 
bāng tiep trong mōi goe, vuōng goe vōi eanh doi dien, dōng quy tai mot diim. 

Chvtng minh. 


/e 



2 DE va BC dildc goi lā hai duc(ng doi song. 
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Goi I a , h, Ic lān lnot la tam duāng tron bang tiep ling vdi dinh A, B, C. De dāng ehiing minh 
I a A, IbB, I c C lā eāe dncing eao eūa tam giāe Iahh • Vi BC vā I a h lā hai ditc)ng doi song nen 
theo tieh ehāt tren ta eo dnc)ng thāng qua A vuōng goe vdi BC vā dudng thāng I a A lā hai 
dudng dāng giāe Ung v6i goe hhh- Ap dung dinh ly 4, ta eo dieu eān ehiing minh. □ 

Bāi toān 3 (Nga, 2010). Dudng trdn noi tiep eua tam giāe nhon ABC tiep xūc vōi eāe eanh 
AB, BC , AC lan luot tai C\, Ai, B\. Cac diim A 2 , B 2 lān luot ld trung diim eūa eae doan 
B\C\, A\C\. Goi P la giao diim eūa dudng trdn noi tiep va CO, vdi O la tām dudng tron ngoai 
tiep tam giāe ABC. Goi N, M la giao diim thū hai eūa PA 2 , PB 2 vdi dudng trōn nōi tiip. 
Chūng minh rang giao diem eūa AN va BM thuōe dudng eao hg tū C eūa tam giāe ABC. 

Chvtng minh. 


A 



Ta bi!t rāng duāng eao ha tū C vā CO lā hai duāng dāng giāe. Cāc duāng thāng CO, BP, 
AP eat nhau tai P. Do vay, ta ehi eān ehiing minh (AP, AN) vā (AP, AM) lā eāe eāp duāng 
dāng giāe ūng vāi goe A vā B eūa tam giāe ABC. 

Tū dāy, ta di den lāi giāi eho bāi toān nāy nhu sau: Goi I lā tam duāng tron noi ii!p tam giāe 
ABC, K lā giao diem eūa AN vā BM. Āp dūng phuong tieh eūa diem P doi vāi duāng tron 
(I) vā duōng tron ngoai tiep tū giāe AC\IB\, ta eo 

A 2 I • A 2 A = A 2 C\ • A 2 B\, A 2 C\ • A 2 B\ = A 2 N ■ A 2 P. 


Tū do suy ra 

ĀiN ■ ĀiP = ĀM ■ ĀiĀ. 

Dāng thūe nāy eho thāy ANIP lā tū giāe noi tiep. Hdn nūa IN = IP nen ta eo AI lā phān 
giāe goe ZNAP, do do AN vā AP lā hai duāng dāng giāe ūng v6i goe A. 

Chūng minh tuong tu ta eūng eo BM vā BP lā hai duāng dāng giāe eūa goe B. Mā AP, BP, 
CO dōng quy tai I vā AN. BM eāt nhau tai K, nen CK lā duāng dāng giāe eūa CO. Suy ra 
K thuōe duāng eao ha tū C eūa tam giāe ABC. □ 
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2 Ou'ofng doi trung 

2.1 Djnh nghTa 

Dinh nghla 3. Trong mot tam giāe, dudng dāng giāe vdi trung tugen xuat phāt tii mot dinh 
duoc goi lā dudng ddi trung eua tam giae. 

VI du 3. Trong mot tam giāe vuōng thi dudng eao xuat phāt tU dinh ehinh lā dudng doi trung. 

2.2 Cac tmh ehat eer bān 

Dudng doi trung la dudng dāng giāe v6i trung tuygn nen se eo eāe tinh ehāt eua eāp du6ng 
dāng giāe. Tiif eāe dinh ly 1, 2, 3, 4 vā 5, ta eo eāe tlnh ehāt sau: 

(1) Cho tam giāe ABC. Ta eo AD (D € BC) lā difōng doi trung khi vā ehi khi: 

DB = A& 

1 ‘ 1 DC AC-' 
sin ZDAB AB 

( ’ sin ZDAC = ~ĀC V 
DH AR 

(e) —— = —— ( H , K lān luot lā hinh ehieu eua D tren AB , AC). 
v DK AC 

(2) Cāc dudng dōi trung giao nhau tai mpt di6m gpi lā di6m Lemoine. Chū y rang: 

(a) Dilm Lemoine vā trong tam lā hai diem dāng giāe; 

(b) Dilm Lemoine eo nhieu tinh ehāt hay, ta se xet eāe tlnh ehāt do trong phān bāi tap. 

2.3 Cāch di/ng di/crng doi trung vā āp dung 

Dua vāo eāe tlnh ehāt eūa du6ng doi trung, trong phān nāy ta se xet xet eāe eāeh dung du6ng 
doi trung. Qua do, ta xem xet mōt vāi vi du lien quan t6i du6ng dōi trung eūa tam giāe. 

Bāi toān 4. Cho tam giāe ABC. Tren dudng thang AB lay mot diim D vā tren dudng thāng 
AC lay mot diim E sao eho DE lā dudng dōi song eūa BC. ChUng minh rang trung tuyen 
eūa tam giāe ADE lā dudng dōi trung eūa tam giāe ABC. 


C 


Bāi toān nāy eo the duoc ehūng minh dua vāo nhan xet sau bāi toān 1. 
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Bāi toān 5. Cho tam giāe ABC. Tiep tuyen tai B vā C eūa āuāng tron ngoai tiip tam giāe 
ABC eat nhau tgi P. Chvtng minh rang AP lā iuāng āoi trung eūa tam giāe ABC. 

ehitng minh. 



(a) Cāch 1. Goi D lā giao diem eūa AP vā BC, ta eo 

DB S A bp AB-BP-sinZABP AB sin ZACB AB 2 
DC ~ S ACP ~ AC-CP- sin ZACP ~ AC ' sin ZABC ~ AC 2 ' 

Do do AP lā dndng dōi trung eūa tam giāe ABC. 


A 



(b) Cāch 2. Goi D, E lā giao diem eūa AB, AC vdi dudng tron tām P bān kinh PB vā O lā 
tām dudng tron ngoai tiep tam giāe ABC. Ta eān ehūng minh DE lā duāng kinh eūa dudng 
tron. Thāt vay ta eo 


ZDBE = ZBAE + ZAEB = ZB ? C + ZBP ° = 90° 


nen DE lā dudng kinh vā P lā trung diem eūa DE. Tū day, de dāng suy ra AP lā dudng doi 
trung eūa tam giāe ABC. □ 


Sau day ta xet mōt vāi vi du eo lien quan den dudng doi trung. 

Bāi toān 6 (De ehon dqi tuyen truōng Phō thōng Nāng khieu, 2010). Cho tam giāe ABC noi 
tiep āuāng trān ( O ) eo A eo etinh vā B, C thay āōi tren (O) sao eho BC luon song song vdi 
mōt āuāng thāng cd āinh. Cāc tiip tuyin eūa ( O ) tgi B vāC eat nhau tgi K. Goi M lā trung 
diem eūa BC, N lā giaō āiem eūa AM vōi ( O ). Chūng minh dudng thang KN luon qua mot 
diem cd dinh. 
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Chx£ng minh. 



Goi D, P lān lirot lā giao diem eua KN, KA vā (0). Vi BC eo phuong khōng dōi nen KM lā 
dudng thāng eō dinh. Theo tren, ta thāy AK lā duōng doi trung, suy ra Z.BAP = ZNAC. Th 
do ta ehiing minh duoc P, N doi xdng nhau qua duōng thāng KM eo dinh. Khi do d§ dāng 
suy ra D doi xUng vdi A qua dudng thāng KM nen D eo dinh. □ 

Bāi toān 7. Cho tam giāe ABC. Mot ditdng trdn thay doi qua BC eat eae eanh AB vā AC 
tai D vā E. Tiep tuyin tgi D vā E eūa dudng tron ngogi tiip tam giae ADE cdt nhau tgi P. 
Chūng minh rdng P ludn thuoe mot dudng thang c6 dinh. 

ehūeng minh. Nhān xet P thuoe duōng d6i trung eua tam giāe ADE. Mā BC lā dudng d6i 
song eua DE nen trung tuy6n AM eua tam giāe ABC lā duōng dōi trung eūa tam giāe ADE. 
Do do P thuōe AM eo dinh. □ 

Bāi toān 8. Cho tam giāe ABC nhon khāe tam giāe eān. M lā trung diim eūa BC. D vā E 
lā eāe diem thuoe AM sao eho AD = BD vā AE = EC. DB eat CE tgi F. Mot dudng trān 
qua B vā C eat eāe egnh AB, AC lan lugt tgi H vā K. Chūng minh rang AF di qua trung 
diim eūa HK. 

Chving minh. 


A 



P 
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Ta thay rang HK la du!c)ng doi song eua BC nen de ehilng minh AF qua trung diem eūa HK 
thi ta ehi ean ehūng minh AF la dudng doi trung eūa tam giae ABC. Āp dung dinh ly sine 
eho tam giae ABF va tam giae ACF, ta eo 


AB sin ZAFB sin ZAFB 

AF sin ZABF sin ZBAD 

(1) 

Va AC sin ZAFC sin ZAFC 

AF sin ZACF sin ZEAC 

(2) 

Mā D, E thuōe trung tuyen AM nen ta eo 


sin ZDAB AC 

(3) 

sin ZEAC~AB' 

Tū (1), (2) vā (3), ta suy ra smZAFB‘= sin ZAFC, tūe 


ZAFB = ZAFC. 

(4) 


Māt khāe ta lai eo 


ABFC = ZFDE + ZFED = 2ZBAD + 2ZEAC = 2ZBAC = ZBOC. 

Ket hop v6i tren, ta dūdc 

ZAFB = ZAFC = 180° - ZBAC. 

Nhtf vāy, ta eo 

ZFAC + ZFCA = ZBAC = ZBAD + ZCAD. 

Mā ZFCA = ZCAD nen ZFAC = ZBAD. Vay AF lā dif6ng dōi trung eūa tam giāe ABC. 
Tū do suy ra dieu eān ehūng minh. □ 

Nhan xet. Sau khi dā ehi ra dūdc ZBFC = ZBOC thi ngoāi eāeh ehūng minh nhu tren, ta 
eon eo mot eāeh khāe de hoān tat bāi toān nhrf sau: Tū ZBFC = ZBOC, ta eo tū giāe BFOC 
nōi tiep. Goi P lā giao diem eūa AF vā ( BFOC ). Tū (4) suy ra PB = PC. Di§u nāy ehūng to 
OP lā dudng kinh vā PB ± OB, PC ± OC. Suy ra PB, PC lā tiep tuygn eūa ( ABC ) vā nhu 
the, AP lā dudng dōi trung eūa tam giāe ABC. Tū day ta eo ngay dieu phāi ehūng minh. 

Qua eāeh ehūng minh nāy, ta thay OF _L AF vā F thuōe du6ng tron du6ng kmh AO. Day 
ehinh lā nōi dung eūa bāi toān thi 01ympic Toān toān nuōe My nām 2008: Cho tam giāe ABC 
nhon vā khong phāi tam giāe eān, dudng trung true .eua AB vā AC eat trung tuyen AM tgi D 
vā E. F lā giao āiim eūa BD vā CE. Goi N, P lan luot lā trung diim AB, AC vā O lā tām 
duoc tron ngoai tiep tam giāe ABC. ChUng minh rang bon diim N, F, O, P eūng nam tren 
mot dudng trān. . 

3 Bāi tap ti/ luyen 

Bāi tāp 1. Cho tam giāe ABC e6 O lā tam du6ng tron ngoai tiep. Goi O a , Ob, O c lān lUdt lā 
tām du6ng tron ngoai tiep eāe tam giāe OBC, OAC vā OAB. Chūng minh rāng AO a , BOb, 
CO c dong quy tai diem K 0 vā K 0 lā di§m dāng giāe eūa tām du6ng tron Euler eūa tam giāe 
ABC. (K 0 dupc goi lā diem Kosnita.) 
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Bāi tāp 2. Cho tam giāe ABC nōi tiep ditōng tron ( O ) vā P lā diem sao eho PB, PC lā eāe 
tiep tuyen vdi duōng tron ( O ). Tren AB vā AC ta lāy eāe diem K vā H sao eho PK || AC vā 
PH || AB. Chutng minh rang eāe di§m H, K vā trung di!m eāe eanh AB, AC eung nām tren 
mōt dudng tron. 

Bāi tāp 3 (APMO, 2010). Cho tam giāe ABC nhon thoa dieu kien AB > BC, AC > BC. 
Goi H vā O lān luot lā true tām vā tam dudng trōn ngoai tiep tam giāe ABC. Giā sut dudng 
trōn ngoai tiep tam giāe AHC eat duōng thāng AB tai diem M khāe A, vā duōng trōn ngoai 
tiōp tam giāe AHB eat duōng thāng AC tai diōm N khāe A. ChUng minh rāng tam duōng 
trōn ngoai tiep tam giāe MNH thuoe duōng thāng OH. 

Bāi tāp 4. Cho tam giāe ABC eān tai A, vā P lā mpt diem nam trong tam giāe sao eho 
ZPBA = Z.PCB. Goi M lā trung diem eua BC, cl}Ung minh rāng 

ZAPC + ZMPB = 180°. 

Bāi tāp 5. Cho duōng trōn ( O ) vā hai diem A, B eo dinh tren duōng trōn, M lā trung diem 
eua AB. Diem C thay doi tren eung ldn AB. Dudng trung true eua AC vā BC eāt CM lān 
lupt tai D vā E. Goi F lā giao diem eūa AD vā BE. ChUng minh rāng CF luōn di qua mōt 
diōm eo dinh khi C thay doi. 

Bāi tāp 6 (Nga, 2010). Mōt diem B thay doi tren dāy AC eūa duōng trōn (uj). Duōng trōn 
duōng kfnh AB vā BC eo tam lā 0\ vā 0 2 eat (u>) lān lupt tai D vā E. Tia 0\D vā O^E eat 
nhau tai F, tia AD vā CE eāt nhau tai G. ChUng minh rang FG di qua trung diem eūa AC. 

Bāi tāp 7. Cho tam giāe ABC. Mpt duōng thāng (d) thay dōi luōn song song vdi BC eat AB 
vā AC lān ludt tai M, N. Goi I lā giao diem eūa BN vā CM. Dudng trōn ngoai tiep tam giāe 
BIM vā CIN eāt nhau tai P (khāe I). ChUng minh rang P luōn thuōe mōt duōng thāng eo 
dinh khi (d) thay doi. 

4 LeTi ket 

Bāi viet nāy khōng di sau nghien eUu eāe tfnh ehāt eūa duōng dāng giāe, diem dang giāe, mā 
ehi neu len mōt khāi niem khā phō bi6n trong hinh hoe nhung cd thā eōn la lām vdi nhieu hoe 
sinh, qua do giūp eho eāe em eo them mōt hudng nhin khi giāi eāe bāi toān hinh hoe. Ban nāo 
yeu thieh eō the nghien eUu them trong eāe tāi lieu tham khāo. 
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SU KET HOP GIŪA HINH HOC VĀ DAI SŌ 
TRONG CĀC BĀI TOĀN VE PHĀN GIĀC 

Le Phūe Llt 1 


Cac bai toān ve dtrdng phan giāe eūng nhū moi bāi toān ve Hinh hoe phāng khāe, deu dupc 
giāi vdi nhūng phuong phāp, dinh ly, b6 de khāe nhau vā deu doi hōi mot tU duy hinh tupng 
Ō nguōi lām Toān ō mūfe do nhāt dinh. Chāng han nhu hāng diem dieu hoa lien quan ehāt ehe 
vōi eāe bāi toān ve phan giāe nhung nō eūng dupc dūng de giāi nhieu bāi toān hinh phāng nōi 
ehung, eāe phep bien hinh hay bien doi veetor eūng tuong tu the. Tuy nhien, do nhūng dāc 
trung rieng mā nhūng bāi toān v6 phān giāe thūōng mang mpt ve dep khāe biet vā dpc dāo 
eūng nhu nhūng ket quā bāt ngp. 

Trong noi dung eūa bāi viet nāy, ehūng ta se eūng tim hilu mpt khfa eanh nhō trong vān de 
lien quan den bāi toān ve duōng phan giāe trong tam giāe. D6 ehinh lā su ket hpp giūa yāu to 
Hinh hoe vā Dai so trong lPi giāi mot bāi toān nhū the. Cō the nōi rang eong eu Dai so eūng 
ehfnh lā mpt giāi phāp hflu hieu eho nhūng ban ehūa eō dupc ky nāng tiep ean vā phān tfeh 
tot doi vōi eāe bāi toān Hinh phang de lām quen dān dān. 

0 ehuong trinh THPT, theo nhūng eōng thūe ve Hinh hpe Giāi tieh eo bān thi viee xāc dinh 
phuong trinh duPng phan giāe hay toa dp tam duPng tron nōi tiep eūa mpt tam giāe lā nhflng 
diāu khōng don giān nhūng khōng vi the mā viee van dung eōng eu Dai so eho nhūng bāi toān 
nāy gāp quā nhieu kho khān. Tren thūe te, khoāng eāeh giūa ehan eāe duōng phān giāe den 
eāe dinh thuōe eanh doi dien hay nhflng eōng thūe bieu dien dō dāi eāe doan thāng tUOng tu 
lai tinh dupc rāt de dāng vā dō ehinh lā mōt Uu diem eho viee ūng dung dai sō vāo eāe bāi 
toān nāy. Nhieu khi su klt hpp giūa Hinh hpe thuān tūy vā Dai so vāo eāe bāi toān ve phan 
giāe lai mang den nhiōu ket quā rāt dep mat vā eo giā tri. 

Hāy eūng tim hieu nhūng bāi toān, nhōng vi du dudi day dō lām rō dieu do vā mong rāng mōi 
nguPi se rūt ra dupc nhūng kinh nghiem eān thiōt, mōi me vā bo ieh eho minh! 

1 Mot so ket qua ean nhōf 

1.1 Mot so dinh ly vā bo de eor bān 

(a) Cho tam giāe ABC eō phan giāe trong AD phān giāe ngoāi AE (D, E e BC ). Khi dō 

DB EB AB 
DC~ EC~ AC' 

Cāc diem E, B, D, C lāp thānh mōt hāng diem dieu hoa. DūPng tron duPng klnh DE 
goi lā duPng tron Appolonius-A 

(b) Cho A ABC vā mōt diem P nam trong tam giāe. Cāc duPng thāng AP, BP, CP theo 
thū tu eāt eāe eanh doi tai D, E, F. Khi do, A DEF dupc goi lā tam giāe eevian eūa 
A ABC vā A ABC dupc goi lā tam giāe antieevian eūa A DEF. 

1 Trtfōng Dai hpe FPT, thānh pho Ho Chf Minh. 
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(e) Vet eūa digm X tren eanh BC eūa tam giāe ABC lā giao diem eūa hai dndng thang AX 
vdi dndng thāng BC. 

(d) Cho diem P vā tam giāe ABC. Khi do, giao diem eūa eāe du5ng thāng PA, PB, PC 
qua eāe phan giāe trong tUOng ūng dōng quy tai diem P'. Diem nāy duqc goi lā diim 
lien hop dāng giāe vOi diem P. 

(e) Cho tam giāe ABC nhon eo AB — e, BC = a, CA = b, p lā nūa ehu vi. Gqi H, D lān 
luot lā ehān duōng eao, ehān du6ng phan giāe trong goe A. Ta eo eāe eōng thūe eO bān: 


b + e b + e 

, prr a 2 + e 2 — b 2 a 2 + b 2 — e 2 

* BH = -2i- ’ CH -2a-' 


• AD = - - Cbcp(p — a). 

b + e 


1.2 He toa do t? ei/ 

1.2.1 D|nh nghTa 

Dinh nghla 1. Trong mat phang eho tncdc tam giae ABC khong suy bien, mōi āiim P thoa 
mān ā&ng thile veetor 

xP% + yP$ + = t, x 2 + y 2 + z 2 ^ 0 

eo toa dō lā P(x, y, z) vā dāy ehinh lā toa do ti eu eūa P doi vōi tam giāe ABC. 

He toa dō ti eu lā eāeh de xay dung nen nhieu he thong diem vā tren eo sō do tim ra nhūng 
tinh ehat, quan he mōi. Day eūng lā mōt eōng eu manh de giāi nhieu bāi toān Hinh hoe phāng. 

1.2.2 Cāc eong thūe eef bān 

(a) V6i mōi diōm M bāt ky, ta eo 

S[mbc] • mX + S[mca\ • M^ + S[mab\ • M<X = 0 , 

nen M(S[mbc\> S[ M ca], S[ M ab\) la tQa do ti eū eūa M (trong do S[xyz] la dien tieh dai 
so eūa tam giāe XYZ). 

(b) Toa dō ti eū eūa mQt so diem quen thuōe lā (eāe digm du6i dāy theo thū tū lā tam duōng 
trōn nōi tiōp, trong tām, tam duōng tron ngoai tiep vā true tām tam giāe ABC) 

I(a,b,c), G(l, 1, 1), 0(a 2 S a , b 2 S b , c 2 S c ), H Q-, i, 1) , 

trong dō S a , Sb, S c lān luot lā eāe dai luong fc2 — ; ? 1± 

(e) Phuong trinh du6ng thāng di qua hai diem P(a 1; 6 1; c{) vā Q(a 2 , b 2 , c 2 ) duoc xāc dinh 
bōi D a x + Dby + D c z = 0, trong do 

D a = b\c 2 — b 2 c\, Db = 0^02 — c 2 a\, D c — a\b 2 — a 2 b\. 
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. No eon dnoc viet dtfdi dang 

x y z 
a\ b\ Ci = 0 
Ū2 b 2 c 2 

lā dinh thdc eap ba eūa eāe dai liTOng lien quan. Tū do suy ra rāng diem R{x\, y 1; z\) 
nam tren PQ khi vā ehi khi 

x\ y\ z\ 
a\ b\ e i = 0. 

Ū2 62 c 2 

(d) Giao diem eūa hai duōng thāng a\x + b\y + c\z = 0 vā a^x + b 2 y + c 2 z = 0 eo eōng thūe 
lā M(b\c 2 — b 2 c\,c\a 2 — c 2 a\,a\b 2 — a 2 b\). Tū do suy ra dieu kien d§ ba dvfdng thāng eo 
phUOng trinh a\x + b,y + c\z = 0, i = 1, 2, 3 dong quy lā 

ai 6i ei 

®2 b 2 c 2 = 0. 

&3 &3 c 3 

(e) Dieu kien de hai duūng thāng aix + b\y + C\Z = 0, a 2 x + b 2 y + c 2 z = 0 song song lā 

(o i — h, b\ — c i, c i — ai) = (a 2 — b 2 , b 2 — c 2 , c 2 — a 2 ). 

(f) Trung diem eūa doan BC lā M( 0, 1, -1), tiep diem eūa dudng trōn nōi tiep len eanh 

BC lā D ^0, vā tuong tu vōi eāe eanh CA, AB. 

(g) Phuong trinh duōng trōn ngoai tiep tam giāe ABC lā 

a 2 yz + b 2 zx + c 2 xy = 0. 

(h) Hai diem P(x\, y\, z\), Q(x 2 , y 2 , z 2 ) lien hop dāng giāe vōi nhau khi ton tai so thue 
k 0 de eo eāe dāng thūe sau 

x\x 2 = ka 2 , y\y 2 = kb 2 , z\z 2 = ke 2 . 

1.3 PhiSerng phap dung so phtfe 

So phūe z — a + bi (a, b <E R) duoc bieu diin trong māt phāng phūe Oxy bōi diōm A eo toa 
dō lā A(a, b). Do do, so phūe a dāc trung eho vi tri eūa diem A trong māt phāng. 

Bāng eāe bien dōi dai sō v6i so phūe, ta eo the xāc dinh duoc quan he giūa eāe diōm vā tim 
duoc toa dō eūa nhūng diōm m6i dua tren quan hō do. Dāy ehinh lā y tuūng eO bān dō dūng 
so phūe giāi eāe bāi toān hinh hoe thōng thuōng. 

Trong phān nāy, ta ky hieu tuong ūng diem A b6i so phūe a, diem B b6i so phūe b, ... Ta eō 
eāe eōng thūe eo bān sau: 

(a) Bieu dien diem vā vi tri tuong doi eāe diefn: 

• Khoāng eāeh giūa hai diem biōu dien eho hai so phūe a, b lā \a — b\. 
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• Diem M ehia doan thāng AB theo ti so k ^ — 1 bieu dien bōi 

a + kb 

m — -—. 

1 + k 

• Hai dudng thāng ab, cd song song khi vā ehi khi 

a — b e —d 
ā — b e — d 

• Ba diem a, b, e thāng hāng khi vā ehi khi 

a — b a — e 
ā—b ā—e 

• Hai dudng thāng ab, cd vuōng goe khi vā ehi khi 

a — b e — d 
• ā — b e — d 

(b) Bieu dien duōng trōn ddn vi vā eāe eōng thtre ve diem dāc biet trong tam giāe: 

• Tren ducfng tron don vi, thi 

o e thuoe ve eung ab khi vā ehi khi 

a + b — e 


e = 


ab 


o Tigp tuyān tai a vā b eat nhau tai diem eo toa do lā 

2 ab 
a + b 

o Giao diem eua hai dāy ab vā cd lā diem 

ab(c + d) — cd(a + b) 
ab — cd 

o Hinh ehieu eūa mōt diem bāt ky e len dāy ab lā 


h — 2 ^ a + b + c — abc). 


Trong tam eūa tam giāe abc lā 


9 = 


a + b + e 


• Nōu dudng tron nōi tiep tam giāe duoc xem lā duōng tron don vi vā nō tiep xūc vāi 
eāe eanh a, b, e lān luot tai p, q, r thi ta eo 

2 qr , 2 rp 2 pq 

a = -, b = -, e = ————. 

q + r r + q p + q 


o Tām duōng trōn ngoai tiep o lā 


o = 


2 pqr(p + q + r) 

(p + q)(q + r)(r + p)' 


o TrUe tām eūa tam giāe lā 

^ _ 2 [p 2 g 2 + g 2 r 2 + r 2 p 2 + vqr(p + q + r)] 

(p + q)(q + r)(r + p) 

Cāc eōng thūe nāy eo the ehūng minh hoān toān bang kien thūe Hinh h<?c thōng thuōng. 
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2 Mot so phu’efng phāp giāi eāe bāi toān lien quan 

2.1 PhuTeTng phāp toa do 

Vi du 1. Cho tam giae ABC. Goi M lā trung āiim eanh BC vā N lā ehān dudng phān giāe 
t'-ua goe A. Dudng thang vuong goe vāi NA tai N eat eāe āuāng thang AB, AM lan luōt tgi P, 
Q. Goi I lā giao āiem āuāng vuong goe vāi AB tgi P vā AN. Chvtng minh rāng IQ _L BC. 



Chon he true toa dō Oxy sao eho N trung O vā A, I nām tr§n true Ox. Giā sut AB eo phutong 
trinh lā y =ax + b thi ta eo A (—£, 0) , P( 0, b ) vā AC : y = —ax — b. Do PI ± AB nen 
PI : y = — \x 4- b vā I(ab, 0). Giā snt phuelng trinh eūa BC lā y = cx, the thi 



C 


b 

e + a’ 


bc \ 
c + a) ' 


M 


ab 


abc 


a 2 ' e 2 — a 2 


Tū day suy ra 





dān den ta eo phuong trinh eūa AM lā a 2 x — cy + ab = 0 vā Q (0, . Kāt quā nāy eho. ta 

q 5 (ab, —^) , vā do do B(5 ■ Q^ = 0. Vāy IQ ± BC, ta eo dieu phāi ehūng minh. □ 


Nhān xet. Day lā mpt minh hoa khā dien hinh eho ūng dung eūa phuong phāp toa dp. Bāng 
eāeh ehon he true toa do phū hop (khōng nhāt thiet phāi luōn ehon true Ox trūng vdi duOng 
thāng BC mā ehon ngay tai mpt goe vuōng nāo do trong bāi sao eho viee tinh toān toa dō 
eāe diem eon lai thuān loi nhāt). Tuy nhien, bāi toān eūng eo the giāi bāng phuong phāp Hinh 
hoe thōng thuOng bāng eāeh bien doi goe vā no eo thō dupc phāt bieu tong quāt hon khi thay 
M lā trung diām BC bāng mōt di§m bāt ky tren du0ng thāng BC. 

Vi du 2. Cho tam giāe ABC eo phān giāe trong vā ngoāi tgi āinh C eat egnh AB lān luōt tgi 
D vā E. Biet rāng CD = CE, ehvtng minh he tMe sau 


AB 2 + AC 2 = 4 R 2 , 


trong do R lā bān kinh dudng tron ngogi tiep tam giāe ABC. 
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Chitng minh. 


C 



Do CD = CE nen tam giāe CDE vuōng ean tai C. Chon he true toa dō Oxy sao eho O lā 
trung diem DE vā C thuoe true tung thi 

A{a, 0), B{b, 0), (7(0, e), D{-c, 0), E{c, 0). 

Theo tinh ehāt dudng phān giāe, ta eo = %^i, hay 

(o — e) 2 _ ar + e 2 
{b - e) 2 b 2 + c 2 ' 

tu: dāy suy ra b = dān dān B oj . Tuf ket quā nāy eho ta 

AB 2 + AC 2 = {a 2 + b 2 ) + {a 2 + e 2 ) = (e 2 + ^) + (o 2 + e 2 ) = . (1) 

Goi I{x, y) lā tam du!Ōng tron ngoai tigp tam giāe ABC thi ta eo 

f IA 2 = IB 2 
| IA 2 = IC 2 

Bi4n doi tuong duong, ta thu dupc 

2 x ° 2 ° 4 

- 2ax + a 2 = -2-b -r 

a a 2 

— 2ax + a 2 = —2 ■ cy + e 2 

Giāi he nāy, ta dupc I . Do do 

4 R 2 = \IC 2 = • (2) 

Th (1) vā (2) suy ra AB 2 + ^4C 2 = 4i? 2 . Do lā di@u phāi ehāng minh. □ 

Nhgn xet. Trong trUPng hpp ehūng ta nām vūng eāe eōng thūe tfnh dp dāi phan giāe trong 

vā ngoāi. Ta eo the thu dupc bieu thūe tren nhanh ehong hon bāng eāe bien dōi dai so. Chūng 
ta eūng eōn mpt eāeh dūng biln d.oi lūpng giāe nhū sau 
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Cach 2. Khōng mat tmh tong quāt, giā sā AB < AC. Do AD = AE nen tam giāe ADE 
vuōng ean tai A, ta duoe \Z.A + Z.C = 45°, suy ra 

\ZA + ZB = 135°. 

2 

Mā ZA = 180° — ZB — ZC nen 

ZB-ZC = 90°. 

Ta eān ehufng minh sin 2 S + sin 2 C = 1, hay 

sin 2 jB + sin 2 (J5 — 90°) = 1. 

Tuy nhien, dāng thiie nāy hiōn nhien dūng. □ 

Vf du 3. Cho tam giāe ABC eo I lā tām dudng tron nōi tiip. Hai āiem M, N lan luot di 
dong tren eae dudng thang AB, AC sao eho MN di qua I. Chūng minh rang trung diem K 
eūa MN thuoe mot dudng eo djnh khi M thay ddi. 

ehūeng minh. 



Khōng māt tfnh tong quāt, giā sut (/) eō bān kmh lā 1. Chon goe toa dō trūng vāi I, Ix vuōng 
gōe vāi AI tai I vā Iy trūng vdi AI. Goi D lā ehān duōng phān giāe trong eūa goe A. Dat 
.4(0. a) vā D(0. —d) v6i a. d > 1. Cāc duōng thāng AC. AB ehfnh lā tiōp tuyen kā tū A dōn 
(1. 1). Giā sū tiep tuyen do eo he so goe lā k, khi do phuong trinh eūa no eo dang y — a = kx 
hay kx — y + a = 0. Do khoāng eāeh tū / den duōng thāng nāy lā 1 nen = 1, suy ra 

k = ±Va 2 — 1. 


Nhu vāy, ta eo hai tiōp tuyen lā 

y = xVa 2 —T + a, y = —x\/a 2 — 1 + a. 

Ta c6 the giā sū phuong trinh duōng thāng AB, AC theo thū tu tren. Mōt diem bāt ky tren 
AB eo tpa dō lā M(x q, yo) v6i yo = %oVa 2 — 1 + a. Phuong trinh IM ehinh lā y = ^x. Giao 
diem N eūa IM vdi AC e6 toa dō thoa mān he 


= —xVa 2 — 1 + a 


y 

Vo 

y = —x 

Xq 
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Tfr dāy suv ra N ' 1 ’ w +3»i-i ) • Do vā,y, toa dō trung diem eua MN ehinh lā 

/1 / ax 0 \ 1 / ay 0 , \\ 

V 2 \J/o + x 0 \/a? - 1 °/ ’ 2 \y 0 + x 0 \/a 2 - 1 // 

Lai thay y 0 — x 0 \/a 2 — 1 + a vāo bieu thiie tren, ta eo 

aaio + Xq\/ū 2 — 1 (a + x 0 \/a 2 — 1) 

2x 0 \/a 2 ~ 1 + a ’ 2x 0 \Ja 2 — 1 + a 

Goi O lā trung diem >1/ thi O (0, |). Ta thāy rang: 

• Phuong trinh dudng thāng qua O vā song song vdi AB lā (di) : y — x\/a 2 — 1 + 

• Phuong trinh dudng thāng qua O vā song song vdi AC lā (dj) : y — —x\Ja 2 — 1 + |. 

• Khoāng eāeh tir K" den (di) lā 




2 10 7a2-Tia / V ° 


(a+a^ovT + —l ) 2 


^ 2 2a;oVa 2 —1+a 


\J(a 2 - 1) + 1 


a 

4x 0 \/a 2 — 1 + 2a 


• Khoāng eāeh tir K den ((/ 2 ) lā 


aap+a: 2 Va 2 —1 \ / o T 1 _ 2 +. ( a + :c o v/ +~ 1 ) 

2xoVa 2 —1+a / 2 2xoVa 2 —1+a 


\/(u 2 - 1) + 1 


2x 0 \Ja 2 — 1 + a 
2a 


Suy ra ā^/^i) ■ dx/(d 2 ) = j khōng dōi nen K thuōe hyperbol eo hai tiem eān lā hai du6ng thang 
di, g ?2 noi tren. Ta eo diōu phāi ehhng minh. □ 

Nhān xet. Bāi toān nāy dā the hien rō thō manh eūa phuong phāp dūng true toa dō khi tinh 
ehāt eūa quy tfeh khōng phāi tuong ūng v6i mōt du6ng don giān. Cāc eōng thūe bien doi tuy 
phūe tap nhung nh6 sU tuong tu giūa eāe bieu thūe mā sau eūng, bieu thūe thu duoc dā duqc 
luoe b6t nhieu phān vā ket quā eūng dep hon nhieu. 

Vf du 4. Xet mot ho eāe tam giāe eān eo eāe tinh ehat sau: Chung eo dāy eūng nām tren mot 
āuōng thāng d eo dinh, eo dinh A thuoe dāy lā mōt diem eo dinh vā eo bān kinh dudng tron noi 
tiep bang r khong doi. Ghūng minh rāng eanh ben khong di qua A eūa eāe tam giāe nāy luon 
tiep xūc vōi mot dudng trdn eo dmh. 

Chvtng minh. Xet he true toa dō eo goe toa dō lā O = A, true Ox lā d vā true Oy lā du6ng 
thang di qua A vā vuōng goe v6i d. Duōng tron nōi tiep tam giāe se eo phuong trinh 

(x — mf + (y — r) 2 — r 2 , 

trong do m lā tham so vā I(m, r) lā tām du6ng tron nōi tiōp tam giāe. 

Xet AABC eān tai C lā mōt tam giāe trong ho eāe tam giāe noi tren. Do tam giāe ABC eān 
tai C nen diem B dōi xūng v6i A qua trung diem J eūa AB, eo toa dō B(2m, 0). 
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Xet phifelng trinh dudng thang (T) qua B vdi he so goe k lā y = k(x — 2m). Dudng thāng nāy 
tigp xuc vāi (/) khi vā ehi khi d(l, ( T )) = r, hay 

k [(m 2 *- r 2 )k + 2rm] = 0. 

D§ thāy k = 0 tUOng umg vdi phuong trinh dudng thang AB. Th dō phudng trinh BC eo dang 

(D m ) : y = —^———^(x - 2m). 

Ta eo the tim dudc du6ng trōn eo dinh mā ho dudng thāng (D m ) luon tiep xūc bāng phuong 
phāp tim hinh bao. Ta di tim eāe diem mā khōng eo du6ng thāng D m nāo di qua, tūe lā eāe 
diōm (x 0 , yo) sao eho phuong trinh y 0 — J'! m i ( x o ~ 2m) khōng eo nghiem m. Viet lai phuong 
trinh nāy du6i dang mōt tam thūe bac hai eo bien lā m nhu sau 

(yo - 4r)m 2 '+ 2 rx 0 m — y 0 r 2 = 0. 

Phuong trinh nāy vō nghiem khi A = r 2 x 0 + y 0 r 2 (y 0 — 4r) <0, hay 

x l + (yo ~ 4r ) 2 < 4r2 - 

Dieu nāy eo nghia lā v6i m<pi giā tri m thi du6ng eong (D m ) eūng khōng bao gi6 di qua 
eāe diem eo toa dō eo dang nhu tren. Suy ra hinh bao eūa mien nāy, tūe lā du6ng trōn 
x o + (Vo ~ 4r ) 2 — 4r 2 , ehinh lā du6ng tron eo dinh mā (D m ) luōn tiep xūc. 

Ta eo the kiem tra lai dieu nāy bang eāeh tfnh khoāng eāeh tū 1(0, 2r) den (D m )\ 

jt T r\ \ I — 2rm(0 — 2m) + 2r(r 2 — m 2 )| o 

d(I, D m ) / — . 2r. 

y (r 2 — m 2 ) 2 + 4r 2 + m 2 

Bāi toān dudc ehūng minh xong. □' 

Nhan xet. Viee dūng toa dō thue su eo hieu quā khi ehūn^ ta muon du doān vā sāng tao ra 
nhūng bāi toān m6i khi vā eāe quan he tuong doi rāe roi nhung ve mōt nghla nāo do eo thō 
bieu diōn theo hinh giāi tieh khōng quā phūe tap. Nhiōu quy tieh eūng lā eāe du6ng eong, rāt 
giōng mōt du6ng trōn hoāe mōt eonie quen thuōe nāo do nhung thue te no lā mōt du6ng eong 
bac hai khōng sd eāp. Bāi toān du6i dāy trong de kiem tra dōi tuyen eūa Trung Quoc nām 
2008 dā eho thāy rō dieu do: 

Cho tam giāe ABC deu vā M lā diem di dong tren eanh BC. Goi H, H' lān luōt lā trite tām 
eua tam giāe AMB, AMC vā goi I, I' lān litōt lā tām dudng trān noi tiip eūa tam giāe AMB, 
AMC theo thū tu do. Goi K lā giao diem eūa HI vā H'I'. Tim quy tieh diim K. 
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Mōt bāi toān tnetng tn nhtf sau: 

Cho tnm giāe deu ABC. X lā āie'm, bat ky tren eanh BC. Goi I\, /2 lan luōt lā tām noi tiep 
tani giāe AXB. AXC. Tim quy tieh tām ngoai tiip tam giāe AI\Ii- 

Qua eāe vi du tren, ta thāy rāng eūng nhu nhilu phuong phāp khāe, phueing phāp toa dō giūp 
eho lōi giāi tu nhien hon. Dua vān de 6 dang Hinh hoe thānh dang bien doi Dai so mōt eāeh 
kheo leo nhimg eūng doi hoi mōt ky nāng qua quā trinh ren luyen nhāt dinh. Dieu nāy tren 
thue tā de dāng hon eho nhieu ban hoe sinh khi tan dung dupc tinh khuōn māu vā thong nhāt 
eūa eāe eōng thūe Hinh hoe Giāi tieh. 


2.2 Suf dung bien doi Dai so 

Nhu trong phān trinh bāy.ō tren, phuong phāp toa dō lā mōt eōng eu hieu quā de giāi quyet 
nhieu bāi toān ve duōng phān giāe. Tuy nhien, trong mōt so truōng hpp khāe, eōng eu nāy lai 
khōng the dūng dupc vā eō khi lai lām bāi toān rae rōi hon bŌi mōt dieu het sūe dō hieu lā do 
eāe phuong trinh phan giāe hay tām duōng trōn nōi tiep thuong eo bieu thūe phūe tap hon 
•eāe yeu tō vuōng goe hoae song song khāe. Vi U do do mā ta se xem xet tiep mōt eāeh tiep 
eān khāe vā no ehi dua tren eāe eōng thūe tinh toān quen thuōe, bien dōi Dai so de the hien 
eāe dieu kien vā ket luān. Phān nāy dua ra hai lōi giāi gom Hinh phang thuān tūy vā Dai so 
dō eō thō de dāng phān tieh vā so sānh nhām rūt ra bāi hoe eān thiet khi lpa ehon eāe phuong 
phāp giāi quyet mōt bāi toān. 


VI du 5. Cho tam giāe ABC eo hai phān giāe BD vā CE eat nhau tai I. Gia sii ID = IE, 
eMng minh rang tam giāe ABC eān tgi A hoae ZBAC = 60°. 



(a) Cāch 1. Ta xet hai truōng hpp sau 

• Neu AD = AE thi AAID = AAIE (e.e.e), suy ra ZADI = ZAEI. Tū dāy ta eō 
AADB = AAEC (g.e.g), dān den AB = AC nen tam giāe ABC eān tai A. 

• Niu AD 7 ^ AE, khōng māt tinh tōng quāt, ta giā sū AD < AE. Tren doan AE, lāy diem 
F sao eho AD — AF; khi do, AADI = AAFI (e.g.e), suy ra IF = ID = IE. Dieu nāy 
ehūng tō tam giāe IEF eān tai I, do vāy ta e 6 ZIFE = ZIEF hay 


ZADI = ZAFI = ZBEI. 


Srf ket htfp gii?a Hlnh hoe vā Dai so trong eāe bāi toān ve phān giāe 
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Suy ra tu: giāe ADIE nōi tiep vā Z.BAC + ZDIE = 180°, hay 


ZBAC + 90 + = 180° 


Do do ZBAC = 60°. 


Tir hai truōng hop nāy, ta eō dieu phāi ehutng minh. □ 

(b) Cdch 2. Theo eōng thile tmh do dāi duōng phan giāe, ta eo 

BD = 2 V ca P(P ~ b ) 

e + a 

VI BD lā phan giāe goe B nen ^ ^ hay AD = ~j,. Hon nūa, do AI lā phan giāe goe A 

trong tam giāe ABD nen ^ hay 

• 

ID _ h _ h_ 

BD a + h + e 2 p 

Tū dāy suy ra ID = ±BD = hay 



1D 2 ab2c (P ~ b ) 


p(c + a) 2 

Tuong tu, ta eūng eo 

JE 2 abc2 (P ~ c ) 

Tū giā thiet dā eho, ta eo 

p(a + b) 2 

ab 2 c(p — b) abc?(p — c) 


p(c + a) 2 p(a + b ) 2 


Dāng thufe nāy eo thl viet lai thānh 

(b — c)(a + b + e)(a 2 — h 2 — e 2 + bc) = 0 , 
vā ta eo the suy ra duoc b = e hoāe a 2 = h 2 + e 2 — bc. 

• Nlu b = e thi tam giāe ABC eān tai A. 

• Neu a 2 = 6 2 + e 2 — bc thi eos A = 1,2 ^l~ a - = | nen ZBAC = 60°. 

Ket hop hai truāng hop nāy iai, ta eo dieu phāi ehūng minh. □ 

Vf du 6. Cho tam giāe ABC nhon ngoai tiep dudng trdn (/, r) eo M lā trung āiim BC. Goi 
E lā giao diim eua IM vdi dudng eao AH eua tam giae ABC. ChUng minh rhng AE = r. 

ehutng minh. (a) Cach 1. Goi D lā tiep diem eua (I) len BC vā F lā tiep dilm eua duōng 
trōn bāng tilp (J) eūa goe A. Goi P, Q lān luot lā giao di!m eūa AF v 6 i (/), trong do Q nām 
giūa A vā P. Giā sū ID eāt (/) tai diem thū hai lā Q'. Qua Q' ve ductng thāng song song v 6 i 
BC eāt AB vā AC lān luot tai B' vā C'. 

De thāy ton tai mot phep vi tu bi!n AAB'C' thānh AABC. Phep vi tu do eūng bien tiep 
diem Q' eūa du 6 ng tron bāng tiep (/) eūa AAB'C' len B'C' thānh tiep diem D eūa du 6 ng 
tron bāng tiep (J) eūa A ABC len BC. Suy ra A, Q', F thāng hāng hay Q' = Q. 
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Theo dinh lv Thales thl 


Ttr do ta tfnh dtfdc 


ID _ DM _ 


HE MH £=£ b + c' 

la 


HE = 

Ta eūng eo AH — — = ^ = ( a * h ^ c ) r - nen 

° a a a 


(b + c)r 


AE -AH - HE - _ AAl = , 


Bāi toan dūdc ehūtng minh xong. Ū 

Vf du 7. Cho tam giāe ABC eo 2BC = AB + AC. Goi 0, I lan luot lā tām āuāng tron ngoai 
tiip, noi tiep tam giāe ABC: ehting minh tam giae AIO viiōng tai I . 


Chvtng minh. 


A 



(a) Cāch L ; Goi H, D, M lān lūdt lā ehān dudng eao, phan giāe vā trung tuygn.dng vdi dirih 
A eūa tam giāe ABC vā E lā tiep di§m eūa dūdng tron nōi tiāp len B. Giā sū AD eāt OM tai 
K. Ta thāy 

AHAB = AOAC = 90° - - , 

mā AI lā phan giāe ABAC nen AIAB = AIAC, suy ra AIAH = AIAO. Māt khāe, lai eo 
AH || OK nen AIAH = AIKO, do do AIAO = AIKO hay A AOK eān tai O. Ta de dāng 
tinh dnoc DE = DM nen DI = DK hay IK = 2 ID. Dong thefi, theo dinh ly Thales thi 

DA HA AB + BC + CA ' 0 
DI ~ IE " BC ~ ' 

Nhū vāy, ta eo ^ = 2. Vā do d 6 , AI = IK hay I lā trung diem eūa doan AK, suy ra 01 
lā trung tuyen eūa tam giāe eān AOK nen 01 eūng lā dir 6 ng eao eūa AAOK. Vāy tam giāe 
AOI vuong tai I. Ta eo di 6 u phāi ehūng minh. □ 
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(b) Cdch 2. Goi R, r lān luot lā bān kmh difdng trōn ngoai tiep vā nōi tiep A ABC. Ta eo 

AO 2 = R 2 , 10 2 = R 2 ~ 2 Rr. 

Theo dinh ly Pythagores, ta ehi eān ehting minh 


AI 2 = 2 Rr. 

Ta tinh du!dc BD = Xet A ABD, ta thāy AI ehinh lā phān giāe eua tam giāe nāy nen 

AB • AD e ■ £- c y/bcp(p - a) 2 y/bcp(p - a) 

~ AB + BD~ c+£- a + b + c ’ 


hay 

A p = bc ( b + e — a) 

9 cl Hh b "t” e 

Mat khāe, lai e 6 R = ^, r = ^, 2 Rr = a + b c +c nen ta eān ehutng minh 


bc(b + e — a) abc 
a + b + e a + b + e 


hay 


b + e = 2a. 


Dāng thure nāy dūng nen ta eo dieu phāi ehūng minh. 


□ 


Vi du 8 (Viōt Nam, 2009). Trong māt phfing eho hai āiim A, B c6 āinh (A khāe B). Mdt 
āiim C di āōng trong māt phfing sao eho goe ZACB = a khōng doi (0° < a < 180°). Dudng 
tron tām I noi tiep tam giāe ABC vā tiep xuc vōi eāe eanh AB, BC, CA lan luot tai D, E, F. 
Dudng thfing AI, BI lan luot eat dudng thfing EF tgi M, N. ChUng minh rang 

(i) Dogn MN eo dd dāi khōng dōi. 

(ii) Dudng trān ngogi tiip tam giāe DMN luōn di qua mōt diim eo dinh. 
ehvtng minh. (a) Cāch 1. Ta eo ZMEB = ZCEF = 180 °- /c n en 


ZMIB = ZIAB + ZIBA = 


ZABC + ZACB 
2 



Suy ra ZMEB = ZMIB, do do tū giāe EMBI lā nōi tiep nen ZIMB = ZIEB = 90° hay 
tam giāe AMB vuōng d M. Tudng tu, ta eūng eo tam giāe NAB vuōng tai N. 


A 



Si/ ket htfp giūa Hinh hoe vā Dai so trong eāe bāi toān ve phān giāe 
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Do do, tur giae ANMB nōi tiep trong dtrōng tron dvrdng kinh AB. Ta eo AAIB ~ ANIM 
lg-g) nen jj/jf = j$, suy ra 

MN — AB • = AB sin ZNAI = AB sin = AB sin -■ = eonst. 

Hon nūa, ta thāy 

ZMDN = ZIDN + ZIDM = 2 ^90° - ACAB + ZCBA ^ = ZC 


Goi P lā trung diām eua AB thi P ehinh lā tam dudng tron ngoai tiep tii giāe ANMB, suy ra 


ZMPN = ZMPA - ZNPA = 2(ZMBA - ZNBA) = 2(90° - ZMAB - ZNBA). 

Do do ZMPN = ZMDN. Suy ra tur giāe MNDP nōi tiep hay duōng trōn ngoai tiep tam giāe 
DMN luōn di qua P eo djnh. Dāy ehfnh lā dieu phāi ehurng minh. □ 

(b) Cdch 2. 



(i) Dāt AB = e (khōng dōi), BC = a vā CA = b. Do ZACB = a khōng dōi nen C di dōng 
tren eung ehUa goe a d\fng tren doan AB. Goi AH, BK lā eāe duōng phān giāe eua AABC. 
Ta se tinh MN trong truōng hpp N thuōe doan EF vā M nām ngoāi doan EF, khi dō E nām 
giūa C vā H, /Tnām giūa F vā C\ ngoāi ra ta eūng eo b < e, e < a hay b < e < a (eāe truōng 
hpp eōn l^i hoān toān tuong tu). Theo tfnh ehāt duōng phān giāe, ta tfnh duoc HC = Do 
E lā tiep diem eūa (/) lōn BC, F lā tiep diem eūa (/) len CA nen 


CE - CF — CA + CB ~ AB — a + b~ c _ £]j _ AB -f AC - BC _ c + b- a 


Suy ra 

HE = HC — CE = 
Tuong tu, ta tmh dupc 


ab 

b + e 


a + b — c \ _ (e — b)(b + e — a) 

2(6 + e) 


kc = kf= ZiZZ±£z3. 

a + e 2 (a + e) 


Ngoāi ra, ta eūng eo 

EF = 2CFs\nZECI=(a + b-c)sin- } , 

Zd 




240 


C6c ch»y@ri <fe-lj£i dt/drtg hoe »nti gioi 


Do A, H, M thring hāng vā. lān hiot nām tren eāe dndng thāng ehiia eāe eanh eūa ACEE rien 
theo dinh ly Menelaus thi ^ • fff = 1, hay ■ , • 

b-\- e — a 2ab MF — EF 

tū do suy ra 


2 b 


(e — b)(b + e — a) 
! MF = EF ■ 


MF 


= 1 , 


a + b — e 

Tuong tu, do K, N, B thāng hāng vā lān ludt nam tren eāe dudng thāng ehūa eanh eūa A CEF 

npri . KE. . MM. — i w - ■; . 

nen kf ne bc na y 


.NF 


EF-NF 


b 


Ttt dāng thtte nāy, ta tfnh dttdc 


NF = EF ■ 


a — e 


a + b 


Suy ra 


MN = MF - NF = EF 


- EF ■ 


a — e 


a + b — e a + b — e 

= (a + 6 - e) sin | ■ 1_ = esin |. 

Do e vā g6c a khōng dōi nen MN khōng doi. V(iy (i) dudc ehttng minh. 

(ii) Goi P lā trung diem eūa AB. Tā se ehttng minh P ehinh lā diem eo dinh eān tim. Neu 
CA = CB , nghla lā tam giāe ABC ean tai C thi D trung vōi P vā ( DMN) di qua P. 

Xet truōng hdp CA ± CB. Giā stt BC > AC (a > b) thi dudng thāng MN eāt duōng thang 
AB tai J. Do eāe diōm E, F, J thang hāng vā lān luot nam tren eāe dudng thang ehtta eanh 
eūa A ABC nen theo dinh ly Menejaus thi J§ ■ 1 = i» su y ra 'ff = 'ff = dān dōn 

" : JA . c ( b + e — a) ■ 

■i.i .• ■ ■ ■ .: 2(a — b) '■■-■ - .'•>■■ 

Ttt dāy, ta dudc . , : . ■ 

'JD = JA + AD~ Z ■ 

2(a — b) 2 2 (a — b) 


va 


JP = JA + AD= + £ = _ A -. 

2 (a-b) 2 2 (a-b) 


Do do 


JD ■ JP = 


(b + e — a)(c + a — b) 
2 (a - b) 


e 2 _c 2 (b + c — a)(c + a — b) 
2 (a-b) 4(a-b) 2 ■ ' 


( 1 ) 


Tuong tu, do J, A, B thang hāng vā lān luot nam tren eāe dudng thāng ehtta eāe eanh eūa 

— 1 nen 

JF + EF 


tam giāe CEF nen “ 1 nen 


b+c—a 
2 


JF 


2 


= 1, 



Si/ ket hgfp giffā Hlh‘h ; Hb(i vā Dāi s&Ttotti»; t'āe’hāi'toārt ve phān giāe 
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sqv ra 


JF = EF 


a(b + c~ a) 

(a ^ b)(a + b — e) 


Tū dāy ta thu duoc cāq dāng thiie 


JM — JF + MF — EF • Ū ^ C ^ + EF • “ 

: (a — b)(a + b — e) . a + h — e 

T AT 7 7? , rr '1\T r'T7' < 3(6 + e — (l) O e 


= EF- 


(a vt b)(a + b — e) ’ ' > 

: ! 


JN = JF + FN = EF ■ ^ tTT ^ ^ T + • V • - 7 - 77 ° \ • ! 

(a — 6 )(a + 6 — e) a + w — e (a — b)(a + b — c) 


\ a do dō, ta tmh ditdc 


) . ■ > ■ ■ 


JM ■ JN = EF 2 


(a — b)(a + b — e) (a — b)(a + b — e) 

, , x2 . 9 « abc 2 (1 — eosa) abc 2 

= (a + b- e) snr - ■^ = ------^ 

2 (a + b — c) 2 (a — b) 2 2 (a — 6) 2 


/ a 2 + 6 2 — e 2 \.,a6c 2 _ c 2 (b + e — a)(c + a — b) 

V 2ab ) ' 2(a - - b) 2 ~ 4(a - bf ' 


Th (1) vā (2), suy ra JD ■ JP = JM • JN\ do do tii giiae DPMN nōi tiep hay difdng tron ! 
ngoai tiep tam giāe DMN di qua P. □ 

Vi du 9 (Trung Quōc, 2008). Cho tam giae nhon khong eān ABC eo I lā tām dudng tron 
noi ttip. Goi E lā tiep diim eua (I) tren eāe eanh BC, doan thang AE eat (I) t&i diem thU 
hai khāe E lā D. Tren dudng thang AE ldy diim F sao eho CE = CF. Dudng thang BD eat 
dudng thang CF tai K. Chting minh rāng KF = CE. 

Chitng minh. (a) Cach 1. Khōng riiāt tmh tōng quāt, giā sri ZB < ZC. Goi M, N lān luōt 
lā tiōp diem eua duōng tron nōi tiep. (I) len eāe eanh AB, AC. Goi P lā giao diem eua dudng 
thāng MN vā BC. , 
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Theo mōt tmh ehat quen thuōe ve eue va doi eUe, ta thay rāng PD ehinh lā tiep tuyen eūa 
(/), suy ra ZPED = ZPDE. Hōri nūa, do ZPED = ZCEF = ZCFE nen suy ra PD vā CF 
song song vōi nhau. De thāy nen P, B, E, C lā mōt hāng diōm dieu hōa. Suy ra D 

eūng vāi P, B, E, C lap thānh mōt ehūm dieu hoa. 

Do PD song song vāi CF, dong thōi K thuōe DB, F thuōe DE nen theo tinh ehāt ve ehūm 
diōu hōa. ta eo dU0c F lā trung diem eūa KC. □ 

(b) Cach 2. Goi H lā hinh ehieu eūa A len BC, M lā trung diem eūa BC. Khōng māt tfnh 
tong quāt, ta giā sū AB < AC, tūe lā e < b. Khi dō M nām giōa C vā E. Vi E lā tiep diem 
eūa (/) len BC nen ta eo eāe ket quā 


BE = c -±SiZl, CB=S±±Zl t ME = CE-CM= ū -±K l£ _ 2 = 

2 2 2 2 2 


Suv ra 


ME 


b — e 


BE c+a—b 


( 1 ) 


Do AH lā duāng eao eūa tam giāe ABC nen CH = ~~^ a — , suy ra 

(b - c)(b + c — a) 


HE = HC — EC = 


Do CE = CF nen A CEF eān 6 C. Ta eo 


2o 


T-f T? pp 

eos ZAEH = —, eos ZCEF= — 


ngn % = -Me ha y 


EF 


2 HE•CE 
AE ' 


Goi G lā tiep diem eūa (/) len eanh AB. Theo tinh ehāt phuong tfeh, AG 2 = AD • AE, suy ra 

AE 2 - AG 2 


DE = AE - AD = 


AE 


Do do 

EF 2HE • CE (b-c)(b + c-a)(a + b-c) 

DE ~ ~ AE 2 - AG 2 ~ a(AE 2 - AG 2 ) 


Māt khāe, ta l$i eō 


AE 2 - AG 2 = AH 2 + HE 2 - AG 2 = 


4 S 2 (b - c) 2 (b + c-af 


+ 


(a + b — c)(a — b + c)(b + e — a) 
— . 


4a 2 


— (b + c — af 


vi the 


EF 

DE 


(b— c)(b+c—a)(a+b—e) 

__2a_ 

(a+b—c)(b+c—a)(c+a.—b) 

2 « 


b — C 
e + a — b 


( 2 ) 


Tū (1) vā (2), ta dU 0 c ^ Theo dinh ly Thales dāo, ta eo MF || BD hay MF || BK. 

Trong tam giāe BCK eo MF di qua trung diem eūa BC vā song song vāi BK nen eūng di 
qua trung dilm eūa CK, suy ra F lā trung di!m eūa CK hay CF = KF, mā CE = CF nen 
KF = CE. Ta eo dieu phāi ehūng minh. □ 



Sur ket hofp giū’a Hinh hoe va Dai so trong eāe bāi toān ve phān giāe 
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Vi du 10 (IMO, 2001). Cho tam gi&e ABC eo goe A bang 60° va AP, BQ lān luot la eae 
phān giāe trong eua goe A, B. Biet rang AB + BP = AQ 4- QB, tinh eae goe cdn lai eūa tam 
§tdc ABC. 


Lefi giāi. 


Q' 



B 


(a) Cach 1. Dāt ZABC = 0. Tren tia doi eua BA, lay diem P' sao eho BP' = BP, tren tia 
AQ lāy diem Q' sao eho AP' = AQ'. Tam giāe BPP' eān tai B vāi goe dāy lā f. Tam giāe 
AP'Q' ean tai A eo g6c d dinh lā 60° nen lā tam giāe deu. Ta eo 


AQ + QQ' = AB + BP' = AB + BP = AQ + QB, 

nen QQ' = QB. Do tam giāe AP'Q' deu vā AP lā phan giāe nen P eāeh deu hai diem P', Q' 
hay PP' = PQ'. Ta se ehāng minh rang B, P, Q' thāng hāng. 

That vay, giā sil ngUOe lai lā tam giāe BPQ' khōng suy bien. Ta eo 

ZPBQ = APP'B = ZPQ'Q = ~. 

Tam giāe BQQ' eān tai Q vā eo diem P thoa mān ZPBQ = ZPQ'Q = f nen hai tam giāe 
PQB vā PQQ' bāng nhau, suy ra P nām tren phān giāe trong eūa Z.BQQ', tūe lā P lā tam 
duōng trōn bāng tiip goe A eūa tam giāe ABQ. Do do P eūng nām tren phān giāe g 6 c ZQBP', 
suy ra f = ZPBQ = ZPBP' = 180° — /3 vā ta tfnh dupc 0 = 120°. Nhung diiu nāy māu 
thuān do 0 = 120° — ZACB < 120°. 

Tū dāy suy ra tam giāe BPQ' «uy bien, tūfe lā P nām tren BQ' hay Q' trūng v 6 i C. Tam giāe 
BCQ eān tai Q nen ZCBQ = ZBCQ hay 120° — 0 = f, suy ra 0 = 80°. 

Vay ZABC = 80° vā ZACB = 40°. ' □ 

(b) Cāch 2. Dāt h = BQ, theo eōng thūe tmh dō dāi duōng phan giāe thi 

, 2 ae B 

lb = -eos —. 

a + e 2 

Māt khāe, ta eūng tmh dUOc BP = AQ = Do do, dang thūe dā eho tuong duong vdi 


c + 


ae 

b + e 


bc 

a + e 


+ h- 



244 


; ' Cac chuyeri tfe boi duC3ng'hoc sinh groi Toān 


Ta cō: th& viet lai dārig'thi3tc n&y thaiih 

āc 


c + 


b + c 


bc 2uc B 

- 1 -eos —, 

a + e a + e 2 


c(c + a)(b + e) + ac(a + e) = bc(b + e) + 2 ac(b + e) eos 

B 

ab + (a + ef — b 2 *= 2 a(b + e) eos —. 

2 


B 

~ 2 ’ 


Thav (a + e ) 2 — b 2 = 4 p(p — b) = 4accos 2 vao, ta dtroc 


B 


B 


ab + 4accos 2 — = 2 a(b + e) eos —, 


hay tnong ditOng 


B 


B 


B 


Ma 1 — 2 eos § 0 nen b = 2c eos # hay 


6(1 — 2 eos — = 2 ccos — 1 — 2 eos — 


B 


sin B = 2 sin C eos —, 

tufe la sin f = sin C nen ZB = 2ZC. Ttt do ta tmh dnoc ZB = 80°, ZC = 40° 


□ 


Vi du 11 (IMO, 2009) .' Cho tam giāe ABC eān tai A eo AD vā BE lā eāe phāh giae trong vāi 
D 6 BC(E E AC: Goi K lā tārn <htdng troh nōi tiip tarn giāe ADC. BiSt rāng ZBEI< ! = 45*, 
tinh $6 do goe A eūa tam giāe ABC. ; . . '•' 


Ldi giāi. 


A 



(a) Cāch 1. Goi I. L lāh hiot Ia tām dirdng tron nōi tigp tatn giae ABC Vā BDA. De thāy 
ZALI = ZABL + ZLAB = 45° = ZBEK nen AL |( EK. 

Goi L' lā giao diem eua DK vā BI. TCt Z 

i • i \ : 1-. *•; ; '/ •; + j /, i " .*• ' ' j i t ' •■. < , t\ " U , i i' \ ) ( ....., : i • < / JD A /7; . 1 ■' f ) 

ZDL'I = ZBID - ZIDK = ZALI + ZIAL - ZIDK = ZIAL = - - --- -, 

2 

ta suy ra bon diim A, L, D, L' eiing thuōe mōt ; ditc)ng trōn. Do do 

'hv ■ ,,h.;. =■!.. ZLAL( = 180° - ZLDL' = 90 9 . . , i : 

Xet tam giāe AKL' vdi KE lā duōng eao dinh K vā ZKAE = ZKL'E. Goi P, Q lān lupt lā 
giao diem eūa L'E vōi AK, AK vāi KL. la xet eāe truōng hpp sau: 
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• Neu KA = KL' thi rō rāng AKL' lā tam giāe eān tai K. Hōn nūa, 

AALL' =. LAL'L = ZADL = 45°. 


TCt do suy ra AL = AK = AL' = KL' nen A AKL' deu. Nhū the, ta'tinh dūOc 

ZDAC . = n<L'E = 60° - Z LL'A = 15°, 

4 

hay ZBAC = 60°. 

• Neu KA ± KL', goi M lā giao diem eūa PQ vāi ĀL'. Tū giāe APQL' nōi tiep eo M lā 
giao diem eūa hai eanh doi di6n vā MA ± KE n§h theo dinh ( ly v§ cu!C vā doi ei.re, MA 
lā duōng kinh eūa duōng trōn ngoai ti§p tū giāe APQL[. Do do, LAPL' = Z.AQL' = 90° 
vā ta tinh duoc 


, _ * 3 ZBAC „ r0 ZBAC „ r0 ZBAC 

90° ,= ZAPL' = ZBAP + ZABP = — t -: + 45° - ——. = 45° + 


4 


4 


2 


hay ZBAC = 90°. 


De dāng ehūng minh duoc rang neu ZBAC = 60° hoāe ZBAC = 90° thi eo ngay ZBEK 
Vāy ZBAC = 60° hoāe ZBAC = 90°. 

(b) Cdch 2. Goi D lā trung diem BŌ[ I lā t^nMni^rM 1 ^ tlip { tāfA%i 
DK eāt AC. tai Q. Dāt AB =* AC = a, BC = 2, suy ia. DB = DC = 1. 


■= 45+ 

□ 


Gui sū 


Do ZE1K =. ZIBC 4- Z1CB = 2ZICB = ZTBD vā ZJEK = ZCDQ 
giāe IEK vā CDQ dong dang vdi nhau. suy ra 

' i; ;.'' ; ’;;; Z \ \ ie_ | cd ' ; ■ < ; 

;;, i ';; { ;;;.;' ik~cq- 


45° nen hai tam 


Theo tinh ehāt duōng phān giāe trong tam giāe ICD thi hay 


KI 


IK KC IK + KC IC. 

■ ID ~ CD ~ ID + CD ; ID + 1 \ 



Suy ra . h ,:/4 /n.> +"i ; ; ‘ '■■■•■■■ •■■■:■■• j :; 

1 1D + 1 ;■ ID + p , ; ■ ‘V ;■ 

IK ~ ID-IC ~ ID ■ IB 

Tuong tu, theo tinh ehāt duōng phan giāe trong ABEC thi hay IE = P c -1 1 - . Do do 


IE_ ( 1 \EC 

IK ~\ + ID) 2 ' 


Xet tam giāe ABC eo |§ = ^ = A b+ B c = Lpi ngn EC = Cūn & theo tinh chnt cna 
duōng phān giāe trong tam giāe thi 

ID KI AI AI + ID AD 
DC~KC ~ ĀC ~ AC + DC ~ a + 1 ’ 


IE (AD + ū + l)o 
1K = AD{a + 2) 


nen ta suy ra 
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Māt khāe, ta eūng eō 

GD AD AD +1 

CQ ~ AQ ~ a U 

Tū eāe ti so (1), (2) vā (3), ta dūdc 

(AD + a + l)a _ 1 + AD 
AD(a + 2) a 

Bien doi bieu thūe nāy, ta dūdc 

AD(a 2 — a — 2) + a 3 + a 2 = AD 2 (a + 2). 

Mā AD 2 = a 2 — 1 nen AD(a 2 — a ~2) + a 3 + a 2 = (a 2 — l)(a + 2), hay 

AD(a 2 — a — 2) = a 2 — a — 2. 

Tū day, ta eō hai truūng hop xāy ra: . 

• Neu AD = 1 thi DA = DB = DC = 1 vā AABC vuōng eān tai A nen ZBAC = 90°. 

• Neu a 2 — a — 2 = 0 thi a = 2, suy ra ZBAC = 60°. 

Vay ZBAC = 60° hoāe ZBAC = 90°. □ 


2.3 Phi/erng phāp sūr dung he toa do ti ei/ 


He tpa dō ti eit ehinh lā eāeh xay dung toa do eāe di§m vā phitong trinh eāe dūōng thāng 
thōng qua eo sō veetor. Nhō eāe eōng thūe, ket quā xay dūng tū trūōe mā nhūng tinh toān vā 
bien doi Hinh hoe dūOc mō hinh hōa thānh eāe lōp dai lūOng vā quan he Hinh hoe rāng buōc 
giūa ehūng. Khāi niem nāy dūOc giōi thieu lān dāu tien bōi giāo sū Toān ngūōi Dūc lā August 
Ferdinand Mobius vāo nām 1827 vā trāi qua nhiōu thō hq eāe nhā Toān hoe phāt trien, bō 
sung, giō dāy nō thūe sū dā trō thānh mōt eōng eu rāt manh eho viee nghien eūu Hinh hoe 
phāng, dāc biet lā eāe bāi toān ve tam giāe. 


Vr du 12. Cho tam giāe ABC khong vuōng tai A eo AD, BE lā eāe āuōng eao vā AP, BQ 
lā eāe āuāng phān giāe trong. Goi O, I lan luat lā tām āuāng tron ngoai tiep vā noi tiip tam 
giāe ABC. GhUng minh rang D, E, I thāng hāng khi vā ehi khi P, Q, O thāng hāng. 

Chvlng minh. Theo eāe eōng thūe eo bān ve he true toa dp ti eū xet vōi tam giāe cd sō 
lā ABC thi 0(a 2 S a , b 2 S b , c 2 S c ), I(a, b, e), D( 0, S c , S b ), E(S C , 0, S a ), P( 0, b, e) vā Q(a, 0, e). 
Khi dō, ta eō 

• D, E, I thāng hāng khi vā ehi khi 


a b e 

0 S c S b 
S c 0 S a 


= 0 , 


hay S c (aS a + bS b — cS c ) = 0. 

• P, Q, O thāng hāng khi vā ehi khi 

\a 2 S a b 2 S b c 2 S c 


0 b e 

a 0 e 


= 0, 


hay ahc(aS a + bS b — cS c ) = 0. 
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Vi tam giāe ABC khōng vuōng tai C nen Se ^ 0, eā hai dieu kien tren eung xāy ra khi vā ehi 
khi aS a + bSb = cS c nen ta eo dieu phāi ehutng minh. □ 

Vi du 13. Cho tam giae ABC khōng vuong tai C eo M lā trung āiim AB. Goi CH, CD lan 
hidt lā āitāng eao vā phān giae trong eūa tam giāe vā K, L lān lugt lā trung āiim eūa ehūng. 
Goi P lā giao diim eūa CD vā MK. Chi2ng minh rang P, L lān htot lā hai āiim lien hefp dang 
pat trong tarri giāe ABC. 

ehvtng minh. Taeō H(S b , S a , 0 ), D(a, b, 0 ), M( 1 , 1 , 0 ). Suyra K(S b , S a , e 2 ), L(a, b, a+ 6 ). 
PhUefng trinh duōng thāng MK lā 

— xc 2 + yc 2 + ( b 2 — a 2 )z — 0. 

Phuefng trinh duōng thāng CD lā 

bx — ay = 0 . 

Toa dō giao diōm P(xp, yp, zp) eua ehūng phāi thōa mān he phuong trinh 

f bxp — ayp = 0 

— Xpc 2 + ypc 2 + (b 2 — a 2 )zp = 0 


tuong duong 


yp = -x P 
a 

-.2 i «, y .2 | / l 2 „ 2 \ 


xpc 2 + yc + (b 2 — a )z P = 0 


Tū dāy, ta tinh duoc P{a(a + b), b(a + b), e 2 ) hay P (a, b, . So sānh tpa dō eūa P vā 
L, ta thāy ngay rāng hai diem nāy lien hop dāng giāe theo dieu kien dā neu. Ta eō dieu phāi 


ehūng minh. 


□ 


Vi du 14. Cho tam giāe ABC eo āuōng trdn noi tiep I tiep xūc vōi eāe legnh BC, CA, AB 
lān lugt tgi D, E, F vā M lā trung diim BC. Chūng minh rang AM, EF,jlD dōng quy. 

Chvtng minh. Ta eō toa dō eūa eāe diem nhu sau j 

i 

I(a, b, e), D (o, — —) , E (—, 0, — ) , F , -U o) , M(0, 1, -1). 
\ p — bp — cj \p — a p — e) \p — ap — b ) 

Phuong trinh duōng thāng AM lā j 

-y + z = 0 . 

Phuong trinh duōng thāng EF 1 ā (p _ c ^_ 6) - + {p ^ (p —) + ( p -af(p-b) = °> ^ 

~(p— a)x + (p - b)y + (p - c)z = 0 . 

PhUOng trinh duōng thāng ID lā 

[b(p — b) — c(p — e)] x - a(p — b)y + a(p - c)z = 0 . 

Ba duOng thāng nāy dong quy khi vā ehi khi 

0 -1 1 
—(p — a) p — b p — e = 0 , 

\b(p - b) - c(p - e) —a(p — b) a(p-c) 

hay lā j 

(P - o) [ - a(p- e) + a(p - 6 )] + [\)(p - b) - c(p - e)] [ - (p - e) - L - b)] = 0 . 

D§ thāy dāng thūe nāy dūng nen ta eō diōu phāi ehūng minh. j □ 
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CaC5rC^M^n^ifle sinh gidiiToi« 


Bāng stf }iō tro cūa.māy tmh v licJn 3600 diem vā drrdng thāng t 9 .o ra tir phitdng piiāp toa do 
ti eir; dira vāo do, ta co the bigt ehinh xāc dtrdc diem nāo thufle dirdng nāo, nhūng dudng nāo 
dong quy vā nhūng diem, diia eāe db?uj thang theo ti le nāo, ..... Day lā mot eōng trinh do sq 
dudc thite hien bdi nhieu nhā Toān hoe tam huyet vā kinh nghiem. Cō the noi rang dudi goe 
rihin eua he toa do ti' eu, tam giāe dā dudc khai thāe tāt eā nhiing gi mā no eo. Chung ta eo 
the tham khāo dāy du noi dung nāy tāi flO] de thāy rō hdn sūe mānh eūa he toa dō ti eu trong 
viee nghien eūu Hinh hoe 6 mūe do eao eāp. 


2.4 Phu’oTng phāp suf dung so phu"c 

Vf du 15. Cho tam giāe ABC noi tiep dudng tron (/), ngoai tiep dudng tron ( O ). Goi P, Q, R 
lan luot lā tiep diem eua (/) len eāe eanh BC, CA, AB vā H lā irue tām tam giae PQR. Chxtng 
minh rang H nam tren dudng thāng 01. 

ChvCng minh. Xet dudng trōn ddn vi trūng v 6 i (/) vā eāe diem P, Q, R dudc bieu dien lān 
ludt b 6 i eāe so phūe p, q , r. Ta eo tam du 6 ng trōn ngoai tiāp tam giāe ABC lā 


o = 


2 pqr(p + q + r) 


(p + q){q + r)(r + p)' 

vā trong tām G eūa tam giāe PQR ehinh lā . 

p + q + r 

’■ ' ■• ' "■■ h.T 3 ~ 3 " 4 

De thāy rang ton tai so thue k sao eho o = kg nen duōng thang OG di qua g 6 c toa d 6 / hay 
eāe di§m O. G, / thāng hāng. Ta eūng eo I lā tām du 6 ng trōn ngoai tiep tam giāe PQR nen 
IG lā du 6 ng thang Euler eūa tam giāe PQR, tūe lā IG di qua H. Tū eāe dieu nāy, ta'eo H 
thupe dū 6 ng thāng 01. '' ■" ' □ 

Nhan xet. Bāi toān nāy neu dūng kien thūe Ilinh phang thōng thu 6 ng thi khōng ddn giāri, 
16i giāi nhe nhāng nhāt lā dūng phep nghieh dāo. 

VI du 16 (Iran, 1995). Dudng trān noi tiep tam giāe ABC tiep xuc vāi eāe eanh BC, CA, AB 
lan luot tai D. E, F. Goi X, Y, Z lān lugt lā trung diem euā EF, FD, DE. Chimg minh rhng 
tām dudng trān noi tiep tam giāe ABC thuoe dudng thāng di qua tām dudng trān ngoai tiep 
eua tam giāe ABC vā tam giāe XYZ. 

Chvtng minh. Goi d, e, f lā eae so phūe trorig mat phāng toa dp bieu diōn eāe diōm D, E, F 
tuong ūng. Giā sū du 6 ng trōn ddn vi lā du 6 ng tron npi tam giāe \abc. Khi do, tām. eūa, dū 6 ng 
tron nāy eo toa dō lā 

2def(d + e + f) 

(d + e)(e + /)(/ + d) . 

Ta se xāc dinh tām du 6 ng tron ngoai tiep d tam giāe xyz. De dāng thāy rāng 


x 


e + f 


V 


d + f 


d + e 


>+!/ 

2 


n> ■ x+v 
U 2 


x - y _ e — d _ 
, z -y 1-1 


Ta eo 
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Bien dōi bieu thufe nay, ta dtfdc 


Hoan toan tuong tu, ta eūng eo 


Do dō 


Tū dāy ta suy ra 


-_2 + jj + °' ' 


o' — 


de 


d + ZL +q ' 
= 2 t-24 Z°, 

e/ 


i±ii£_i±JL +o ' 

de 


ef 


, d +e +/ 
o = -— -. 


Bāy gief, ta se di ehūng minh bāi toān dā eho. Do tām dudng tron nōi tiep / eūa tam giāe ABC 
eūng lā tām eūa he true toa dō nen ta eln eān ehūng rninh 


o — i o — i 


, 0—10 — 1 

Dieu nāy d.e dāng eo dupc būi tpa,dp eāe diem o vā o' ta dā tmh dupc nhu trep. Ta ep diōu 
phai ehūng rriinh. □ 

Nhan xet. Tū bāi toān tren, hāy suy ra ket quā sau trong de thi eūa Balkan 1990: Goi 
D, E, F lā ehān eae āitōng eao eua tam giāe ABC. Dudng trōn noi titp tam. giāe DEF tiep 
xuc vōi eāe eanh tai G, H, /. Ghtlng minh rāng hai tam giāe ĀBC vā GHl eo ehung dudng 
thang Euler. ; ; t >\\ ,■;.■. ■■.;;■ .;,u ' ■■>'■ p- : - 

Vi du 17. Giā sit āuōng tron noi tiep I tam giāe ABC tiip xūc vdi eāe egnh BC, CA, AB lān 
luot tgi D, E, F. Giā sū AI eat EF tgi K, ED eat KC tgi N vā DF eat KB tgi M. Chūng 
minh rāng dudng thang MN song song vōi BC. 

ChvCng minh. Chon (/) lām duŌng tron ddn vi. Gpi d, e, f lān lupt lā tiep diem eūa (/) len 
BC, CA, AB. Ta eo b — j^, e — trung diem eūā M eūā EF ehmh lā 

Do m thuōe doan e/ nen fn = ■ Ta thāy rāng b, m, k thang hāng khi vā ehi khl 


k — m b — k 


hay lā 


Tū do suy ra 


k — m b — k’ 


b — k kb — kb 
m = m ■ --r + 


b-k b — k 


f+d—m _ _ m b—k i kb^-kb 

m ■ z ū t 


fd 


b-k 1 b-k ’ 


m =- 


(/ + d){b - k) + (kb 4 
(b-k)fd + b-k 


Māt khāe, ta eūng eo 


b - k = kb-kb= (e 


/ + d) 


e(f + d) 
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Suy ra 

4 ef 2 d + efeP -e 2 cP - e 2 / 2 - 2 f 2 cP - / 3 e 

777 — - 

6 āef — (d?e + e 2 / + f 2 d + de 2 + e/ 2 + /d 2 ) 
Tuong tu, ta eūng tfnh duoc -—_ 

_ Ae 2 fd + efeP - f 2 dP - e 2 / 2 - 2e 2 (P -^ 3 / 
U . 6 def — (ePe + e 2 / + f 2 d + de 2 + e/ 2 + fd 2 ) 


Va nhu the, 

m — n = 

Tū day de dang eo dupc 


(e - f)(4def -ePe- d 2 f - e / 2 - e 2 /) 
6def - (ePe + e 2 / + f 2 d + de 2 + e / 2 + /rf 2 )' 


m — n i — d ^ 

m — n i — d 

tūe MN vuōng gōe vdi ID, hay MN song song vdi BC. Bai toān dudc ehUng minh xong. 


□ 


Vi du 18 (Tournament of Town). Cho tam giae ABC eo H, I, O lan liiot lā true tām, tām 
dudng tron nōi tiip vā tām dudng tron ngoai tiip tam giāe. Goi K lā tiip diem eūa (I) vdi 
BC. ChUng minh rang niu 10 song song vdi BC thi AO song song vdi HK. 


ehttng minh. Xet (I) lā duōng trōn ddn vi vā k, l, m lā eāe so phUe bieu dien eāe diem 
K, L, M lān lupt lā tiep diem eūa (I) len BC, CA, AB. Ta eo 

_ 2 klm(k + l + m) _ 2 [^ 2 + J 2 w* + m 2 k 2 + klm(k +1 + m)) 

(k + l)(l + m)(m +k)’ (k + l)(l + m)(m + k) 

Neu 10 song song v 6 i BC thi 10 vuōng goe v 6 i IK, tUe lā = — k 2 . TU dāy suy ra 


klm(k + 1 + m) + k 2 (kl + lm + mk) = 0 . 


Ta se ehUng minh rāng AO song song v 6 i HK. tUe lā 

a — o h — k ., 2 ml 

-— = =—=, trong do a = - 

a — o h — k m + l 

Ta tfnh dUdc 

2 ml 2 klm(k + l + m) 2 m 2 l 2 

m + l (k + l)(l + m)(m + k) (k + l)(l + m)(m + k) 

Do d 6 , ta eān ehUng minh , 

h — k 2 l 2 m 2 

h-k~ k 2 

Ta eo 

2 [ k 2 l 2 + l 2 m 2 + m 2 k 2 + klm(k + l + m)\ 
h ~ k = (k + l)(l + m)(m + n) * 

k 2 l 2 + 2 l 2 np + m 2 k 2 + k 2 lm + klrrP — k 3 l — k 3 m — k 2 lm 
(k + l)(l + m)(m + n) 

klm(k + l + m) — k 2 (k + l + m) + k 2 l 2 + 2 l 2 m 2 + l 2 rrp 
(k + l)(l + m)(m + n) 

(kl + lm + mk) 2 + l 2 m 2 (kl + lm + mk ) 2 [(/e + l + m ) 2 + A: 2 ] 
(k + l)(l + m)(m + n) (k + 1 + m) 2 (k + l)(l + m)(m + n) 
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VI thl h — k = 


(k+l+m) 2 +k 2 
( k+l)(l+m)(m+k) 


nen 


h — k (kl + lm + mk ) 2 _ l 2 m 2 
h — k (k + l + m) 2 k 2 

Ti( day suy ra dieu phāi ehtfng minh. 


□ 


Vi du 19 (IMO, 2000). Cho tam giāe ABC nhpn eo AH\, BH 2 , CH 2 lā eāe āuemg eao. Dudng 
tmn noi tiep tam giāe ABC tiep xūc vdi eae eanh BC, CA, AB lan luot tai T\, T 2 , T3. Goi l\, 
U. /3 lān luot lā eāe dudng thang ddi xūng vāi H 2 H 3 , H 2 H\, H\H 2 qua eāe dudng thang T 2 T\, 
T 3 T\, T\T 2 . GhOng minh rang eāe dudng thāng l\, l 2 , /3 eat nhau tai eāe diim thuoe dudng trān 
nōi tiep tam giāe ABC. 

Chiing minh. Giā sā dudng trōn nōi tiep tam giāe ABC lā duōng trōn ddn vi. Khi do eāe 
diem t\, t 2 , t 2 lān luot biōu dien eāe tiep djem T\, T 2 , T3. Khi do e = Chūng ta eān xāc 
dinh toa dō eūa ū 3 . Do h 3 t 2 ± it 3 nen = — t 2 , suy ra 

7 — 2t 3 — h 3 

hz = — ~ 2 —• 
h 


Ta eūng eo ch :i || it 3 nen 


Suy ra 


h 3 — e __ £3 _* _ ^2 

h 3 -c t 3 — i 


h 3 = 


:( 2 1 3 + e — ct 3 ) — t 3 + 


hh ~ t 2 3 
t\ +1 2 


Tuong tu, ta eūng eo 


h 2 —1 2 + 


t\t 3 - 1\ 
t\ + 1 3 


Tiep theo, ta eān xāc dinh eāe diem doi xūng v 6 i h 2 , h 3 qua t 2 t 3 , giā sū eāe diem nāy lā p 2 , p 3 
vā h 2 , h' 3 lā ehān eāe dudng vuōng goe ke tū h 2 , h 3 xuong t 2 t 3 . 

Ta eo h 2 = \(t 2 + t 3 - t 2 t 3 h 3 ) nen 


p 2 = 2 h 2 — h 2 


h(t 2 + t 2 3 ) 
t 2 (t\ +1 3 ) 


Tuong tu, ta eūng eo 

_ t\(t 2 2 + t 2 3 ) 

P t3(t\+t 2 ) 

Suv ra 

t\(t 2 2 + t 2 )(t 3 - t 2 ) 

^ 2 t 2 t 3 (t\ + t 2 )(t\ +t 3 ) 

De thāy rāng neu x thuoe p 2 p 3 thi 

x~P2 _ P2- P3 _ _ t2 
x-p 2 P2-P3 V 

Neu x thuōe duōng trōn don vi thi x = suy ra phUOng trinh tuong ūng bieu dien eho no lā 

t 2 t 3 x 2 - t\ (t 2 + t\)x + t\t 2 t 3 = 0 . 
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PhilOng trinh nay eo hai nghiem la va x<i = ^ 3 -, va dāy ehfnh lā giao diem eūa dtfdng 

thāng P2P3 vāi drtdng tron nōi tiep tam giāe ABC. 

Trteing tul, ta eūng xāc dinh dūdc giao diem eūa P1P2 vā p^Pi eūa dūōng tron (/) lān lūdt lā 

tih hh 

y\ = V2 = — 

£3 £1 


vā 


Zl 


£1 ’ 



Tū giao diem ehung eūa eāe eāp dūdng thang trong eāe dūōng pip 2 , P2P3, PsP \ nam tren duōng 
tron noi tiep (/) nen ta eo dieu phāi ehūng minh. □ 


Qua eāe vi du nāv, ta thāy rang eān-phāi phān tieh ky vān de vā xem xet dieu kien giā thiet 
eho eo thuān ldi hay khōng de tinh toān toa do eāe diem. Bāi toān se dūdc giāi nhanh ehong 
bāng eāeh nāy neu ehi eo dūōng tron nōi tiep, eāe tiep diem eūa no vōi eanh tam giāe, eāe 
trong tam, duōng trōn ngoai tiep, trUe tam eūng mōt so diem ddn giān khāe. Phudng phāp 
so phūe eūng nhu eāe phudng phāp dā neu, se khōng hieu quā neu bāi toān eho nhieu duōng 
trōn hoae tāp trung vāo xem xet eāe goe, eāe vi tri tUdng doi eūa duōng tron, ... Dieu nāy 
eho thay rang viee lua ehon ehinh xāc mōt phudng phāp de giāi quyet bāi toān lā diōu het sūe 
quan trong! 


3 Mot so bai toan noi tieng 

3.1 Bāi toān tam giāe eo hai phān giāe bang nhau 

Bāi toān 1 . Cho tam giāe ABC eō hai phān giāe trong lā BD vā CE bang nhau. Chvtng minh 
tam giāe nāy eān tai A. 

Chvtng minh. (a) Cāch 1 . TrUōe het, ta eān ehūng minh bo de sau: 

Bō de 1 . Neu hai tam giāe eo hai eap egnh tUOng 'āng hang nhau tilng āoi mot nhung goe xen 
giUa ehūng khōng bang nhau thi eāe egnh āoi āien eūng khōng baUg nhau vā egnh āoi āien vdi 
goe goe lōn hon lā egnh lōn hon. 

Chv!ng minh. Xet hai tam giāe ABC vā A'B'C' eō AB = A'B', AC = A'C', AA > AA 1 , ta 
eān ehūng minh rāng BC > B'C'. Ta dung diem D nam trong ZBAC sao eho AD = A'B ', 
ZCAD = Z.C'A'B, suy ra AA'B'C' = AADC vā B'C' = CD. Goi E lā giao diem eūa phān 
giāe ZBAD vōi eanh BC. 


B 
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Xet hai tam giae A ABE, AADE e6 AE lā eanh ehung, Z.EAB = ZEAD, AB = AD nen 
hai tam giāe nāv bāng nhau, suy ra BE = DE. Theo bāt dang thhe tam giāe trong tam giāe 
CDE, ta eo DE + CE > DE. Do do 

BC = BE + CE = DE + CE > CD = B'C'. 

Bō dā ducic ehhng minh. ■ 



Tr6 lai bāi toān. Xet tam giāe ABC e6 hai phan giāe BD vā CE bāng nhau. Ta se giāi quyet 
bāi toān nāy bang phān ehting. Giā suf ZB > ZC thi ZB\ > ZC\, āp dung bo de vha ehufng 
minh vāo hai tam giāe BCD vā CBE, ta eo CD > BE. 

Goi F lā giao diem eūa duōng thang qua E, song song vdi BD vā qua D, song song v6i BE, 
ta eo ZF\ = ZB 2 — ZB\. Do A BDE = AFED (g.e.g) nen 

EF = BD = CE, DF = BE< CD, ZF\ = ZB 2 > ZC 2 . 

Tam giāe CEF eo EF = CE nen eān tai E. 

Xet tam giāe CDF e6 CD > DF nen ZF 2 > ZC 3 , mā ZF\ > ZC 2 nen ZEFC > ZECF. 
Dieu mau thuān nāy dān den dieu giā sū ban dāu lā sai. Tuong tu v6i ZB < ZC eūng xāy ra 
māu thuān. Vay ta phāi eo ZB = ZC, hay tam giāe ABC ean tai A. □ 

(b) Cāch 2. Goi M, N lān luot lā eāe diem doi xūng v6i A qua phan giāe ngoāi eūa tam giāe 
ABC tai B vā C. Khi do, rō rāng M, N thuoe BC. Giā sū AM eat phān giāe ngoāi goe B tai 
P, AN eāt phān giāe ngoāi goe C tai Q. Goi R lā hinh ehieu eūa C tren duōng thāng BP, S 
lā hinh ehieu eūa B tren duōng thāng CQ. 


A 
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D§ thav eae tam giāe ABM, ACN eān nen P, Q lān lnot lā trung diem eua AM, AN ; ttfe lā 
PQ lā dudng trung binh eua tam giāe AMN vā PQ || BC. 

Ta biet rang hai tam giāe eo ehung dāy vā dinh eon lai nām tren eimg m0t dudng thāng song 
song vdi dāy thi dien tieh eūa ehūng bāng nhau. 

Tū AP [] BD || CR (eūng vuōng goe vdi BP) , ta eo S PB d = S A bd, S RB d = S C bd, suy ra 

SpDR = S PB D + Srbd = Ssbd + S C BD = S ABC . 

Hoān toān tUOng tu, ta eūng eo S B sq = S ABC . Suy ra he thūe S P dr = S B sq tUOng dUOng v6i 
\BD ■ PR = \CE ■ SQ, hay PR = SQ (do BD = CE). 

Tū giāe BCSR eo /.BSC = Z BRC = 90° nen lā tū giāe nōi tiep, mā PQ || BC nen tū giāe 
PQSR eūng nōi tiōp. Ta lai eo PR = SQ nen tū giāe nāy lā hinh thang ean (de thāy tū giāe 
nāy khōng the lā hinh binh hānh). Suy ra Z RPQ = Z SQP hay Z PBM = Z QCM. Tū do de 
dāng eo duoc Z ABC = Z ACB hay tam giāe ABC ean tai A. □ 

(e) Cdch 3. Dung diem N phia ngoāi tam giāe thoa mān ND = AC, BN = AE. Khi do, de 
thāv rāng ANBD = A AEC (e.e.e) nen Z BND = Z EAC hay tū giāe ANBD nōi tiep. 


A 



Goi I lā giao diem eūa BD vā CE, NK lān luot lā eāe phān giāe trong eūa tam giāe NBD 
thi AI = NK. Ta eo 


/AIK+/ANK = 


~/BAC + /ADI 


M 


/ANB - ~/BND 
2 


= Z ADI + /ANB = 180°, 


nen tū giāe AIKN eūng nōi tiep. Hon nūa, tū giāe nāy eo hai eanh ben bāng nhau nen lā hinh 
thang eān. Suy ra ANBD eūng lā hinh thang eān vā do AB = DN = AC nen tam giāe ABC 
eān tai A. □ 

(e) Cdch 4■ Goi dp dāi eāe eanh eūa tam giāe lā AB = e , BC = a, CA = b vā p lā nūa ehu vi 
thi theo eōng thūe tmh dō dāi dudng phān giāe, ta eo 


BD = 

Do do, tū giā thiet, ta dupc 


2 y/pac(p — b) 


a + e 


CE = 


2 y/pab(p - e) 


a + b 


2 y/pac(p — b) 2^/pab(p — e) 


a + e 


a + b 
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Blnh phudng hai vg vā thay p — 2 i±ts ; ta eo 

c(a + e — b)(a + b ) 2 = b(a + b — c)(a + e) 2 , 


hav 

(b — e) [a 3 + 3 abc + (a 2 + bc)(b + e)] = 0. 

Tāt day suy ra b = e. Va do do, tam giāe ABC ean tai A. □ 

(d) Cach 5. Truāe het, ta se ehu'ng minh rang hai tam giāe eo hai eanh bāng nhau, hai goe ō 
dinh vā do dāi hai phārr giāe titong dng eūng bang nhau thi hai tam giāe do bāng nhau. 

Xet hai tam giāe ABC vā DEF eo BC = EF, AA = ZD vā hai phān giāe tuong ūng lā AP vā 
DQ bāng nhau. Dāt eāe tam giāe ABC vā DEF trong māt phāng sao eho eanh BC trūng v6i 
EF, eāe goe A vh D eūng nām tren mōt eung ehūa goe d\mg tren eanh BC. Gpi M lā trung 
diem eung BC khōng ehūa A, D thi AI? vā DQ eūng di qua M. 



Giā sū D khōng trūng vōi A hoāe khōng doi xūng vōi A qua trūng trrle BC. Ta eo the giā su 
D thuoe eung nho AB. Khi do dō dāi eūng MD be hdn dō dāi eung MA nen MD < MA, 
mā AQ = DQ nen MQ < MP, māu thuān v6i dō dāi eāe hinh ehilu tUdng Ung eūa hai duōng 
xien nāy. Do d6, dieu giā sū lā sai hay D trūng v6i A hoāe doi xūng v6i A qua trūng true BC, 
tūe lā hai tam giāe ABC vā DEF bāng nhau. Ap dung true tiep ket quā nāy vāo hai tam giāe 
ABD, ACE v6i phān giāe ehung lā AI, ta eo ngay dpcm. □ 

Ngoāi ra, eon nhieu eāeh ehūng minh khāe mā trong do eo eāeh eūa nhā Toān hoe nguōi My 
lā Charlie Silver, dua ra trong nām 2010 vūa qua, dā dūng dinh nghla ve sU bāng nhau eūa 
hai dōi tUdng dā eo mōt eāeh ehūng minh trUe tiep vā nhanh gon eho dinh ly nāy. Bāi toān 
nāy eōn eo thā m6 rōng ra bang eāeh thay D, E lā ehān eāe phān giāe goe B, C thānh giao 
diem eūa BK, CK v6i AC, AB khi K lā mōt diem bāt ky tren duōng phan giāe goe A hoāe 
eāe bāi toān lien quan den duōng phān giāe ngoāi. 


3.2 Bāi toān dt/dfng thang ehia doi ehu vi vā dien tfeh 


Trong phān nāy, ehūng ta se tim hieu ve mōt bāi toān dung du6ng thāng ehia dōi ehu vi vā 
dien tleh eūa tam giāe. Bāi toān nāy dā dudc giāi quyet hoān toān bōi phudng phāp dai so 
nhung do su lien quan ehāt ehe den du6ng phān giāe trong tam giāe mā phuong phāp hinh 
hoe thuān tūy dā giūp ehūng ta nhin nhan dUdc rō hdn ve dep thū vi eūa bāi toān nāy. 
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Bāi toān 2. Cho tam giae ABC. Hāy d,Ung dudng thāng ehia ddi ehu vi vā dien tieh eua no. 

Ldi giāi. (a) Cāch 1. Giā sii dtrdng thāng d lā duōng thāng eān tim vā no eat eāe eanh AB, 
AC lān lnot tai M, N. Goi I lā giao di£m eūa phan giāe trong goe A vdi d. 

Trrtāe het, ta eān ehūng minh rāng tām dirdng tron nōi tiep I eūa tam giāe nām tren d. Do 
ehu vi tū giāe BMNC vā tam giāe AMN bang nhau nen 

BM + MN + NC + BC = AM + MN + NA, 


hay tuong duong 

BM + NC + BC — AM + AN. 

Vi I nām tren phān giāe goe A nen ehiāu eao ke tū I den AB, AC bang nhau. Goi d a , db, d c 
lān luot lā khoāng eāeh tū I dōn BC, CA, AB thi <4 = d c — d. Tū giāe BMNC eō eūng dien 
tieh v6i AAMN nen 

SlAM + SlAN = Simb + SiBC + SieN, 

hay lā 

J 

AM + AN = BM + CN + -±BC. 

d 

So sānh hai dāng tren, ta eo d = d a hay I eāeh deu eāe eanh eūa tam giāe vā no lā tām duōng 
tron nōi tiep eūa tam giāe ABC. 

Tiep theo, ta se ehūng minh sū tōn tai eūa d. Xet tam giāe ABC eo ehu vi 2 p vā dō dāi eāe 
eanh thōa a ^ b > e. Khi do, de thāy dudng thāng d phāi eāt BC, BA\ giā sū giao diōm eūa 
ehūng lā M, N. Dāt BN = x, 0 x ^ e, dōng th6i 

BM = p — x, 0 ^p — x^a. (1) 

Dien tieh tam giāe AMN bāng nūa dien tieh tam giāe ABC nen x(p — x) = ^ae, hay 

2x 2 — 2 px + ae = 0. (2) 


Phuong trinh bac hai nāy eō 


A ' = p 2 — 2 ae = 


(a + b + e) 2 — 8oc ^ (a + 2c) 2 — 8oc (o — 2c) 2 


> 0 . 


Do do, phuong trinh (2) eo hai nghiem lā 

Xl = \ ( P + vV - 2ac ) . X2 = \ (p ~ Vp 2 ~ 2oe) . 

Ta ehi eān ehūng minh mōt trong hai nghiem nāy thōa mān dieu kien (1) lā duoc. 

• Xet nghiem X\ = | (p + \/p 2 — 2 acj . Rō rāng x\ > 0, vā x\ ^ e tuong duong 

\/p 2 — 2oe ^ 2c — p. 

o Neu tam giāe dā eho eo 2c — p < 0 thi truōng hop nāy khōng thōa. 

o Neu tam giāe dā eho eo 2c — p ^ 0 thi x diōu kien tren biōn dōi thānh e ^ h, mā tam 
giāe ta xet 1 ā 6 ^ e nen ehi eo tam gi'āe ean lā thoa mān truōng hop nāv ā tam 
giāe eān do thoa mān dieu kien a ^ b — \c ^ a +^+ c 
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• Xet X 2 = | 




. D6 thay rāng ta eūng eo > 0, vā X\ ^ e tūetng dūdng 


y/p 2 — 2 ae ^ 2c — p. 


o Neu tam giāe dā eho eo 2 e < p thi truāng hdp nāy luōn thōa mān. 
o Neu tam giāe dā eho eo 2c — p ^ 0 thi dieu kien tren bien doi thānh b ^ e dūng. 


De dāng kiem tra dudc dieu kien 0 < p — x ^ a eūng dūng nen v6i nghiem thi dieu kien 
1) dUdc thōa mān vā ta ehi quan tām dln nghiem nāy. Cuoi eūng, ta ehi eān dung dudc dai 

hfdng X 2 — 2 (p ~ V'P 2 ~ 2aej lā bāi toān ket thūe. 

Ta thāy rang ehi ean dung doan thāng eo giā tri \Jp 2 — 2ac. Ta dung hinh ehō nhāt eo dien 
lieh lā p 2 — 2ac; dung trung binh nhān eūa kieh thuōe hai eanh hinh ehō nhāt (dōng tam giāe 
vuōng nhān dō dāi hai kieh thuōe lām dō dāi hinh ehieu eūa hai eanh goe vuōng len eanh 
huven, khi do dō dāi duōng eao eūa tam giāe nāy ehinh lā trung binh nhān dō dāi hai kieh 
thuōe). Bāi toān tren theo eāeh tiep ean bāng Dai so dā dudc giāi quyet tron ven. □ 

(b) Cdch 2. De tim mōt eāeh dung hinh thuān tūy hdn, ta eān dūng mōt so bō de sau 

Bō dō 2. Cho tam giāe ABC eo I la, tām ditdng trdn no% tiip. Goi M lā mot diem di dong 
tren ditdng thāng AB vā N lā giao diem eua IM vōi ditdng thang AC. Khi do, trung diem K 
eūa MN di ehugiri trin hyperbol eo hai tieu diem lā A vā I. 


B6 d§ 3. Cho tam giāe ABC eo D, E, F lan litat lā tiep diim eūa dvtāng trōn bāng tiep eāe 
goe A, B, C vdi eāe eanh doi dien. Goi X, Y, Z lan luat lā trung diem eūa AD, BE, CF. 
Chvtng minh rang vōi moi diem M, N nam tren eāe eanh eūa tam giāe ABC vā ehia ddi ehu 
vi eūa no thi trung diem MN luon nām tren eāe eanh eūa tam giāe XYZ. 


Bō de 4. Cho dudng trdn (O) vā diim A bat ky nam ngoāi dudng tron. Tvt A, dytng hai tiep 
tuyin den ( O ), hai tiip diem lān luot lā B vā C. Goi M lā mot diim bat ky thuoe (O ). Ta eo 


d(M, AB ) • d(M, AC) = d?(M, BC). 

Bo de 2 dā dUdc ehōng minh dāy dū 6 phān thō nhāt, eāe bo de 3, 4 quen thuōe nen xin dānh 
eho ban doc. Ta thāy rang duōng thāng eān dung dā di qua tām duōng trōn nōi tiep / eūa 
tam giāe ABC nen ta ehi eān xāc dinh them mōt diem nōa nam tren no lā dū. 

Giā sō duōng thāng nāy eat hai eanh tam giāe tai M, N vā K lā trung diōm eūa no. Ta se tim 
eāeh dung diem K. 

Theo bo dō 3 thi K thuōe eāe eanh eūa tam giāe eo dmh lā trung diem eāe doan thang noi 
dinh tam giāe ABC v6i tiep diōm duōng trōn bāng tiep eanh doi dien. 

Theo bo de 2 thi ta thāy rang diem K phāi thōa mān dieu kien lā 4 lān tfeh eāe khoāng eāeh 
tō K den hai duōng thang qua trung diem AI vā song song v6i AB, AC bang binh phuong 
bān kinh duōng tron nōi tiep. 

Do do ta ehi eān dung diōm K thōa mān hai dieu kien tren lā eo duqc duōng thāng ehia dōi 
ehu vi vā dien tieh eūa tam giāe ABC eān tim. 
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Giā sāf ducing thāng eān dimg eāt hai eanh AB vā AC eūa tam giāe ABC. Tū eāe dāc diem 
nāy eūa K, ta eo eāe btfdc dnng nhu sau: 


• Dimg hai dudng tron bāng tiep goe B, C vā hai tiep diem tuong Ung len eāe eanh doi 
dien lā D vā E. 

• Dung trung diem X, Y lān lupt eūa BD vā CE. 

• Dung duōng tron nōi tiep tām / eūa tam giāe ABC. Duōng trōn tiep xūc BC tai H. 
Dung Z lā trung diōm IH. 

• Dung J lā trung diim AI. Dung duōng qua J lān lupt song song vāi AB vā AC, goi eāe 
duōng thāng nāy lān lupt lā x vā y. 

• Dung duōng tron tam X, bān kfnh IZ. Dung du6ng thang vuōng gōe XY tai X. Hai 
duōng nāy eāt nhau tai T. 

• Dung duōng thāng qua T song song vāi XY. Ducing thāng nāy lān lupt eāt x vā y lān 
lupt tai P vā Q. 

• Dpng dudng thāng qua P vā vuōng goe JP eāt duōng thāng qua Q, vuōng gōe vōi JQ 
tai O. 

• Dung duōng trōn tām O, bān kmh OP eāt XY tai K. 

• Dung duōng IK ehfnh lā duōng thāng eān dung. 

De dāng kiem tra dupc eāe buōc dung nāy thue sU tao ra duōng thāng eān tim. Cāch dūng 
phuong phāp Hinh hoe thuān tūy nāy dā giūp eho bāi toān rō rāng hon vā giūp ehūng ta thāy 
rō bān ehāt eūa duōng thāng ehia dōi ehu vi, dien tieh tam giāe nāy hon. □ 
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Tiāp theo, ehūng ta se xem xet mōt so bāi toān eo lien quan ve viee ehia dōi ehu vi vā dien 
tieh tam giāe. 

Vi du 20 (Viet Nam, 2003). Tren eāe eanh eua A ABC lāy eāe āiSm M\, N\, P\ sao eho eāe 
doan MM\, NN\, PP\ ehia ioi ehu vi tam giāe, trong do M, N, P lān luot lā trung āiem eua 
rāe ioan BC. CA, AB. ChUng minh rāng 

(a.) Cāc (luang thāng MM\, NN\, PP\ āong quy tai mot āiim. Goi āiim do lā K. 

(6) Trong eāe ti so §£, £j, j§co %t nhat mot ti sS khōng nho hon 

ehvtng minh.. 


A 



(a) Neu AABC deu thi eāe diim M\, N\, P\ lan luot trūng vāi eāe dinh A, B, C eūa A ABC 
nen rō rāng eāe doan MM\, NN\, PP\ dōng quy. Xet truōng hop A ABC khōng deu, khi dō 
eo hai eanh eūa tam giāe khōng bang nhau, giā sū AB < AC. Khi do, do MM\ ehia dōi ehu 
vi A ABC nen M\ phāi nām tren eanh AC vā AB + AM\ = CM\, hay 

CM\ AB + AC 
AC ~ 2AC ' 

Māt khāe, goi AD lā phan giāe goe A thi theo tinh ehāt duōng phan giāe, ta e6 §§ = j§ nen 

BC AB + AC 
DC~ AC ' 

Do BC = 2 MC nen dang thūe tren eo the viet lai thānh 

MC AB + AC 
DC ~ 2AC ' - 

Tū dāy ta suy ra Sū dung dinh ly Thales dāo, ta duoc MM\ || AD. Do MP || AC 

vā MN || AB nen Z.P\MM\ = ZCAD = \ZBAC = ^ANMP, suy ra MM\ lā phan giāe 
eūa goe ZNMP. Tuong tu, ta eo NN\, PP\ eūng lā eāe duōng phan giāe eūa A MNP. Do do 
MM\, NN\, PP\ dong quy tai tam dudng tron nōi tiep eūa tam sriāe MNP. 
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(b) Goi G la trong tam eūa A ABC, ta eo 

KA 2 + KB 2 + KC 2 = (]& + āiy + (kS + Gpy + (k% + G^ 

= 3 KG 2 + {GA 2 + GB 2 + GC 2 ) + 2 K& (gI + G& + G&) 

= 3KG 2 + -{AB 2 + BC 2 + CA 2 ). 

3 

Suy ra 

KA 2 + KB 2 + KC 2 > \{AB 2 + BC 2 + CA 2 ). 

Gia sū ea ba ti so ^ deu be hon ^=. Khi do, ta se eo 

KA 2 + KB 2 +. KC 2 < \{AB 2 + BC 2 + CA 2 ). 

O 


Mau thuān. Tū dāy ta eo dieu phāi ehūng minh. □ 

Nhan xet. Diem K 6 tren ehinh lā tām dudng tron nōi tiep tam giāe MNP vā lā tam Spieker 
eūa tam giāe ABC dā eho. Bāi toān nāy eo the giāi bāng eāeh ke du6ng php nhu sau: Tren tia 
doi eūa AC, lāy diem B' sao eho AB = AB' thi diem eān dung ehinh lā trung diem eūa CB'. 
Tū tinh ehāt eāe dudng trung binh, ta eo dieu phāi ehūng minh. 

Neu dōi giā thiāt ehia dōi ehu vi thānh ehia doi dien tfeh thi ta eo bāi toān du6i dāy. 


Vi du 21. Cho A ABCco M , N, P lan luot lā trung āiim eua BC,CA,AB vā m^, m#, me 
lān luat lā do dāi trung tugen ilng vōi eāe dinh A, B, C. Goi D, E, F lā eāe diem lān luot nām 
tren eāe eanh BC, CA, AB sao eho AD, BE, CF dōng quy tai O nām trong A ABC {khong 
trūng vōi eāe dinh). Goi A', B', C' lā eāe diem nam tren eāe eanh eūa A ABC sao eho eāe 
doan DA', EB', FC' ehia ddi āien tieh eūa AABC. Chūng minh rang MA', NB ', PC' eūng 
di qua mot diim vā neu goi diim dō lā O' thi 00' < max{m^, mg, me}. 


Chūtng minh. 



Truūe hāt, ta se tim eāeh dung eāe diem A', B', C' thoa mān de bāi. Khōng māt tfnh tōng 
quāt, ta giā sū AB ^ BC ^ CA. Khi do diem A' thōa mān giā thiet DA' ehia doi dien tfeh 
A ABC phāi nam tren eanh AC. 
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Qua M dung dudng thāng song song vdi AD eat AC tai A'. De thay Samd = Saa'D, su Y ra 
Sa'dc = ( Sa'dc + Saa>d) — Samd — Samc = ^Sabc- 

Do dō diem A' xāc dinh nhtf trgn thōa mān de bāi. Hoān toān tUdng tU vōi eāe diem B\ C'. 

Nhu the, ta eān ehhng minh rang eāe dudng thang lān ludt qua M, N, P vā tUdng utng song 
song vōi eāe doan AD, BE, CF dong quy. Goi G lā trong tam tam giāe ABC. D§ thāy rang 
phep vi tu tām G, ti so — | bien tam giāe ABC thānh tam giāe MNP vā lān ludt bi6n eāe 
duōng thāng AD, BE, CF thānh eāe duōng thāng MA', NB', PC'. 

Do eāe duōng thang AD, BE, CF dōng quy nen eāe duōng thang MA', NB', PC' eūng dong 
quy vā khi dō diem O' lā ānh eūa O qua phep vi tu dā neu. Tū dō suy ra G thuōe 00' vā 

00' = \0G. 

2 

Tiep theo, ta se ehūng minh rāng 

OG < max{G+l, GB, GC}. 

Ta eō nhān xet sau: 

Nhān xet. Cho tam giāe XYZ vā āiim T bat ky nam trong tam giāe vā khōng trung vdi eāe 
dinh. Khi do, ta eo 

XT < ma x{XY, XZ}. 

Bāy giō, ta xet diem 0 trong eāe tam giāe GBC, GCA, GAB. Theo nhan xet tren thi 
OG < max{max{Gh4, GB},max{GB, GC},max{GC, Gj 4}} = max{CM, GB, GC}. 

Tū dāy dua den 

00' — ^OG < ^ max{Gd., GB, GC} = max{mA, ms, rn c }. 

Bāi toān dudc ehūng minh xong. □ 

3.3 Bāi toān di/ng tam giāe tu’ ehān eāe difcfng phān giāe 

Cāc bāi toān dung hinh truōe nay vān luōn thā hien mot tām quan trong dāng ke khi mā tū 
eāe būōc dung hinh, van dō dāt ra dudc sāng sūa hdn. Trong lieh sū Hinh hoe, dā eō nhiōu bāi 
toān dung hinh khō vā thāeh thūe rāt nhieu the he eāe nhā Toān hoe nhū dūng duōng tron 
tiep xūc vōi eā ba dūōng tron eho trūōe hoāe trūe giao vōi eā ba dūōng tron eho truōe, dung 
mōt tam giāe nōi tiōp duōng trōn eō eāe eanh di qua nhūng diem eho trUōe, ... Bāi toān dung 
hinh tū eāe trung diem eāe eānh hoāe ehan eāe duōng eao trong tam giāe thi thuōe dang cd 
bān vā eō the giāi quyet de dāng bang eāe kien thūe THCS. Tuy nhien, nhieu eāu hoi dūdc dāt 
ra khi tim mōt su tUdng tU khi dung mōt tam giāe khi biet ehān eāe duōng phān giāe trong 
eūa nō, mōt bāi toān tuōng ehūng nhu ddn giān. Tren thue tō, bāi toān dung hinh nāy khōng 
ddn giān vā eō le ehua eō mōt phtfdng phāp Hinh hoe thuān tūy nāo giāi quyet tron ven nō. 

Bāng duōi day dudc xāy dung bōi nhā Toān hoe Wernick nām 1982 vō eāe bō ba eāe diem eō 
khā nāng dung dudc mōt tam giāe (ba trong eāe diem quen thuōe lā tām duōng trōn ngoai 
tiep O, tām duōng trōn nōi tiep I, trong tam G, true tām H, ehan eāe duōng phan giāe T a , Tb, 
T c , ehan eāe duōng eao H\, H 2 , H 2 vā trung diem eāe eanh M\, M 2 , M 2 ). Trong dō bāi toān 
mā ehūng ta dang xet lā vān de thū 138 mā ōng ehua giāi quyet dupc. Trong phān nāy, ehūng 
ta se xem xet bāi toān nāy eūng eāeh tiep eān bang dai so thōng qua hō toa dō ti eU. 
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Cāc chuyen de boi dt/dng hoe sinh giōi Toān 


1. A,B,0 

L 

29. A,M h ,G 

S 

57. A,H,l 


85. M„, M h , H a 

S 

113. M a ,T h ,T c 


2. A, B, M a 

S 

30. A, M h , H a 

L 

58. A,T a ,T h 


86. M a , M h , H t . 

S 

114. M a ,T h ,l 


3. A.B, M t . 

R 

31. A,M,„H h 

L 

59. A,T a ,f 

L 

87. M a . M h , H 


115. G,H a ,H h 


4. A. B,G 

S 

32. A, M h , H c 

L 

60. A, T h ,T t 

S 

88. M a ,M h ,T u 


116. G, H a , H 

S 

5 A,B, U a 

L 

33. A, M h , H 

S 

61. A,T h ,l 

S 

89. M a ,M h ,T c 


117. G,H a ,T„ 

s 

6. A,B, n c 

L 

34. A,M h ,T„ 

s 

62. O, M a . M h 

s 

90. M a , M h , l 


118. G,H a ,T h 


7, A, B, U 

S 

35. A , Tf t 

L 

63. 0,M a .G 

s 

91. M a ,G,H a 

L 

119. G. H a . I 


8. A,B,T a 

S 

36. A,M h .T ( 

S 

64. O, M a . H a 

L 

92. M a ,G,H h 

S 

120. G,H,T a 


9. A, B, T t . 

L 

37. A, M h ,! 

S 

65. O.M a ,H h 

S 

93. M a ,G,H 

S 

121. G, H, 1 


10. A,B, t 

S 

38. A, G, H u 

L 

66. 0,M a ,H 

S 

94. M a .G,T a 

S 

122. G,T a .T h 


11. A,0,M a 

s 

39. A, G, U b 

s 

67. O.M a ,T a 

L 

95. M a ,G,T h 


123. G,T a ,l 


12. A,O.M h 

L 

40. A,G, H 

S 

68. O.M a .T h 


96. M a ,G, / 


124. H a ,H h ,H r 

s 

13. A,0,G 

S 

41. A,G,T a 

S 

69. 0,M a ,l 

S 

97. M a , H a , H h 

S 

125. H a , H h , H 

s 

14. A,0,H a 

S 

42. A,G,T h 


70. 0,G,H u 

S 

98. M a ,H a ,H 

L 

126. H a ,H h ,T a 

s 

15. A,0, lf„ 

S 

43. AiG.I 


71. 0,G,H 

R 

99. M a , H a ,T a 

L 

127. H a ,H h ,T c 


16. A,0,H 

S 

44. A, H u , H„ 

s 

,12. O, G, T a 


100. M a ,H a ,T h 


128. H a ,H h ,I 


17 A.O,T a 

s 

45. A, H U .H 

L 

73. O.G.I 


101. M a ,H a ,l 

S 

129. H a ,H,T a 

L 

18. A.O, T h 

s 

46. A,H a .T a 

L 

74. O, H„, H h 


102. M a , II h , //,. 

S 

130. H a ,H,T h 


19. A,0, l 

s 

47. A.H a .T h 

S 

75. O. //„. II 

S 

103. M a , H h , II 

s 

131. H a ,H,l 


20. A,M a ,M h 

S 

48. A,H a ,I 

S 

76. 0,H a ,T a 

S 

104. M a ,H„,T a 

S 

132. U a ,T u ,T h 


21. A, M U .G 

R 

49. A,H h , H c 

S 

77. O, H a ,T h 


105. M a ,U,„T h 

s 

133. H a ,T a ,I 

s 

22. A, M a . H u 

L 

50. A.H h ,H 

L 

78. 0,H a ,I 


106. M a ,H h ,T c 


134. !l a ,T h ,T t 


23. A, M a , H h 

S 

51. A,H h ,T a 

S 

79. 0,H,T a 


107. M u , //,„ / 


135. H a ,T b ,I 


24. A, M a , H 

s. 

52. A,H h ,T h 

L 

80. O, H, I 


108. M a ,H,T a 


136. H,T a ,T h 


25. A, M a .T a 

s 

53. A.H h ,T t 

S 

81. 0,T a ,T h 


109. M u ,H,T h 


137. !!,T a ,i 


26. A, M a , T h 


54. A, H h , l 

S 

82. 0,T a ,I 


110. M a ,H,I 


138. T a ,T h ,T c 


27. A, M a , l 


55. A, H, T a 

S 

83. M a , M h , M c 

S 

111. M„,T u ,T h 


139. T u ,T h ,l 

S 

28. A, M h , M, 
_ 

s 

56. A,H,T h 


84. M a ,M h ,G 

S 

112. M„,T a ,I 

s 




Bāng tren khōng xet den eāe bō ba eo tinh ehāt titōng ditōng khi dirng tam giāe. Chū y rang, 
S ky hieu eho eāe bāi toān dā ditdc giāi, L ky hieu eho eāe bāi toān vō nghiem hoae vō sō 
nghiem hinh, R ky hieu eho eāe bāi toān phu thuōe vāo vi tri eūa eāe diem trong bō ba dā eho 
(vi du, vān dō so 71 trong bāng tren dōi hoi ba diem O, G, H phāi thōa mān H (,3 = \H&) vā 
eāe bāi toān eōn lai lā ehua eō lōi giāi. 


3.3.1 Cōc bo de vā phi/Png phāp dung eonie d§ di/ng hinh 

De bāt dāu giāi quyet bāi toān, trUōe het, ta ehūng minh bō de sau: 

Bō de 5. Cho tam giāe ABC khong eān tai A. Quy tieh eāe āiim Q sao eho QA lā phān 
giāe trong eūa goe tao bdi QB vā QC lā mot āitōng eong lien hōp āang giāe vdi āuāng tron 
Apolonius eūa āinh A.. 

Chvtng minh. Ta eo diem A nām tren phan giāe eūa goe Z.BQC khi vā ehi khi 

eos AQB = ± eos AQC, 


hay lā 

AQ 2 + BQ 2 - AB 2 AQ 2 + CQ 2 - AC 2 
2AQ ■ BQ ~ 2AQ ■ CQ 
Binh phuong hai ve vā thu gon, ta dupc 

{QA 4 - - QC 2 ) - 2QA 2 {b 2 QB 2 - c 2 QC 2 ) - 

- 2 {b 2 - c 2 )QB 2 QC 2 + b 4 QB 2 - c 4 QC 2 = 0. 
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fert ABC lā tam giāe eel s6 vdi he true toa dō ti eu, giā suf Q eo toa dō lā Q(x, y, z). 



Ta eo thg tinh dUdc 

„ a2 c 2 y 2 + (b 2 + e 2 - a?)yz+ bi 2 z‘ i 

QA ~ / , , \2 ’ 

(x + y + z) 

Tudng tu doi v6i QB 2 , QC 2 . Thay eāe giā tri nāy vāo dāng thiie 6 tren, ta dudc 

x(c 2 y 2 — b 2 z 2 ) + yz [(e 2 + a 2 — b 2 )y — (a 2 + b 2 — c 2 )z\ = 0. (1) 

Ta biet rang neu X(x, y, z) lā mot diem trong he toa dō ti eU eo tam giāe cd sō lā ABC 
thi di§m Y(a 2 yz, b 2 zx, c 2 xy) hay Y ehfnh lā diem lien hdp dāng giāe v6i X. Trong 

phudng trinh (1), thay (x, y, z) bōi (a 2 yz, b 2 zx, c 2 xy), ta dUdc 

(b 2 — c 2 )(a 2 yz + b 2 zx + c 2 xy) + a 2 (x + y + z)(c 2 y — b 2 z) — 0. 

Dāy lā mot duāng tron nāy di qua /4(1, 0, 0) vā Di i2 (0, b, ±c) lā eāe ehan du6ng phān giāe 
trong vā ngoāi tai dinh A eua AABC. Suy ra no ehinh lā duōng tron Apollonius dinh A. □ 

Bō dg nāy ehinh lā ehia khoa giāi quyet bāi toān neu ra ban dāu. 

V6i tam giāe ABC eho tru6c, ta eān dung tam giāe A'B'C' nhān A, B, C lā ehān eāe du6ng 
phān giāe trong hoae ngoāi. Ta thāy diem A' nhu the ehinh lā mōt eāeh phāt biSu eūa bō de 
tren khi thay x b6i —x, tūe lā >fet A'(-x, y, z). Khi do, ta eo phuong trinh F a — 0, v6i 

F a = — x(c 2 y 2 — b 2 z 2 ) + yz [(e 2 + a 2 - b 2 )y - (a 2 + b 2 - c 2 )z\ . 

Tudng tu, ta eūng eo eāe phudng trinh sau ūng v6i eāe diem B,C' lā 

F b = —y(a 2 z 2 - c 2 x 2 ) + zx [(a 2 + b 2 — c 2 )z — (b 2 + e 2 - a 2 )x\ 

vā 

F c = — z(b 2 x 2 — a 2 y 2 ) + xy [(b 2 + e 2 — a 2 )x — ( e 2 + a 2 — b 2 )y\ . 

Bāi toān se dupc giāi quyet neu ta giāi dudc he phudng trinh F a = F b = F c = 0. 

Chūng ta xet bo dā sau. 
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Bō de 6. Neu ABC lā tam giāe khong suy bien thi he phuang trinh F a = Fb — F c = 0 eo it 
nhat mot nghiem thue khāe 0, hay luōn ton tai mot tam giāe A'B'C' nhān A, B, C lām ehān 
eāe āuōng phān giāe trong hoāe ngoāi. 

Chvtng minh. Thāt vay, tnteing hop tam giāe ABC deu thi bāi toān hien nhien dung. Giā 
sil tam giāe ABC khōng d§u vā B lā goe ldn nhāt, C lā goe nho nhāt; suy ra B > | > C. Ta 
thāy tā phuong trinh F a = 0, ta eo the tinh dtfOc x theo y vā z, eu thg lā 



Thay dai luong tren vāo eāe phuong trinh Fb = F c = 0, ta dupc mōt phuong trinh thuān nhāt 
v6i bien y vk z eo dang nhu sau: 

c 2 ((c 2 + a 2 — 6 2 ) 2 — c 2 a 2 )y 4 4-1- & 2 ((a 2 + b 2 — e 2 ) 2 — a 2 b 2 )z 4 = 0. (1) 

Ta thāy rang 

e 2 (e 2 + a 2 — b 2 ) 2 — c 2 a 2 = c 4 a 2 (2 eos 2B + 1) < 0 
vā 

b 2 (a 2 + b 2 — e 2 ) 2 — a 2 b 2 = a 2 b 4 (2cos2C + 1) > 0. 

Dieu nāy ehiing to rāng phuong trinh (1) luōn eo nghiem y, z ^ 0, hay he F a = = F c = 0 

luōn eo nghiem thue khāe 0. Bō dō dupc ehiing minh. □ 

Chu y rāng F a lā mpt duōng eong bāc 3 nen viee khāo sāt nō tUOng doi kho. Ta se tim eāeh 
dung duōng eong F„ dua tren du6ng lien hpp dāng giāe eua no lā (C a ) vōi eāe tfnh ehāt don 
giān hon. 
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Bo de 7. Ditdng eong lien h<Jp dang giāe vōi F a di qua dinh A, ehān hai ditdng phān giāe trong 
rā ngoāi ke tū A, diem X ehia dudng eao AH theo ti so — 2:1 eūng hai vet eūa X tren eāe 
ranh AB vā AC. 

Ch'iing minh. Ta thay ditdng eonie trong bo d§ neu eo phuong trinh lā 

(C a ) : f(a) = a 2 (c 2 y 2 - b 2 z 2 ) + b 2 (c 2 + a 2 - b 2 )zx - c 2 (a 2 + b 2 - c 2 )xy. 

Viet dudng eong (C a ) lai duāi dang 

a 2 (b 2 - c 2 )yz + b 2 (2a 2 - b 2 + c 2 )zx - c 2 (2a 2 + b 2 - c 2 )xy + a 2 (x + y + z)(c 2 y - b 2 z) = 0. 

Ta thāy rāng (C a ) ehha di§m A vā ehān eāe dudng phan giāe eūa goe A tren eanh BC 
(toa d6 eāe diem nāy lā (0, b, ±c)). Giao diem eūa (C a ) vdi eāe eanh AB, AC lān luot lā 
Y = (a 2 , 0, e 2 + a 2 — b 2 ), Z = (a 2 , : a 2 + b 2 — e 2 , 0). Rō rāng ehūng dāu lā vet eūa diem 
X(a 2 , o 2 + b 2 — e 2 , e 2 + a 2 — b 2 ) len eāe eanh AB, AC vā diem X nāy eūng lā diem ehia AH 
theo ti so — 2 : 1. Bo de dUOc ehūng minh. □ 

Ta thāy rang tiep tuyen eūa (C a ) tai hai ehan dudng phan giāe ke tū A di qua trung diem eūa 
du6ng eao ūng vōi dinh A, tiōp tuyen tai A vā X di qua vet eūa tam duōng tron ngoai tiep O 
tren eanh BC eūa tam giāe. Day lā nhūng ket quā het sūe thū vi vā eūng ehinh nh6 no mā ta 
eo the dung dU0c ehinh xāc du6ng hyperbol (C a ) nhu ben du6i. 
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Goi P la tam ditcJng trōn nōi tiep (hoāe bāng tiep) eūa tam giāe ABC. Theo eāe phan tieh ō 
tren thi rō rāng diem lien hop dāng giāe eūa no nam tren difōng eong (C a ). Do tmh binh dāng 
giōa eāe dinh nen no eūng nam tren eāe dirōng eong titOng ūng vōi dinh B vā C lā 

(Cb) '■ f(b) = b 2 (a?z 2 - c 2 x 2 ) + c 2 (a 2 + b 2 - c 2 )xy — a 2 (b 2 + e 2 — a 2 )yz , 

( C c ) : f(c) = c?(b 2 x 2 — a 2 y 2 ) + a 2 (b 2 + e 2 — a 2 )yz — b 2 (c 2 + a 2 — b 2 )zx. 

D§ dāng thāy rang f(a) + f(b) + f(c) = 0 nen eāe eonie nāy tao thānh mōt ehūm vā diem lien 
hop dāng giāe eūa giao diem eāe dirdng nāy ehinh se giūp ta giāi bāi toān nāy. 

Theo ehūng minh Ō tren thi rō rāng eāe giao diōm nāy ton tai vā de phān biet trirōng hop 
tām dūdng trōn nōi tiep vā bāng tiōp, ta ehia māt phāng eō ehūa tam giāe ABC eūng nhū eāe 
dirōng thāng di qua eāe eanh eūa no bōi 7 miōn dūOc dānh dāu nhu sau tūong ūng vōi dāu 
eūa toa dō mōt diem trong he toa dō ti eu v6i tam giāe eo sō lā ABC (dieu nāy eo thō ehūng 
minh d§ dāng bāng bien doi veetor): 

+ + +, b +,. —I , + 4 , H-, 4-b,-b. 

Ta ky hieu eie 2 e 3 lā mien dūOc dānh dāu bo ba eāe dāu eōng vā trū vā khōng eo truōng hop 
toān bō lā eāe dāu trū. Ta thāy rāng mōt diem nam trong mien eie 2 e 3 eūa tam giāe A'B'C' 
khi vā ehi khi no nam trong mien eie 2 e 3 tūOng ūng eūa tam giāe tao bōi eāe trung diem eāe 
eanh eūa tam giāe ABC. 



Goi Q lā diem ehung eūā eāe eonie nōi tren trong mōt mien eie 2 e 3 nāo dō. Cāc diōm lien hop 
dāng giāe v6i Q qua eāe dinh A, B, C tūong ūng ehinh lā diem P lā tam dūōng trōn nōi tiep 
hay ngoai tiep eūa tam giāe A'B'C' eān dūng tūy theo so dāu + vā — tūOng ūng v6i mien dō. 

Sau khi eo diem P vā tam giāe eevian lā ABC eūa tam giāe A'B'C'. Ta hoān toān eo the dūng 
dūOc eāe diem A!, B', C' vā ket thūe bāi toān. 

Bāi toān nāv dā dūOc giāi quyet nhimg tiōe rāng, v6i kien thūe Hinh hoe hoān toān khōng sO 
eāp! Trong phān tiep theo, ta se xet mōt so trūōng hop dāc biet eūa tam giāe ABC mā v6i 
ehūng thi ta eo the tim dūpc nhūng lōi giāi so eāp hon. 
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33.2 Bāi toān trong mot so tru’ofng hofp dac biet 


'a) 


Tncdng hōp ABC lā tam giāe vuōng. Giā sur tam giāe ABC vuong tai C, thi he eāe 
phuong trinh ban dāu tuong doi d§ giāi hefn vi ehung ta eo the bien d6i de don giān eāe 
bi6u thiie thānh 


' x [( a 2 + b 2 )y 2 - b 2 z 2 ] - 2 a 2 y 2 z = 0 
< y [(a 2 + b 2 )x 2 — a 2 z 2 ] — 2 b 2 x 2 z = 0 
^ z(b 2 x 2 — a 2 y 2 ) — 2 xy(b 2 x — a 2 y) = 0 


Ta tim duoc hai toa dō eūa di6m P tUOng ūng eho truōng hop nāy lā 


P\ (a(\/3a — b), b(y/3b — a), (\/3 a — b)(y/3b — a)) , 
+2 (a(y/3a + b), b(y/3b + a), — (\/3 a + b)(y/3b + a)). 


Cāc di/m nāy khā de so vdi trueing hop tōng quāt vā bāi toān eo the giāi bang mōt eon 
duōng hoān toān sO eāp. Ta xet hai tam giāe deu ABC\, ABC 2 dung tren eanh AB. Khi 
do Pi, P 2 lān luot lā diem doi xūng vōi C\, C 2 qua C. Cāc diōm nāy se lā tām du6ng 
trōn bāng tiōp eūa eāe tam giāe A'B'C' tuong ūng. 


Mōt kōt quā eān ehū y lā P\ trong hinh ve ben du6i lā tam duōng trōn nōi tiep eūa tam 
giāe A'B'C' khi vā ehi khi A, B t-hoa mān dieu kien aretan /^ < A, B < aretan 


A' 



(b) Truōng hop ABC lā tam giae suy biin. Xet tam giāe ABC eo X, Y, Z lān luot lā ehān 
eāe duōng phān giāe ngoāi vā vān dō eān giāi quyet lā dung lai tam giāe ABC khi dā 
biet eāe diem X, Y, Z nām tren mōt duōng thāng d nāo dō. Neu eāe duōng phan giāe 
trong eūa goe A, B, C lān luot eat d tai X', Y', Z' thi X, Y, X', Z lāp thānh mōt hāng 
diem dieu hōa; tuong tu vōi eāe bō Y, Z,Y', X vā Z, X, Z', Y. Ta se tim lōi giāi eūa bāi 
toān tū nhūng ket quā nāy. 

Ta se bāt dāu dūng tam giāe ABC nhu the tū ba diem X, Y, Z nam tren duōng thāng d 
nāo do. Khōng māt tinh tōng quāt, giā sū Y nām giūa vā gān X hon Z. Goi X', Y', Z' 
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lān lirdt la eāe di§m lien hdp dieu hoa epa X, Y, Z trong eāe doan YZ, ZX, XY. Dvfng 
eāe dudng tron dudng kinh XX', YY', ZZ'. 



D§ thāy rang eāe dudng nāy eo tām thang hāng vā eo ehung true dāng phiiong lā FF' 
(vdi F. F' lā hai diem ehung eua eāe dudng tron). Nāu ditng dupc F, F' truāe thi eāe 
diem X', Y', Z' se xāc dinh d§ hdn. That vay, ta eo mot eāeh dung ddn giān lā: Dung 


hai tam giāe deu XYM vā YZN ve eung mōt phia eūa dudng thāng d. Goi F lā giao 
di§m eūa XN vā ZM, F' lā diem doi xūng vdi F qua d. Do ehinh lā eāe di§m eān tim. 


Tr§n dudng tron dudng kinh XX ', lāy diem A bāt ky. Theo eāeh dung eāe diem thi rō 
rāng X, X' ehinh lā ehān eāe dudng phan giāe trong vā ngoāi tai dinh A eūa tam giāe 
A'B'C'. Giā sū YA eat dudng tron dudng kfnh ZZ' tai C (A, C nam eūng phia so v6i Y) 
thi CZ lā phan giāe ngoāi eūa tam giāe CXY. Goi B lā giao diem eūa hai dudng thāng 
AZ, CX. Bang dinh ly Menelaus, ta ehūng minh dūdc BY lā phan giāe trong eūa tam 
giāe BZX n§n B nam tren dūdng tron dudng kinh YY' nen tam giāe ABC dung theo 
eāeh nāy thōa mān de bāi. Trong trudng hdp nāy, bāi toān eo vō so nghiem hinh. 

Tiep theo, ta xet mōt so bāi toān lien quan nhu sau. 

Vf du 22. Trong mgt phāng toa dō Oxy, eho eāe diim D(0, 2), E( 2, 5) vā F( 3, 0). Dung tam 
giāe ABC sao eho D, E, F lan luot lā ehān eāe dudng phān giāe goe A, B, C trong eua tam 
giāe ABC. 

Ldi giai. Ta tinh dudc DE 2 — DF 2 = 13, EF 2 = 26 nen tam giāe DEF vuōng ean tai D. 
Ta se ehūng minh rāng tam giāe ABC eān dung ean tai A. 


A 
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(a) Cdch 1. Tru’āe het, ta ehilng minh nhan xet sau: 

Nhān xet 1. Tam gi'āe ABC eo D, E, F lān luōt la, ehān dudng phān giae ūng vdi goe A, B, C. 
Khi do DE = DF khi vā ehi khi tam giāe ABC eān tai A hoae tvt giāe ADEF noi tiip. 

Chitng minh. Goi H. K lān luot lā hinh ehieu eūa D len AB, AC. Do DH = DK nen hai tam 
giāe DHF vā DKE bāng nhau, suy ra 

ZHFD = ZKED. (1) 


Ta xet eāe trudng hdp sau: 


• Neu H, K lān luot thuōe BF vā CF thi tū (1), ta eo ZADE = ZADF nen hai tam giāe 
ADE vā ADF bang nhau (g.e.g). Do do AE = AF. Mā AE = -~- c , AF = nen ta 
dudc AB = AC, hay tam giāe ABC ean tai A. 

• Neu H khong thuoe BF vā K khōng’thuōe CE thi ehūng minh tUdng tU- 

• Neu H thuōe BF nhung K khōng thuōe CE (truōng hop ngUdc lai tUdng tu) thi tū (1), 
di thav rang tū giāe AEDF nōi tiep. 

Nhān xet 1 dUdc ehūng minh. ■ 

Tiep theo, ta se ehūng minh nhan xet rang: 

Nhān xet 2. Neu ABC lā tam giāe vuōng nhung khong eān tai A vōi D, E, F lān luat lā 
ehān dudng phān giāe goe A, B, C thi tam giāe DEF khong eān. 

Chiing minh. Trong mat phāng toa dō Oxy, xet eāe diem .4(0, 0), B(b, 0), C(0, e) v6i b, e > 0. 
PhUdng trinh du6ng thāng BC lā | + ^ = 1, hay cx + by — bc = 0. Phudng trinh phan giāe 
goe A lā x — y = 0. Do dō, toa dō diem D lā D (^, ^) . Ta eo BC = Vb 2 + e 2 , suy ra 

AE = S+T? v& E (0, j5^fe).Dov»y 


DE 2 


bc 


+ 


bc 


bc 


b + c) \b + c b + yjb 2 + e 2 J 


Tudng tu, ta eūng eō 


Theo giā thiet, ta eo 


bc 


K b + e 
Tū do suy ra 

hoāe 


- + 


DF 2 


bc 


bc 


bc 


b + c b + Vb 2 + c 2 J \b + c 


+ 


bc 


bc 


b + e b + \/b 2 + e 2 
bc bc 


bc 


bc 

b + c b + \/b 2 + e 2 
bc bc 


+ 


_bc_ 
b + e. 


b + e b + \/b 2 + e 2 b + e e + \Jb 2 + e 2 


bc 


bc 


bc 


+ 


bc 


b + c b + \/b 2 + e 2 b + c e + \Jb 2 + e 2 

Dang thūe thū nhāt xāy ra khi b = e, eōn dang thūe thū hai xāy ra khi b + c = 2\Jb 2 + e 2 . Tuy 
nhien, eā hai diōu nāy deu khōng the eo dūdc, do do nhān xet dudc ehūng minh. ■ 
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Ttr hai nhān xet tren, ta thāy rāng neu tam giae DEF ban dāu vuōng ean thi tam giāe ABC 
phāi eān, vi neu xāy ra truōng hdp tam giāe ABC khōng ean thi til giāe AEDF nōi tiep, mā 
gōe D vuōng nen gōe A eūng phāi vuōng, theo nhān xet thū hai thi day lā dieu vō ly. ■ 

(b) Cāch 2. Ta se ehūng minh eāe nhan xet trUe tiep bāng eāeh bien doi Dai so. Ta eo 


DE 2 = CD 2 + CF 2 - 2 CD ■ CF ■ eos C 

__ f ah \ 2 / ab \ 2 ^ a b °b a 2 + b 2 — e 2 

\b + cj \c + aj b + c e + a 2 ab 

__ a 2 b 2 [(6 + e) 2 + (e + a) 2 ] — ab(b + c)(c + a)(a 2 + b 2 — e 2 ) 

(b + c) 2 (c + af 

Tuong tu, ta eūng eō 

[(& + c ) 2 + {' a + b) 2 ] ~ aa (b + c)(a + b)(c 2 + a 2 - b 2 ) 

(b + c) 2 (a + b) 2 

Neu DE = DF thi hai bieu thūe tren bang nhau, quy dong vā phan tieh thānh nhān tū, ta eo 
abc(b - c)(6 + c)(a? + a 2 b + a 2 c - b s - ab 2 - e 3 - ae 2 - bc 2 — b 2 c - abc) — 0, 


suy ra 

6 = cV(a + 6 + c)(a 2 — b 2 — e 2 ) = abc. 

D6n day, ta thāy rāng tam giāe ABC phāi ean hoāe tū tai A, tiep tue ehūng minh nhan xet 
thūf hai de suy ra tam giāe ABC eān tai A. ■ 

Tr6 lai bāi toān ban dāu, ta eo eāeh dung hinh nhu sau: 

• Dudng thāng d qua D, song song vōi EF ehfnh lā du6ng thāng ehūa eanh BC. Ta eo 
E~fr = (1, —5) nen phuong trinh du6ng thang BC lā 5(x — 0) + (y — 2) = 0, hay 


5x + y — 2 = 0. 

• Tam giāe BEF eān tai F (do Z.EBF = Z.FEB = | ZABC) nen B ehinh lā giao diem 
eūa du6ng tron (E, EF) v6i d. Ta xet he phuong trinh 

( 5x + y — 2 = 0 
\ (x - 3) 2 + y 2 = 26 

Thay (x — 3) 2 + (5x — 2) 2 = 26, ta giāi duoc hai nghiem lā 

1-V3 —1 + 5\/3 


x = 


x = 


2 

l + \/3 


y 


-1-5^3 


Ta eān ehon diem nām khāe phia v6i D so v6i hinh ehiōu eūa F len d. De thāy rāng 
ZBDF = 45° nen BD > DF cos45° = Thū true tiep, ta duoc 


B 


'l + V3 -l-5\/3 N 
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• Do C dōi xdng vdi B qua D nen 


C 


-1 - V3 


9 + 5v/3\ 

2 )' 


• Diem A lā giao diem eūa trung true EF vdi duōng thāng BF. Mā phuong trinh eūa trung 
true EF lā (x — 0) — 5 (y — 2) = 0 hay x — 5y + 10 = 0, vā phuong trinh dudng thāng 
BF lā x + = 3. Do do, toa do eūa+1 ehinh lā nghiem eūa he phuong trinh 


( x — 5y + 10 = 0 
10-13^3 


x + 


37 


y = 3 


Giāi he nāy, ta thu' dupc nghipm lā 


:: 


15 + 5^3 

6 

15 + VS 


Vay toa dō eāe dinh eūa tam giāe ABC ean tim lā 


15 + 5\/3 15 + V3 V 

6 ’ 6 


B 


'l + v/3 -l-5\/3 N 


-l-v/3 9 + 5\/3 N 


Bāi toān dupc giāi quyāt xong. □ 

Vi du 23 (Trung Quoc, 2003). Cho tam giāe ABC khong eān eo ehān eāe āuetng phān giāe 
trong lān luot lā D, E, F. Chitng minh rāng neu tam giāe DEF eān tai D thi tam giāe ABC 
eo goe A tu. 


ChvCng minh. Dāt BC = a, CA = b vā AB = e. Cāch giāi bang Dai so eho bāi nāy dā dupc 
neu 6 vi du tren, ta se tim hiāu mpt eāeh Hinh hoe thuān tūy hon: Ta eo 


sin Z.AFD _ AD _ AD _ sin Z.AED 
sin ZFAD FD ED sin ZEAD’ 


Mā sin FAD = sin ZEAD nen ZAFD = ZAED hoāe ZAFD + ZAED = 180°. 

TruPng hpp thū nhāt de dāng eho thāy rāng tam giāe ABC ean tai A nen khōng thoa, do vay 
ta phāi e6 ZAFD + ZAED = 180°, suy ra A, E, D, F eūng thupe mpt dudng tron. 

P 
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Do do ZDEC — Z.DFA > ZABC. Tren tia CA lay diim P sao eho ZDPC = ZABC thi 
PC = PE + EC. Ta eo A BFD = A PED (g.e.g) nen 


PE = BE = 


ae 

a + b 


Hon nūa, do A PCD = A BCA (g.g) nen ^ hay 

ba a 2 


PC=j- 

b b + e 


b + c 


Chū y rāng ta eūng eo EC = £ nen ^ ^ hay 

a(a + b)(a + e) = b(b + a)(b + e) + c(c + a)(c + b). 

Tū day suy ra 

« 

a 2 (a + b + c) = b 2 (a + b + e) + c 2 (a + b + c) + abc> (b 2 + c 2 )(a + b + c), 
vā do do a 2 > b 2 + e 2 . Dieu nāy ehūng tō tam giāe ABC tū. 

Nhān xet. Ta eūng eo the ehūng minh dildc dang thūe tren tildng drfdng vdi 

2(sin A + sin B + sin C) + tan ,4 = 0, 

nen eāeh phāt bieu du:6i dang ludng giāe eūa bāi pāy eūng thue su rāt thū vi! 


□ 


4 Mot so bāi tāp āp elung 

De th§ hien su linh hoat trong viee vān dung eāe phudng phāp, eāe bāi tap du6i day se khōng 
dudc ehi dinh tru6c lā se giāi bang eāeh nāo. Chūng ta hāy phān tfeh dac diem eūa bāi toān 
de lua ehon ra eāeh hieu quā nhāt! 

Bāi tāp 1 . Cho tam giāe ABC nōi tiep ( O ) eo eāe phan giāe AD, BE, CF (v6i D, E, F lān 
ludt thuōe eāe eanh BC, CA, AB). Goi M, N, P lān ludt lā giao diem eūa AD, BE, CF v6i 
(O). Chūng minh rāng 

AD BE CF ^ 9 
AM + BN + CP^ 4' 

Dāng thūe xāy ra khi nāo? 

Bāi tāp 2. Cho tam giāe ABC eo (O) 1 ā duōng trōn ngoai tiep vā (I) lā duōng tron nōi tiep. 
Chūng minh rāng ton taivō so eāe tam giāe A'B'C' ngoai tiep du6ng tron (I) vā nōi tiep trong 
du6ng tron (O). Tim quy tieh trong tām eāe tam giāe A'B'C' nhu vay. 

Bāi tāp 3. Cho tam giāe ABC eō AD lā phan giāe goe A, hinh ehieu eūa D len AB, AC lā 
M. N. Goi H lā giao diōm eūa BN, CM. Chūng minh rāng AH vuōng goe v6i BC. 

Bāi tāp 4. Giā sū tū giāe ABCD eo AD = BC, AC vā BD eāt nhau 6 O, phan giāe eāe goe 
DAB vā CBA eāt nhau 6 I. Chūng minh rang trung diem eūa eāe doan thāng AB, CD, 01 
eūng thuōe mōt du6ng thāng. 

Bāi tap 5. Cho hinh ehū nhat ABCD eo M lā trung diem eūa AB, N thuōe tia phān giāe 
■eūa goe BCD. Goi P lā hinh ehiōu eūa N tren BC. Chūng minh rāng neu MN vuōng goe v6i 
DP thi AN = BC. 
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Bāi tāp 6. Cho tam giāe ABC ngoai tiep dtfdng tron (/) vā eo D, E, F lān lnot lā tiep diem 
eua (/) len eāe eanh BC, CA, AB. Goi M lā giao diām eua BY, ZX\ N lā giao diem eūa CZ 
vā XY. Goi E, F lā trung diem eūa MY vā NZ. Chūng minh rang AI, YF, ZE dong quy. 

Bāi tāp 7. Cho tam giāe ABC ngoai tigp ditdng tron (/) vā nōi tiep duōng trōn (O). Cāc 
duōng thāng AO. BO. CO lān lupt eāt ( O ) tai eāe diem thū hai lā D, E, F. Goi M, N, P lān 
luot luot lā giao eūa ID vōi BC , IE vōi CA, IF v6i AB. Chūng minh rang AM, BN, CP 
dōng quy. 

Bāi tāp 8. Cho tam giāe ABC eo eāe phān giāe AD, BE, CF. Chūng minh rāng 

4 Sdef ^ Sabc■ 

Bāi tāp 9. Cho tam giāe ABC nhon, khōng ean, ngoai tiep duōng trōn (/) eo H lā ehan 
duōng eao ūng v6i goe A. Goi M lā trun^ diem BC. Biōt rāng trung true HM di qua I. Chūng 
minh rāng dō dāi eāe eanh eūa tam giāe lāp thānh mōt eāp so eōng. 

Bāi tāp 10. Cho tam giāe ABC ngoai tiep duōng trōn (/). Tiep diem eūa (/) len BC, CA, AB 
lān luot lā D, E, F. Doan AD eat (/) tai M. Duōng thāng qua M vuōng goe v6i^4D eāt EF 
d N. Chūng minh rang AN song song v6i BC. 

Bāi tāp 11. Cho tam giāe ABC eo BC lā eanh nhō nhāt; eāe duōng phān giāe trong 
AA', BB', CC' dong quy tai I vā theo thū tu eāt eāe eanh BC, CA, AB t?ū A', B', C'. Giā 
sū bān kinh eāe duōng trōn nōi tiep eāe tam giāe IA'B',IA'C' bang nhau. Chūng minh tam 
giāe ABC ean tai A. 

Bāi tāp 12. Cho tam giāe ABC v6i (/) lā duōng trōn nōi tiep. Tiep diem eūa (/) tren 
BC, CA, AB lān luot lā D, E, F. Gqi M, N, P lān luot lā diem ehung eūa eāe eāp duōng 
thang ( EF, BC), ( DF, CA), (DE, AB). Chūng minh rang M, N, P thāng hāng. 

Bāi tāp 13. Cho tam giāe ABC eo AB < AC v6i BD lā duōng trung tuyen, duōng phan 
giāe BE. Duōng thang qua C vuōng goe v6i BE 6 F vā eāt BD 6 G. Goi K lā trung diem 
eūa GE. Chūng minh rāng D, K, F thāng hāng. 
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PHEP CHŪNG MINH PHĀN CHŪNG 

Trān Nam DDng 1,2 


Chufng minh la mōt net dāc tnmg eūa Toān hoe, tao ra su: khāe biet giūa Toān hoe vōi eāe mōn 
khoa hoe khāe. Nām bat phnōng phāp vā ky thuat ehūng minh eūng lā yeu eāu bat buōc doi 
vōi hoe sinh nōi ehung vā dāc biet lā doi vōi eāe em hoe sinh giōi nōi rieng. Cāc phuong phāp 
vā ky thuāt ehūng minh rāt phong phū: tū.ehūng minh trūe tiep den giān tiep, tū ehūng minh 
bāng quy nap dln ehūng minh bāng phān ehūng, tū vi du den phān vf du, tū xāy dūng den 
khōng xay dūng, ... Trong bāi vilt nāy, ehūng ta de eāp den phep ehūng minh phān ehūng, 
mōt trong nhūng phūefng phāp ehūng minh kinh dien vā quan trong nhāt eūa Toān hoe. 

• 

1 Nhu’ng vf du mof dau 

Chūng minh phān ehūng eō the nōi lā mot trong nhūng vū khi quan trong eūa Toān hoe. N6 
eho phep ehūng ta ehūng minh sū eo the vā khōng eo the eūa mōt tfnh ehāt nāo dō, no eho 
phep ehūng ta biln thuan thānh dāo, biln dāo thānh thuan, no eho phep dmng ta ly luan tren 
nhūng doi tUOng mā khōng rō lā eō tōn tai hay khōng. VI du kinh dien nhāt ve phep ehūng 
minh phān ehūng thuōe ve Euclid v6i phep ehūng minh 

Dinh ly 1. Ton tai vō so so nguyen tō. 

0 day, Euclid dā giā sū nguōe lai rāng ton tai hūu han sō nguyen to p\, p^, ..., p n - Ong xet 
ti'eh N = p x p 2 ■ ■ ■p n + 1- N phāi eo l't nhāt mōt u6c so nguyen to p. Khi do, do pi, p 2 , • • •, p n 
lā tāt eā eāe so nguyen to nen ton tai i sao eho p = Pi- Nhung khi do p 11, mau thuān. 

Bāi tāp 1. 

1. Chūng minh rang ton tai vō so so nguyen to dang 4/e + 3. 

2. Chūng minh rāng tōn tai vō so so nguyen to dang 4A: + 1. 

Mōt ehūng minh nōi tieng khāe bāng phuong phāp phān ehūng ehmh lā ehūng minh eūa Euler 
eho dinh ly nho Fermat v6i trūāng hōp n = 4. 

Dinh ly 2. Phuong trlnh 

x 4 + y 4 = z 4 (1) 

khong eo nghiem ngugen āuōng. 

Ōng dā giā sū rāng phuong trinh x 4 + y 4 = z 4 eo nghiem nguyen dU6ng. Khi dō, theo ngugen 
ly eue han , ton tai nghiem (xo, yo, z 0 ) y 6i Xo + yo + Zq nhō nhāt. Sau dō, bang eāeh sū dung eāu 
trūe nghiem eūa phuōng trinh Pythagore x 2 + y 2 — z 2 , ōng di dln su ton tai eūa mōt nghiem 
(xi, yi, z\) eo Xi + yi + z\ < xo + yo + z 0 , tū do dua den māu thuān (xem ehūng minh ehi tiet 
trong phān 3 eūa bāi vilt nāy). 

Phuong phāp nāy thuōng duoc goi lā phuōng phāp xuong thang. 

^Trtfōng Dai hoe Khoa hoe Tu nhien, Dai hoe Quoc gia thānh pho Ho Chf Minh. 

2 Trfch bāi giāng tai “Khoa boi duāng nang eao kien thūe mōn Toān hoe”, Hā Nōi, thāng 08/2011. 
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Bāi tāp 2. 

1. Ohiing minh rang phnong trinh x 3 + 3y 3 = 9 z 3 khōng eo nghiem nguyen dvrong. 

2. Chiing minh rāng phuōng trinh x 2 + y 2 + z 2 — 2 xyz khōng eo nghiem nguyen dudng. 

Chu:ng minh sii dung menh de phān dāo eūng lā mōt phuōng ān ehūng minh phān ehūng hay 
dU0c sii dung. Co sd eūa phuong phāp lā de ehūng minh A —> B, ta eo thō ehūng minh B -+ A. 

Ve mat bān ehāt thi hai phep suy diōn nāy eo ve giong nhau, nhung trong thue tō thi lai khā 

khāe nhau. Ta thū xem xet mōt vāi vi du. 

Vi du 1. Chi2ng minh rang hānri so f(x) — ■ lā mot dcm anh tti R vāo M. 

Vi du 2. Chting minh rang neu (p — 1)! + 1 ehia hit eho p thi p lā sō ngugen td. 

Trong vi du 1, rō rāng viee ehūng mh}h Xi ^ xi suy ra f(x i) f(xf) kho khān hon viee ehūng 
minh f(x\) = f(x 2 ) suy ra x\ = x 2 , dū rang ve māt logie, hai dieu nāy lā tUOng duong. 

Trong vi du 2, gān nhu khōng eo eāeh nāo khāe ngoāi eāeh ehūng minh neu p lā hop so, p = rs 
thi (p — 1)! + 1 khōng ehia het eho p. 

Bāi tāp 3. 

1. Cho hām so / : R —> R thoā mān eāe diōu kien sau: 

(i) / don dieu; 

(ii) f(x + y) = f(x) + f(y) vōi moi x, y thuōe R. 

Chūng minh rāng f(x) = xf( 1) vōi moi x thuōe R. 

2. Cho a, b, e lā eāe so khōng am thoā mān o 2 + b 2 + e 2 + abc = 4. Chūng minh rang 

o + b + e ^ 3. 

Trong viee ehūng minh mōt so tinh ehāt bang phuong phāp phān ehūng, ta eo thō eo thōm 
mōt so thōng tin bō sung quan trong nōu sū dung phan vi du nho nhāt. 

Y tuōng lā de ehūng minh mōt tinh ehāt A eho mōt eāu hinh P, ta xet mōt dāc trUng f(P) 
eūa P lā mōt hām eo giā tri nguyōn duong. Bāy gid giā sū ton tai mōt eāu hinh P khōng eō 
tinh ehāt A. khi dō se ton tai mōt eāu hinh Pq khōng eo tinh ehāt A v6i f(Po) nhō nhāt. Ta 
se tim eāeh suy ra diōu māu thuān. Lūe nāy, ngoāi viōe ehūng ta eo eāu hinh Po khōng eo tinh 
ehāt A, ta eōn eo moi eāu hinh P v6i f(P) < f(Po) deu eo tinh ehāt A. 

Vi du 3. Cho ngū giāe loi ABCDE tren mgt phang toa do eo toa dd eāe dinh deu ngugen. 

(a) ChvCng minh rang ton tgi it nhāt mōt diem nam trong hoae nam tren eanh eūa ngū giāe 
(khāe vōi A, B, C, D, E) eo tog dd nguyen. 

( b) Chūng minh rang ton tai it nhat mot diem nam trong ngū giāe eo tog do ngugen. 

(e) Cāc dudng eheo eūa ngū giāe lōi eat nhau tgo ra mot ngū giāe lōi nhā A\B\C\D\E\ ben 
trong. Chūng minh rang tdn tgi it nhat mot diem nam trong hoge tren bien ngū giāe lōi 
A\B\C\D\E\. 



Phep ehu’ng minh phān ehu’ng 


277 


Chttng minh. Cāu (a) eo th§ giāi quyet de dāng nhō nguyen ly Dirichlet: Vi eo 5 diem nen 
:5n tai lt nhāt hai di6m X, Y mā eap toa do (x, y) eūa ehūng eo eūng tinh ehān le (ta ehi eo 
4 truāng hdp (ehān, ehān), (ehān, le), (le, ehan) vā (le, le)). TVung diem Z eūa XY ehinh lā 
di6m eān tim. 

Sang eāu (b) ly luān tren day ehrta dū, vi neu XY khong phāi lā dudng eheo mā lā eanh thi 
Z eo the se nam tren bien. Ta xū ly tinh huong nāy nhu sau: De y rāng neu XY lā mōt eanh, 
ehāng han lā eanh AB thi ZBCDE eūng lā mōt ngū giāe loi eo eāe dinh eo toa do deu nguyen 
vā ta eo the lāp lai ly luan neu tren doi v6i ngū giāe ZBCDE , ... Ta eo the dūng dōn hien de 
ehtmg minh quā trinh nāy khōng the keo dāi māi, vā den mōt lūe nāo do se eo mōt ngū giāe 
eo diem nguyen nām trong. 

Tuv nhien, ta eō thō trinh bāy lai ly luan nāy mōt eāeh gon gāng nhu sau: Giā sū ton tai mōt 
ngū giāe nguyen mā beri trong khōng ehūa mōt diem nguyen nāo (phān vi du). Trong tāt eā 
eāe ngū giāe nhu vay, ehon ngū giāe ABCDE e6 dien tfeh nho nhāt (phān vf du nho nhāt). 
Nōu eo nhiōu ngū giāe nhu vay thi ta ehon mōt trong so ehūng. 

Theo ly luan dā trinh bāy 6 eau (a), ton tai hai dinh X, Y e6 eāp toa dō eūng tinh ehan le. 
Trung diem Z eūa XY se eo toa dō nguyen. Vi ben trong ngū giāe ABCDE khōng eo diem 
nguyen nāo nen XY phāi lā mōt eanh nāo do. Khōng māt tmh tōng quāt, giā sū do lā AB. 
Khi do ngū giāe ZBCDE eo toa dō eāe dinh deu nguyen vā eō dien tieh nho hdn dien tieh 
ngū giāe ABCDE. Do tinh nho nhāt eūa ABCDE (phān vi du nho nhāt phāt huy tāe dung!) 
nen ben trong ngū giāe ZBCDE eo mōt diem nguyen T. Diōu nāy mau thuān vi T eūng nam 
trong ngū giāe ABCDE. □ 

Bāi tap 4. 

1. Giāi phān (e) eūa vi du 3. 

2- (Dinh ly Bezout) Chūng minh rang nōu (a, b) = 1 thi ton tai u, v sao eho au + bv — 1. 

3. Tren māt phāng dānh dāu mōt so diem. Biet rang 4 diem bāt ky trong ehūng lā dinh 
eūa mōt tū giāe lōi. Chūng minh rāng tāt eā eāe diem dudc dānh dāu lā dinh eūa mōt 
da giāe loi. 

PhUōng phāp phān ehūng thuōng hay dUdc sū dung trong eāe bai toān bat bien hoāe bāi toān 
phu hinh de ehūng minh sU khōng thue hien dudc. Sau dāy ehūng ta xem xet 2 vi du nhu vāy. 

Vi du 4. Xet hinh vuong 7x76. Chiing minh rang ta eo thi xoā di mot 6 di phan cdn lai 
khong thi phu kin bang 15 quān trimino kieh thuōe 1 x 3 vā mōt quān trimino hinh ehū L. 

Chving minh. Ta ehūng minh rāng nōu bo di mōt ō 6 goe tren ben trāi thi phān eōn lai khōng 
the phū dUdc bang eāe quān trimino dā eho. De lām dieu nāy, ta dānh so eāe ō vuōng nhu sau 


M 

2 

3 

1 

2 

3 

1 

1 

2 

3 

1 

2 

3 

1 

1 

2 

3 

1 

2 

3 

1 

1 

2 

3 

1 

2 

3 

1 

1 

2 

3 

1 

2 

3 

1 

1 

2 

3 

1 

2 

3 

1 


2 

3 

1 

2 

3 

1 


Khi do, nhan xet rāng mōt quān trimino kieh thuōe 1 x 3 se ehe ba so 1, 2, 3 (neu no nām 
ngang) hoāe ba so giong nhau (neu no nam doc). NhU vay tong eāe sō mā mōt quān trimino 
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1x3 ehe luōn ehia het eho 3. Trong khi do dō thay quan trimino hlnh ehū L ehe ba so eo tōng 
khōng ehia het eho 3. 

Bay giō giā sut ngUdc lai rang hinh vuōng 7 x 7 bō di ō ō gōe tren ben trāi eō the phū du!dc 
bāng 15 quān trimino 1 x 3 vā mōt quān trimino hinh ehū L thi theo ly luān tren, tōng so eāe 
sō mā eāe quān trimino nāy ehe se khōng ehia het eho 3. Dieu nāy mau thuān vi tōng eāe so 
tren eāe ō eon lai bāng 

20 • 1 + 14 ■ 2 + 14 • 3 = 90 

ehia het ehō 3! Mau thuān tren ehūng tō dieu giā sū lā sai vā ta eo diōu phāi ehūng minh. □ 

Vf du 5. Hirih tron duōc ehia bdi 5 dudng kinh thanh 10 6 bang nhau. Ban dau trong mōi 6 
eo mōt vien bi. Mōi lan thite hien, eho phep ehon hai vien bi bat ky vā di ehugin ehūng sang 
o ben eanh, mgt vien theo ehiiu kim dong ho vā mot vien ngUōe ehieu kim dong ho. Hoi sau 
mgt so hūu han lan thūe hien, ta c6 the ehugin tdt ea e&e vien bi ve eūng mōt 6 duqc khōng? 

Neu lām thū thi ehūng ta se thāy rāng khōng the thue hien dudc yeu eāu. Chūng ta eo the 
eūng lām lā don 9 vien bi ve mōt ō, eōn mpt vien bi khāe thi khōng thō dōn dupc. Nhung lām 
th 6 nāo de ehūng minh dieu nāy? Lōi giāi hoa ra lā khā ddn giān. Ta se dūng phān ehūng ket 
hdp vōi bāt bien. 

Ldi giāi. Ta tō māu eāe ō bang hai māu den trāng xen ke nhau. Goi S lā tōng so vien bi nām 
ō eāe 6 den thi ō trang thāi ban dāu ta eo S = 5. Neu giā sū ngupe lai rāng ta eo thō dua eāe 
vien bi ve eūng mōt 6 thi ō trang thāi euoi eūng nāy, ta se eo S = 0 (neu ta don eāe vien bi 
vō mōt ō trāng) hoāe S = 10 (nōu ta don eāe vien bi vō mōt ō den). 

Bā.y giō ta se thu dupc dieu mau thuān n 6 u ta ehūng minh dupc qua eāe lān thue hien thi tfnh 
ehān le eūa S se khōng thay doi, tūe lā neu ban dāu S lā so le thi qua eāe lān thue hien, S se 
luōn lā so le (vā se khōng thō bāng 0 hoāe bang 10 ). 

Neu nhān xet rang eāe ō den trang xen ke nhau thi dieu mā ehūng ta eān ehūng minh khā 
hiōn nhien vā ehūng tōi xin dānh phep ehūng minh ehi tiet eho ban doc. □ 

Bāi tāp 5. 


1 . Hinh vuōng 5 x 5 bō di ō ō goe tren ben trāi. Chūng minh rang eo the phū phān eōn lai 
bāng 8 quān trimino hinh ehū L nhung khōng the phū dupc bāng 8 quān trimino hinh 
ehū nhāt kieh thuōe 1x3. Tim tāt eā eāe giā tri k sao eho eo the phū phān eōn lai bāng 
k quan trimino 1 x 3 vā 8 — k trimino hinh ehū L. 

2. Xet hinh vuōng 7x76. Tim tāt eā eāe ō mā neu ta xoa di ō do thi phān eōn lai eo the 
phū kin bāng 15 quān trimino kieh thūōe 1 x 3.vā mōt quān trimino hinh ehū L. 

3. Tren vōng trōn ban dāu theo mōt thū tū tuy y eo 4 so 1 vā 5 so 0. Ō khoāng giūa hai 
ehū so giōng nhau ta viōt sō 1 vā ō khoāng giūa hai ehū so khāe nhau ta viet so 0. Cāc 
sō ban dāu bi xoā di. Hōi sau mōt so lān thue hien nhu vay ta eo thō thu dupc mōt bō 
gom 9 so 0 hay khōng? 

4. Cho truōe eāe hām so fi(x) = x 2 + 2x, / 2 ( 2 ;) = x + ^ vā /3(3;) = x 2 — 2x. Cho phep thue 
hien eāe phep toān eōng hai hām so, nhān hai hām so, nhan mōt hām so vōi mōt hang 
so tuy y. Cāc phep toān nāy eo the tiōp tue dupc thue hien nhieu lān tren fi vā tren eāe 
kōt quā thu dupc. Chūng minh rang eo the thu dupc hām so tū eāe hām so / 1 , / 2 , /3 
bāng eāe sū dung eāe phep toān tren nhung dieu nāy khōng the thue hien dupc neu thieu 
mōt trong ba hām / 1 , / 2 , /3. 
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2 Ccf sd logie eūa phep ehū'ng minh phan ehū'ng 

Trong phan nay ehūng ta se sū dung kien thūe ve logie menh de de lam sang to cd sō logie eūa 
eāe sd dō ehūng minh phan ehūng, eūng nhu phan tfeh nhūng diim manh yeu eūa tūng sd dō. 

dd ehūng minh ma Euclid dā sū dung eo dang: De ehūng minh A dūng, ta ehūng minh neu 
.4 sai thi se dān den mau thuān, tūe lā 


A <+ A -+ 0. 


Lāp bāng ehan tri, ta de dāng thāy di6u nāy: 


A 

A 

Ā -+ 0 

0 

1 

0 

1 

0 

1 


\'<3i sd dō ehūng minh bāng menh de phān dāo, ta sū dung tUdng dUdng logie 

A -+ B <+ ~B -+ Ā 

Ta eo the kiem ehūng tUdng dudng logie nāy bāng eāeh lap bāng ehān tri: 


A 

B 

A 

B 

A-+ B 

B-+A 

0 

0 

1 

1 

1 

1 

0 

1 

1 

0 

1 

1 

1 

0 

0 

1 

0 

0 

1 

1 

0 

0 

1 

1 


Phep ehūng minh dūng menh de phān dāo dāc biet hieu quā trong eāe bāi toān mā menh de 
B lā tuyen eūa eāe menh de, B = B\ V V • • • V B n . Khi do B — B\ A B^ A • • • A B n vā nhu 
vay de ehūng minh A, ta eo the sū dung tāt eā eāe di6u kien Bi vdi i = 1 , 2 , ..., n. 

Cūng sū dung bāng ehan tri, ta thāy rāng A -+ B khōng tuong dudng v6i B —> A nhu nhieu 
nguōi hay lām tu6ng vā ngō nhan. Day lā sai lām rāt thuōng gāp trong eāe “ehūng minh” Toān 
hoe. Chāng han eo tāi lieu tham khāo dā huōng dān “muon ehūng minh x, y , z lā ba eanh eūa 
mōt tam giāe, ehi eān ehūng minh 2 (xy + yz + zx) > x 2 + y 2 + z 2n . 

Mōt sai lām thuōng gāp khāe lā menh de “neu A thi B” thuōng dudc hiōu lā se suy ra menh 
de “nōu khōng B thi khōng A”. 

Chū y lā A —> B — A V B = A A B. Do do, doi v6i menh de dang A -+ B, ta eo sd dō ehūng 
minh phān ehūng quen thuōe sau 


A+- B <+ AV B -+Q. 


Uu diem eūa sd dd nāy lā ben eanh dieu kieu nguyen thūy A, ta eōn eo dieu kien bo sung B, 
tūe lā eo them dfl kien. Diōm kho eūa phUdng phāp nāy lā ta khōng biet dich tāi lā gi, eu the, 
ta eān dān den mōt māu thuān, nhung māu thuān do lā gi thi ta khōng biet. 

Vi du 6. Chiing minh rang neu x, y, z lā eāe so ngugen thoa mān x 2 + y 2 = z 2 thi xyz : 3. 

Chvtng minh. Giā sū ngUdc lai xyz khōng ehia het eho 3. Khi do tūng so x, y, z khōng ehia 
het eho 3, do do x 2 , y 2 , z 2 ehia 3 du 1. Nhung khi do ve trāi ehia 3 du 2 eon ve phāi ehia 3 du 
1, māu thuān. □ 
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Trong eāe tinh huong khāe nhau, māu thuān eo thl xuāt hien rāt da dang, do eo the lā mōt so 
vha ehān vtra le, vha am vha duong, tong ba goe trong mōt tam giāe khōng bang 180°, phuong 
trinh bac n eo nhieu hon n nghiem, ... 

Ta eo the khae phue diem yeu nāy bang eāeh thay 0 bāng A A A, mā ta dā eo sān A roi nen 
ohi eān thav 0 bang A. Nhu vāy ta eo sO dō mōi: 

A -ū B A\f~B -» Ā 

Co the noi, so do nāy lā ket hop eua eā hai sO do: ehhng minh phān ehtfng truyen thong vā 
dung menh de phān dāo. 

Vi du 7. Cho a, b, e lā eāe sd thue thoa mān 

a + b + c> 0, ab + bc + ca> 0, abc > 0. 

Chūng minh rang eā ba so a, b, e āeu'āUōng. 

ehting minh. Giā sut mōt trong eāe so a, b, e lā sō ām. Vi ta eo abc > 0 nen phāi eo 2 so ām, 
1 sō duong. Khōng mat tinh tōng quāt, giā sā a, b < 0, e > 0. Khi do 

ab + bc + ca = a(a + b + c) - a 2 + bc< 0. 

Māu thuān v6i dieu kien giā thiet! □ 

Phān vi du lā mōt phuong phāp don giān vā hieu quā de bāc bo mōt giā thuyet hay mōt khāng 
dinh nāo do. Co sō logie eūa phān vi du lā tuong duong logie sau 

Vx : P(x ) 3x : P(x). 

Chāng han, Euler dā ehi ra khāng dinh eūa Fermat lā sai khi eho rāng eāe so dang F n = 2 2 " +1 
deu lā so nguyen to bang eāeh ehi ra rang 

F 5 = 2 32 + 1 = 641 • 6700417. 

Cūng bāng eāeh tUOng tu, ta eo the bāc bo nhieu eāe bāi toān “tU ehō” eūa eāe tāe giā khōng 
chuyen dāng tren eāe diōn dān. Tuy nhien, vōi eāe bāi toān trong de thi thi sao? Rō rāng lā 
ehūng khōng the sai duoc (trū mōt so ngoai le). Vay phān vi du se duoc dūng nhu the nāo? 

Phān vi du eo the giūp ehūng ta trānh di vāo nhūng ngō eut (tūe lā lao dāu vāo ehūng minh 
mōt dieu khōng dūng) tren eon duōng di eūa minh. Chāng han vōi bāi toān sau: 

Vi du 8 (IMO, 2001). Cho a, b, e lā eāe so thue āuōng. ChUng minh rang ta eo bat āang thUe 

a b e 

\/a 2 + 8 bc y/b 2 + 8ca Ve 2 + 8 ab ^ 

ChxCng minh. Dang phan thūe gpi y eho ehūng ta den viee āp dung bāt dang thūe Cauchy- 
Schwarz, eu the ta eo 

a + b e ^_ (a + b + ef 

Va? + 8bc Vb 2 + 8ea Ve 2 + 8 ab ^ ay/a 2 + 8 bc + by/b 2 + 8 ea + eVe 2 + 8ab 

Tiep tue āp dung Cauchy-Schwarz eho tong thū hai, ta eo 
aVa 2 + 8 bc + bVb 2 + 8ca + eVe 2 + 8 ab ^ \/(ā? + b 2 + c 2 )(a 2 + b 2 + e 2 + 8 ab + 8 bc + 8 ea). 
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Xhit vay, de ehilng minh khāng dinh de bāi, ta ehi ean ehuTig minh 

(^V-^V-~V~+~8ŌF+^bc4-8cā/j ^ (a + b + e) 2 , 

hay lā 

(a 2 + b 2 + c 2 )(a 2 + b 2 + e 2 + 8 ab + 8 bc + 8 ea) ^ (a + b + e) 4 . 

Ta dā dila mot bāt dāng thūe ehhta eān phūe tap ve mōt bāt dāng thiie dang da thhe. Dāng 
tiee lā bāt dāng thile euoi eung nāy khōng dūng (ban doc hāy thū dita ra phān vf du), 

Xeu ta sdm tim ra phān vi du hoāe sdm phāt hien ra rāng bāt dāng thūe khōng dūng thi se 
rāt may man vi khōng bi māt thōi gian de “ehūng minh” nd. 

Cāch tiep eān tren cd the dieu ehinh de eo mōt lōi giāi hoānh ehinh nhir sau: Ta dānh giā 
a\/a 2 + 8 bc + b\Jb 2 + 8ca + c\Jc 2 + 8ab bang eāeh sū dung Cauchy-Schwarz khāe di mōt ehūt 

aVa 2 + 8 bc + bVb 2 + 8 ea + eVe 2 + 8 ab «= \faV a 3 + 8 abc + VbVb 3 + 8 abc + \/cV e 3 + 8abc 

^ \/(āVVY+Vj(^~fV^JV^^V2Āābc). 


Bāv gid ta ehi eān ehūng minh 


V(a + b + c)(a 3 + b 3 + e 3 + 24 abc) ^ (a + b + e ) 2 

1 ā xong. Nhrtng bāt dang thūe euoi eūng nāy eō the ehūng minh d§ dāng bang eāeh rūt gon, 
khai trien vā dūng AM-GM. □ 

Bāi toān tren eo thō ehūng minh bang phūōng phāp phān ehūng nhū sau 

Cach khae. Dāt x = -nrrrr-,, y — /./* '■ z — / \ . ~ . thi ta eo 


Va 2 +Sbc 


1 


Vb 2 +8ca' 

1 


X“ 


yZ 


Vc 2 +8ab 

1 


1 = 512 


vā ta eān ehūng minh 


x + y + z^ 1. 


Giā sū ngūdc lai, x + y + z < 1. Khi do 

512 = (4 - 1Vi - 1 )(V; - 1 

x z 


> 

(■x + y + z ) 2 

(x + y + z) 2 

(x + y + z) 2 


x 2 

y 2 

z 2 

_ ( 

[2 x + y + z)(y + z)(2y + x + z)(x + z)(2z + t + y)(x + y) 


x 2 y 2 z 2 


> 512. 


Māu thuān. (0 bāt dāng thūe euoi eūng ta dūng AM-GM eho eāe dāu ngoāe x + y ^ 2 y/xVi 
2x + y + z = x + x + y + z ^ 4^Jx ■ x ■ y ■ z, ...) □ 

Ben eanh viee dūng de bāc bo eāe menh de hoāe khāng dinh sai, phān vi du eon lā mōt tū 
duv rāt tū nhien tren eon dūdng ehūng minh tinh dūng dān eūa mōt giā thuyōt. Khi dūdc yeu 
eāu ehūng minh A, ta eo the bat dāu bang viee nghi ngd A sai, tim eāeh xay dūng ra phān vi 
du eūa A. Trong quā trinh tim phān vi du nhū vay, eō the ta se thāy viee tim kiem eūa ta lā 
khōng the, tū do tim ra manh mōi de ehūng minh A dūng. 
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Bāi tāp 6. Cho dāng thtie 


^= 20 . 

Ban An khāng dinh ban ay eo m$t eāeh dat eāe dau + hoāe — vāo eāe dau * dl ditac mōt 
dāng thāe dūng. Ban Binh phān doi vā eho rāng dieu do lā khōng thō. Hoi ban nāo noi dūng? 

Cuōi eūng, ta ehū y rang mōt so nguyen ly ehūng minh e0 bān eūa Toān hoe eo lien quan dōn 
phep ehūng minh phān ehūng: 

• Nguyen ly Dirichlet. Nhot kn + r eon tho (0 < r < k) vao k eāi ehuong thi eo mot 
ehuong eo it nhāt n + 1 eon tho. 

• Cho Q lā tāp hdp eāe trang thāi, T lā tap hdp eāe phep biōn doi tren Q. Hām so / : fl —> R 
dudc goi lā bāt biōn tren Q doi v6i eāe phep bien doi T nōu f(t(uj)) = f(u) v6i moi t G T 
vāw6fi. Ta noi trang thāi eo' eo the thu dudc tū trang thāi ui bang eāe phep biōn doi 
T neu ton tai eāe phep bien doi t\, f 2 , ..., t n sao eho 

t n (t n -i (• ■ • (tiM) ■■■)) =u>'. 


Nguyen ly bāt bien, Neu f lā mot bat bien tren āōi vdi eāe phep bien dōi T vā 
f(u>) f(u') thi u>' khong thi thu dUōc tie u> bang eāe phep biin doi T. 




Nguyen ly phān vi du nhō nhāt. Xet mgnh di A(n). Neu ton tai n sao eho A(n) sai 
thi se tSn tai no nho nhat sao eho A(no) sai. 



Trong phān nāy, ta sū dung phudng phāp phān ehūng de ehūng minh mōt sō klt quā kinh diln 
vā tinh ehāt, quan trong trong ehuong trinh toān 01ympic. 

Dinh ly 3. Giā sū x lā so hūu ti duong sao eho x 2 lā mot so ngugen duong. Khi do, ta eo x 
eūng lā mōt so ngugen duong. 

ChvCng minh. Giā sū x khōng phāi lā mōt so nguyen dudng. Khi do, ta eo thl viet x = | vōi 

p, q € N*. (p, q) = 1 vā q > 1. Theo giā thiet, x 2 = ^ lā mōt sō nguyen dudng nen p 2 : q 2 , suy 
ra moi Uōe nguyen tō eūa q 2 eūng lā u6c eūa p 2 . 

Nhu vay, neu goi d lā mōt u6c nguyen to eūa q (vi q > 1 nen d t,on tai) thi ta eo p 2 : d, tūe 
p : d. Tū day suy ra (p, q) ^ d > 1. Māu thuān. □ 

Dinh ly 4. 

(a) Neu p lā so ngugen to dang 4k + 1 thi ton tai x sao eho x 2 + 1 ehia het eho p; 

(b) Niu p lā so ngugen to dang 4k + 3 thi khong tōn tai x sao eho x 2 + 1 ehia hit eho p; 

(e) Neu p lā so ngugen to dang 6k + 1 thi tdn tai x sao eho x 2 + 3 ehia het eho p; 

(d) Neu p lā so ngugen tō dang 6k + 5 thi khōng ton tgi x sao eho x 2 + 3 ehia het eho p. 
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Chxtng minh. (a) Giā sā khong tōn tai so nguyen x sao eho x 2 + 1 ehia het eho p. V6i moi 
t € {1, 2, ..., p — 1} ton tai duy nhāt mot sō nguyen m(t) G {1, 2, ..., p — 1} sao eho 

t ■ m(t) = — 1 (modp). 

Rō rāng neu t ^t' thi m(t) 7 ^ m(t'). Ngoāi ra, do dieu giā sut 6 tren nen t 4 1 m(t). Nhu thā, eāe 
so { 1 , 2, ..., p — 1} duoc ehia thānh 2 k eap (t, m(t)) eo tfeh bang —1 theo modulo p. Suy ra 

1 • 2 • • • (p - 1 ) = (-l) 2fc = 1 (mod p). 


MiUng dieu nāy māu thuān v6i dinh ly Wilson. 

(b) Giā sii ton tai so nguyen x sao eho x 2 + 1 ehia hāt eho p. Khi do x 2 = — 1 (mod p), suy ra 

x 4k+2 = — 1 (mod p). 

Māt khāe, theo dinh ly nhō Fermat thi x 4k+2 = 1 (mod p). Tii dāy suy ra 2 = 0 (mod p). Māu 
thuān vi p lā so nguyen to le. 

(e), (d) Xin dānh lai eho ban doc. ( Gōi y. Tru6c het hāy ehāng minh phuong trinh dong du 
x 2 + 3 = 0 (mod p) eo nghiem khi vā ehi khi x 2 + x + 1 = 0 (mod p) eo nghiem.) □ 

Tiāp theo, ta se ehutng minh dinh ly 16n Fermat eho truōng hop n = 4. Nhung tru6c het, ehūng 
ta eān eo ket quā sau (ve phuong trinh Pythagore) 

Dinh ly 5. Moi nghi$m nguyen āvtōng eūa phuōng tnnh x 2 + y 2 = z 2 diu eo thi viet dudi dang 


x = (m 2 — n 2 )k, y = 2 mnk, z = (m 2 + n 2 )k, 


hoāe 


x = 2 mnk, y = (m 2 — n 2 )k, z = (m 2 + n 2 )k, 
trong do eāe so nguyen m, n, k thoa mān eāe dieu kien: 


(1) (m, n) = 1, (x, y) = k ; 

(2) Cāc so m, n khāe tinh ehan le; 

(3) m > n > 0, k > 0. 


ChūCng minh. Giā sut (x, y) = k, khi do x = ka, y = kb v6i (a, b) = 1. Thay vāo, ta eo 


(ka) 2 + (kb) 2 = z 2 , 


hay tuong duong 


Dāt z = ke, ceQ, khi do 


;2+62 = © 2 - 
2 1 »2 2 

a +0 = e . 


Do e 6 Q vā e 2 6 N nen theo dinh ly 3, e G N. Vi (a, b) = 1 nen lt nhāt mōt trong hai sō a, b 
phāi le. Khōng māt tinh tōng quāt, giā sū a le. Neu b le thi a 2 , b 2 khi ehia 4 du 1, dān den e 2 
ehia 4 du 2, dieu nāy khōng the vi e? ehia het eho 2 mā khōng ehia het eho 4. Vāy b ehān vā 
nhu the e 2 = a 2 + b 2 le. Ta eo 


b 2 = (e — a)(c + a) 
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D§ dang kiem tra rāng lā eāe sō nguyen nguyen to eimg nhau. Nhtf vāy, ta thay ton 

tai eāe sō nguyen duong m, n sao eho 

e CL n C CL iy 

— = n ' — = m ' 

th dō ta eō e = m 2 + n 2 , a = m 2 — n 2 vā b = 2mn, vōi (m, n) = 1. □ 

Bay giō ta se ehhng minh dinh ly lōn Fermat eho n = 4. 

Dinh ly 6 (Dinh ly lōn Fermat eho n = 4). Phveang trlnh 

x 4 + y 4 = z 2 

khong eo nghiem ngugen vōi xyz ^ 0. 

Chvtng minh. Khōng māt tmh tong quāt, ta eo the giā sii x 2 , y 2 , z nguyen to eung nhau (do 
(x 2 ) 2 + (y 2 ) 2 = z 2 ). Tit lōi giāi phttong trinh Pythagore, ta eō tōn tai p, q, (p, q) = 1 sao eho 

x 2 = 2 pq, y 2 = p 2 - q 2 , z = p 2 + q 2 . 

Tir dāy, ta eō mpt b$ s6 Pythagore khāe vi y 2 + q 2 — p 2 . Nhut vāy, ton tpii a, b sao eho 

q — 2 ab, y = a 2 — b 2 , p — a 2 + b 2 . 

trong dō a, b nguyen to eimg nhau. 

Ket hpp eāe phuong trinh, ta eō 

x 2 = 2 pq = 2(a 2 + b 2 ){2ab) = 4(a6)(a 2 + b 2 ). 

Vi a, b vā a 2 + b 2 dōi mōt nguyen to eung nhau nen a, b, a 2 + b 2 deu phāi lā eāe so ehfnh 
phuong. Nhu vāy ton tai P sao eho 

P 2 = a 2 + b 2 . 

NhUng lūe do ta thu dupc buōc xuong thang vō han vi P 2 = a 2 + b 2 = a! 4 + b' 4 . Bō nghiem 
(a', b', P) rō rāng nhō hpn bō nghiem (x, y, z),p < z (luu y rāng neu xyz = 0 thi ly luan tren 
khōng dūng). Nhu vay, sU ton tai eūa mōt sō ehinh phuong lā tōng eūa hai so lūy thūa 4 se 
dān dōn su tōn tai eūa mōt so ehfnh phuong khāe nhō hon eo eūng tinh ehāt. Diōu nāy khōng 
th§ xāy ra! . □ 

Dinh ly 7 (Dinh ly Bezout). Neu a, b lā eāe so nguyen āuefng nguyen to eūng nhau thi ton 
tai eāe so nguyen x, y sao eho 

ax + by = 1. 

ChvCng minh. Giā sū khāng dinh eūa dinh ly sai, tūe lā ton tai eāe so nguyen duong a, b sao 
eho (a, b) = 1 vā khōng ton tai x, y nguyen sao eho ax + by = 1. Khi do ton tai eāe so nguyen 
duong (ao, bo) nhu the vōi tong ao + bo nhō nhāt. 

Neu a 0 = bo thi do (a 0 , b 0 ) = 1 nen ta phāi eo a 0 = b 0 = 1. Nhung trong truōng hpp nāy ta 
eo thg ehon x = 1, y = 0 de eo a 0 x + b 0 y = 1, māu thuān. Vay eo thō giā sū a 0 > b 0 . Do 
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ioo — b 0 , b 0 ) = (ao, 6 0 ) = 1 va ( a 0 — b 0 ) + b 0 = a 0 < a 0 + b Q nen theo dinh nghla eua (a 0 , b 0 ) 
tiu phāi ton tai eāe so nguyen x, y sao eho 

(a 0 - b 0 )x + b 0 y = 1. 

N'hung dieu nāv lai tuong duong vdi a 0 x + b 0 (y — x) = 1, the lā ta tim duoc x' = x, y' = y — x 
thoa mān ax' + by' = 1. Māu thuān. Vāy dieu giā su ban dāu lā sai vā nhu the khāng dinh eūa 
dinh ly duoc ehūng minh. □ 

Dinh ly 8. Neu f : R —> R lā mot hām eong tinh nhitng khōng tuyen tinh, thi do thi 

G(f) = (x, f(x)) 

tru māt trong K 2 . Co nghla lā niu f(x + y) = f(x) + f(y) vdi moi x, y thuōe R vā khong tōn 
tai a thuoe R sao eho f(x) = ax thi G(f) tru māt trong R 2 . 

ChvCng minh. Giā sū / lā mot hām epng tmh nhung khōng tuyen tfnh. Ta dāt e = /(1) vā 
ehon so thue q sao eho f(a) ^ ea. Ta xet hām so g mOi vāi 


9(x) = 


f(x) - cx 
f(a) - ea 


Tū tinh eōng tinh eūa f suy ra g eūng epng tlnh tren R. Hon nūa 5 ( 1 ) = 0. Sū dung tmh eōng 
tinh eūa g, ta suy ra g(q) = qg( 1) vdi mpi q hūu ty, dān d6n g(q) = 0 vāi mpi q hūu ty. 

Xet mpt dia D r (x, y) bāt ky. Chpn s6 hūu ty q sao eho \q — y\ < | vā so hūu ty p sao eho 
|p - (x - qa) | < §. Khi do ta eo 

(p + qa - xf + (q - yf < T — + T — = T — < r 2 . 

Nhu vāy diem (p + qa, q) nam trong dla D r (x, y). Hon nūa, theo tfnh eong tmh eūa g, ta eo 

g(p + QOi) = g(p) + qg(a) = qg(a) = q, 

suy ra diem (p + qa, q) nam tren G(g), do thi eūa g. Dieu nāy ehūng tō rāng moi dla mō trong 
R 2 deu ehūa mpt diem nāo do eūa g. Vā nhu vāy G(g) lā trū māt trong R 2 . Ta quay trō lai v6i 
/ vā se sū dung thōng tin nāy, ta eo 


f(x) = ug(x) + cx, 

trong do u = f(a) — ea. 

Xet dia D r (a, b) bāt ky trong R 2 . Xet dla D dupc eho bōi 

„ ^ ( b — ca\ 

D = D s f a, —-— J , 

v6i s = vā /3 = max{2it 2 , 1 + 2c 2 }. 

Vi G(g) trū māt trong R 2 , ta tim dupc so thūe y sao eho (y, g(y)) thupe D. Bāy giō xet diem 
(y, ug(y) + cy) thuōe G(f), phep kiōm tra true tiep eho thāy diem nāy thupe D r (a, b). Dieu 
nāy ehūng tō rang G(f) trū māt trong R 2 . ' □ 
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Dinh ly 9. Cho f, g, h lā eae āa thtie thuoe R[x] thoā mān eae āieu kien: 

(i) deg h = deg / 4- deg g\ 

( ii) deg/ > deg g hoāe deg/ = deg g vā f*+g*^ 0, trong do f*, g* tUOng i2ng lā eāe he so 
eao nhāt eua f vā g. 

Khi do vōi moi n nguyen āuong, ton iai khōng quā mot da thvte P(x) eo bgc n thoa mān 

P(h) = P(f)P(g). (1) 

Chvtng minh. Gia suf P la da thdc bac n thoā mān phuong trinh (1), deg/ = /, degg = g, 
degh = h, eāe he so eao nhāt eūa P, f, g, h titong ūng lā P* , f* , g*, h*. So sānh he sō eao 
nhāt hai ve eūa eāe da thūe trong phtfOng trinh 

P{f(x))P(g(x)) = P(h(x)), 

ta eō P* ■ (/•)" • P* ■ (g*) n = P* ■ (h*) n ,txt do suy ra 



Nhu vāy, neu giā sū ngUOe lai, ton tai mōt da thūe Q bāc n (khāe P) eūng thoā mān phuong 
trinh (1) thi Q* — P* vā ta eo 

Q(x) = P(x) + R(x), 

vōi 0 < r = deg R < n (ta quy Uōe bac eūa da thūe dong nhāt 0 bāng —oo, do do degi? > 0 
dōng nghia R khōng dōng nhāt 0). 

Thay vāo phuong trinh (1), ta duoc 

[F(/J + «(/)] [P( S ) + R(g)] = P(h) + R(h), 

hay 

P(f)P(g) + P(f)R(g) + R(f)P(g) + R(f)R(g) = P(h) + R(h). 

Do P(f)P(g) — P(h) nen ta eō 

P(f)R(g) + R(f)P(g) + R(f)R(g) = R(h). (2) 

Bāy giet ta xet eāe trudng hop: 

• / > g. Khi dō bac eūa eāe da thūe ō ve trāi (2) lān luot lā n/ + rg, rf + ng, rf + rg, vā 
do nf + rg > rf + ng > rf + rg nen ve trāi eo bāc lā nf + rg. Trong khi do ve phāi eo 
bac lā rh = r(f + g) < nf + rg. Mau thuān. 

• f = g. Khi do, hai da thūe dāu tien d ve trāi eūa (2) eūng eo bāc lā nf + rg — ng + rf 
vā eo the xāy ra sU triet tieu khi thue hien phep eōng. Tuy nhien, xet he so eao nhāt eūa 
hai da thūe nāy, ta eo he so eūa x nf+rg trong da thūe thū nhāt vā thū hai lān luot bāng 
P* ■ (f*) n ■ R* ■ (g *) r , R* ■ (f*) r ■ P* ■ (g*) n . Nhu thg, he sō eūa x nf+r ° trong tōng hai da 
thūe bāng P* ■ R* ■ (f*) r ■ (g*) r ■ [( f*) n ~ r + (5*) n_r ] ± 0 do /* + g* ± 0. Nhu vāy, bac eūa 
ve trāi eūa (2) vān 1 ā n/ + rg, trong khi do bac eūa ve phāi lā rh = rf + rg <nf + rg. 
Mau thuān. 


Dinh ly dUOc ehūng minh hoān toān. 


□ 
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Dinh ly 10 (Tieu ehuan Eisenstein). Cho P(x) = a n x n + a n _\X n 1 H - haiX + ao la mot da 

thiie vōi he sd nguyen. Giā sii ton tai mot so nguyen to p sao eho: 

(i) oo, ai, , a„_i ehia het eho p; 

(ii) a n khong ehia hit eho p; 

(iii) ao khong ehia het eho p 2 . 

Chiing minh rang da thite P(x) bat kha quy, tdc lā khong thi phān tieh thānh tieh eua hai da 
thāe khong hang vōi he so ngugen. 

Ohiing minh. Giā sut ngUdc lai, P(x) phān tieh dudc thānh tleh eua hai da thUe vdi he se 
nguyen, P(x) = Q(x)S(x), vāi 

Q(x) = b m x m + H- \-bix + bo, 

S(x) = c k x k + c k -\x k ~ l H-h c\x + c 0 . 

(0 dāv m. k ^ 1 vā m + k = n.) Khi do, theo quy tāe nhān da thUe, ta eo 

a 0 = b 0 c 0 , 

a\ = 6 0 Ci + 6ic 0 , 

°2 = 6 0 C2 + &iCj + b%Co, 


a n — b m c k . 

Vi a 0 ehia hgt eho p nhung khōng ehia het eho p 2 nen eo dūng mot trong hai so b 0 , Cq ehia het 
eho b. Ta giā sū b 0 khōng ehia het eho p eon eo ehia hlt eho p. 

Tū dāng thūe ai = 6 0 ci + 6ic 0 vā dieu kien eūa dinh ly, ta suy ra b 0 c\ ehia het eho p vā do b 0 
khōng ehia het eho p nen ei ehia hōt eho p. 

Tiep theo, tū dāng thūe ū 2 = b 0 C 2 + b\C\ + b 2 co ta lai suy ra c 2 ehia het eho p. Cū tiep tue nhu 
thl, ta suy ra c k ehia hōt eho p. Nhung khi d6 a n = b m c k ehia het eho p, māu thuān vdi dieu 
kien (ii). Vāy dieu giā sū ban dāu lā sai, tūe lā P(x) bāt khā quy. □ 

Bāi tap 7. 

1. Chūng minh rāng \/2 vā \/2 + \/3 lā eāe so vō ty. 

2. Chūng minh rāng eāe phuong trinh sau dāy khōng eo nghiem nguyeri» dudng: 

(a) 4 xy — x — y = z 2 ; 

(b) x 2 — y 3 = 7. 

3. Chūng minh dinh ly sau: Cho f,g,h\k eāe da thūe khōng hāng thoa mān dieu kien 
deg/ + degg = deg h, Q lā mōt da thūe eho truōe. Khi do, v6i moi so nguyen dUdng n 
vā sō thue a, ton tai nhieu nhāt mōt da thūe P thoa mān dong thōi eāe dieu kien: 

(i) deg P = n; 

(ii) P* = a (P* lā he sō eao nhāt eūa P); 

(iii) P(f)P(g) = P(h) + Q. 
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4. (Tieu ehuan Eisentein mō rōng) Cho P(x) = a n x n + a n _ ix n 1 H-(- a x x + ūq la mōt da 

thiie vōi he so nguyen. Giā sii tōn tai mōt sō nguyen tō p vā so nguyen duong k sao eho: 

(i) ūo, oi, ..., a n -k ehia hōt eho p ; 

(ii) a n khōng ehia het eho p\ 

(iii) ao khōng ehia hōt eho p 2 . 

Khi do, nōu P(x) = Q(x)S(x) vōi Q(x), S(x) lā eāe da thiie vdi hō sō nguyōn thi ■ 

min{deg(3, deg5) < k. 


4 Mot so bāi tāp bo sung 

Trong phān nāy, ta dua ra mpt so bāi toān eo the giāi khā hiōu quā bāng phān ehilng. 

Bāi tap 8. Cho 13 so thue. Biōt rāng tong eua 7 so bāt ky deu 16n hon tōng eūa 6 so eōn lai. 
Chūng minh rang tāt eā eāe so trōn deu dudng. 

Bāi tāp 9 (Liōn Xō, 1991). Cāc duōng eao AD, BE, CF eūa tam giāe nhon ABC dong quy 
tai diōm H. Biōt rāng diōn tieh eāe tū giāe AEHF vā HECD bang nhau. Chūng minh rāng 
tam giāe ABC ean. 

Bāi tap 10. Chūng minh rang neu tam giāe eo hai duōng phan giāe trong bāng nhau thi tam 
giāe d6 lā tam giāe eān. 

Bāi tap 11. Khāng dinh sau dāy eo dūng khōng: Neu a n — a ehia hōt eho n vōi moi so nguyōn 
a thi n lā so nguyōn to? 

Bāi tāp 12. Khāng dinh sau day eo dūng khōng: Nōu tōng vā tieh hai so thue lā sō nguyōn 
thi ehūng eūng lā eāe sō nguyōn? Cūng eau hōi vōi hai so hūu ty. 

Bāi tāp 13. Chūng minh rāng khōng ton tai so nguyen le n > 1 sao eho 3" + 1: n. 

Bāi tāp 14. Chūng minh rāng phuong trinh x 2 + y 2 = 3 khōng c6 nghiōm hūu ty. 

Bāi tāp 15. Chūng minh rāng tū 8 so nguyōn dūdng tūy y khōng lōn hdn 20, luōn ehon dūdc 
ba sō x, y, z lā dp dāi ba eanh eūa mōt tam giāe. 

Bāi tāp 16. Chūng minh rāng log 2 3 lā so vō ty. 

Bāi tāp 17. Chūng minh rāng khōng tān tai hām so / : N* —>■ N* thoā mān eāe dieu kiōn: 

( a ) /(2) = 3; 

(b) f(mn) = f(m)f(n) vōi moi m, n thuōe N*; 

(e) f(m) < f(n) vōi moi m, n G N*, m < n. 

Bāi tāp 18 (Viōt Nam, 2003). Tōn tai khōng eāe so nguyōn x, y, u, v, t sao eho 

x 2 + y 2 — (x + l) 2 + u 2 — (x + 2) 2 + v 2 — (x + 3) 2 + t 2 l 

Bāi tāp 19 (IMO, 1983). Cāc diōm trōn ehu vi tam giāe deu ABC dudc tō bang mōt trong 2 
māu xanh vā dō. Chūng minh rāng tōn tai mōt tam giāe vuōng eo eāe dinh dupc tō eūng māu. 
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Bāi tāp 20 (IMO, 1983). Ohilng minh rāng vōi moi sō nguyen duc)ng n ^ 2, da thūe 

P(x) = x n + + 3 

khōng the phān tieh thānh tieh eūa hai da thūe vdi he so nguyen eo bāc khōng nho hon 1. 

Bāi tāp 21. Chūng minh rāng khōng tōn tai mot song ānh giūa tāp hdp eāe so thue thuōe 
(0, 1) vā tap hdp eāe so nguyen ditdng. 

Bāi tāp 22 (Viet Nam, 2011). Cho so nguyen difdng n ^ 3. Xet eāe so thue x\, x 2 , ..., x n 
thōa mān dieu kien: 


(i) x\ ^ x 2 ^ ^ x n \ 

(ii) x\ + x 2 H-h x n = 0; 

(iii) x\+x\-\ -hx^ = n(n - 1). 

Tim giā tri lān nhāt vā giā tri nhō nhāt eūa S = x i + x 2 . 

Bāi tāp 23 (My, 1999). Cho n > 3 so thue eō tong khōng nhō hdn n vā tong binh phudng 
khōng nhō hdn n 2 . Chūng minh rāng so 16n nhāt trong ehūng khōng nhō hdn 2. 

Bāi tāp 24 (My, 2001). Cho a, b, e lā eāe so thue dudng thōa mān a + b + e ^ abc. Chūng 
minh rang lt nhāt hai trong ba bāt dāng thūe sau lā bāt dāng thūe dūng 


2 3 6 . „ 2 3 6 2 3 6 ^ „ 

- + t + -^ 6 , - + - + - > 6 , - + - + -^ 6 . 

a b e b e a e a b 
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LŌI GIĀI be thi chon hoc sinh giōi 

CAP QUŌC GIĀ NĀM 2011 


1 Ngāy thi? nhat 11/01/2011 

Bāi 1 . Cho so nguyen āuōng n. Chiing minh rang vdi moi sd thile āuōng x, ta eo bat dāng thiie 

x n (x n+1 + 1) fx + l\ 2n+1 
x n + 1 " V 2 ) 


Hoi dāng thiie xdy ra khi nāo? . 

Ldi giāi. Xet so thtre dudng x tuy y. Ta se ehufng minh 

x n (x n+1 + 1) / x + l \ 2ra+1 
X n + 1 ^ V 2 ) 

bang phitōng phāp quy nap theo n. 

Vdi n — 1. ta eān ehiing minh 

x(x 2 + 1) ^ /'s + l'^ 3 
x + l ^ \ 2 ) ‘ 

Bāt dāng thāe nāy tirōng diTdng vdi 

(x + l) 4 ^ 8x(x 2 + 1), 


(1) 


hiān nhien dūng vi (x + l) 4 — 8x(x 2 + 1) = (a; — l) 4 ^ 0. Ngoāi ra, tū dāy ta eūng de thāy khi 
n = 1, (1) eo dāng thūe xāy ra khi vā ehi khi x = 1. 

Giā sū dā eo (1) dūng khi n = k vā dāng thūe xāy ra khi vā ehi khi x = 1. Khi dō, ta eo 

x k (x k+1 + 1) ^ /a; + l\ 2fc+1 
x k + 1 ^ ) ’ 


tir u6 suy ra 

x k (x k+1 + 1) (x + l) 2 
x k + 1 4 




X + 1 


2fc+3 


vā dāng thūe xāy ra khi vā ehi khi x = 1. (2) 


Ta se ehūng minh 

' gfc +1 (a: fc+2 + l) x k (x k+1 + 1) (x + l) 2 
x k+ i +i ^ x k + 1 4 

v6i dāng thūe xāy ra khi vā ehi khi x = 1. Thāt vāy, bāt dāng thūe nāy tiTOng dudng v6i 

(a; fc+1 + l) 2 (x + l) 2 — 4x(x k + l)(:r A:+2 + 1) ^ 0, 

(^fe+i — l) 2 (a; — l) 2 ^ 0 (hien nhien dūng). 
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Tir dō suy ra (3) lā bāt dāng thdc dūng, vā dāng thhe xāy ra khi vā ehi khi x = 1. Ket hdp 
dilu nāy vdi (2), ta dudc 

x k+i( x k+2 , n /x + l\ 2fc+3 

-r—:-- ^ f-) vā dāng thute xāy ra khi vā ehi khi x = 1. 

x k + 1 + 1 \ 2 / 

Dieu do ehufng to khi n — k + 1, (1) lā bāt dāng thute dūng vā dāng thūe xāy ra khi vā ehi khi 
x = 1. Vāv. vdi n lā so nguyen duong tūy y, (1) lā bāt dang thūe dūng vdi mōi so thue dUdng 
x vā dāng thūe xāy ra khi vā ehi khi x = 1. □ 

Bāi 2. Cho dāy s6 thue (x n ) xac dinh bdi x\ = l vā 


2 n 


x n = 


;(x\+X2-\ -h x n _i), Vn ^ 2. 


n (n - 1) : 

Vdi moi so nguyen duang n, dat y n+ \ = x n+ \ — x n . Ch\lng minh rang dāy so (y n ) eo giōi han 

« 

hūu hgn khi n -+ +oo. 


Ldi giai. Vdi moi n ^ 1, ta eo 

2(n + 1) v 2(n + 1) 


X n +1 


n z 




i~ 1 




(n - l) 2 

2 n 


+ 1 


(n + l)(n 2 + 1) 

Xn = - -- -Xn, 


n° 


suy ra 


x n +i 
n +1 


= (! + +)•—, VnSl 


n‘ / n 


Do do vdi moi n 2, thi 


Un+l — X n +1 X n — 


(n + l)(n 2 + 1) 


-1 


n J 


X n = 


n 2 + n + 1 x n 


n z 


n 


= 1 + 


n + 1 


n z 


n —1 


fc=1 




(i) 


Tū do, vdi luu y yi = X2 — x\ = 3 , ta c6 y n > 0, Vn ^ 1, y\ < yi vā vdi moi n ^ 3, thi 


y n n 2 + n + 1 (n — l) 2 


y n -i n 2 (n - l) 2 + n 

Suy ra (y n ) lā dāy so tāng. 

Vi vdi moi n ^ 2, ta eo n + 1 < n 2 vā 

n —1 


i + 


= i + 


(n — 1) 2 J n 4 — n 3 + n 2 


> 1. 


A; 2 


n(i+AWi+ s;! * 1 

fc=i 


n —1 


n — 1 


nen tū (1) ta dudc 


Māt khāe, lai eo 

n— 1 - n —1 


y n < 2 ( 1 + 


n —1 1 ' 


E n—i 
fc=l 


n —1 


n — 1 


, Vn ^ 2. 


;t 1 i n ~ 4 i n 1 /1 i \ i 

= 1 + 5(wi“*) <2 ’ Vn ^ 3 ’ 


( 2 ) 


( 3 ) 
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nen til (3) suy ra 

y n < 2 < 2e2 ’ Vn ^ 2 ‘ 

Do do (y n ) bi ehan tren. Ket hop vāi (2) suy ra dāy (y n ) eo gi6i han hūu han khi n — > 4-oo. □ 

Bāi 3. Trong mat phāng, eho dudng tron ( O ) ditdng kinh AB. Xet mot diem P di dong tren 
tiep tugin tai B eua ( O) sao eho P khong trung vdi B. Dudng thang PA eat ( O) tai diem thit 
hai C. Goi D lā diim doi xiing vōi C qua O. Dudng thang PD eat ( O) tai diem thii hai E. 

(a.) Chiing minh rang eāe dudng thāng AE, BC vā PO eung di qua mot diim, goi lā M. 

(i b ) Hāy xāc dmh vi tri eūa diem P sao eho tam giāe AMB eo dien tieh ldn nhat. Tinh giā 
tri lōn rihat do theo hān kinh eūa dudng tron ( O). 

Ldi giai. 



(a) Goi F lā giao diem eua hai du6ng thāng AE vā BP. Ta eo 

ZACE = 90° + ABCE = 90° + ZFAB = AEFP. 
Suy ra ZEFP + AECP — 180°. Do do CEFP lā tuf giāe noi tiep, dān den 

ZCFP = ZCEP = 90°. 


Vā vi thl CF || AB. V6i ket quā nāy, ta dupc 

CP _FP 

CĀ ~ TE' 

TCt do, xet tam giāe ABP, ta eo 

CP ŌĀ FB ŌĀ ^ 
ōā'ōb'fp~ōb~ 

Suy ra, theo dinh ly Ceva, ba du6ng thāng PO, AE vā BC dong quy. 
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(b) Dāt BP = x vā ky hieu R lā bān kinh eua (O). Ta eo 


PA = Vx 2 + 4 R 2 ,. PC = 


x 


\fx 2 + 4 R 2 ’ 




4tf 2 


\/x 2 + 4i? 2 ’ 


5C = 


2Rx 


Cx 2 + 4i? 2 


• ( 3 ) 


D6 thāy A PMC ~ APNA nen ^ Mā iVA = BM (do iVi4 vā Mō doi xilng vdi nhau 

qua O) nen ta eo suy ra 


50 PO + PA 
~BM ~ PĀ 


Tu: (3) vā (4), ta duoc 

Vi vay 


BM = 


PA ■ BC RxVx 2 + 4P 2 


PO + PA 


x 2 + 2P 2 


0 1 D Tl/T ■ / A "D li/f 1 OD Rxy /x 2 + 4P 2 ylO 

W = --AB-BU ■ sm£ABM = --2R- -^qr 2fi2 - ■ ^ 


2 P 3 x 
x 2 + 2P 2 


Th dāy, sii dung bāt dāng thute AM-GM, ta eo 


£>amb ^ 


2P 3 x 

2\/2xP 


P 2 

x/2’ 


vdi dāng thiie xāy ra khi vā ehi khi x = \/2P. Vay, tam giāe AMB e6 dien tieh 16n nhāt khi vā 
ehi khi P nām eāeh 5 mōt khoāng bang V2R (eo hai vi trf nhu vāy); khi do Samb — ū 


Bāi 4. Cho ngū giāe ldi ABCDE eo dō dāi mōi eanh vā dd dāi eāe dudng eheo AC, AD khong 
vuot quā VZ. Lay 2011 diem phān biet tūy y nam trong ngū giāe do. Chiing minh rang ton tai 
mōt hinh, trōn don vi eo tām nam tren egnh eūa ngū giāe dā eho ehūa it nhāt 403 diem trong 
so eāe diem dā lay. 


Ldi giāi. De ehting minh khang dinh eua bāi toān, ta se ehtrng minh eo thō phu ngū giāe 
ABCDE bōi 5 hinh trōn ddn vi eo tam nām tren cg.nh eūa ngū giāe do. Ta eo nhān xet sau: 

Nhān xet. Co thi phū tam giāe XYZ c6 dd dāi eāe egnh khōng vuot quā \/3 bdi 3 hinh trān 
don vi eo tām nhm tgi eāe dinh eūa tam giāe d6. 

Chūng minh. Giā sū ngū 0 c lgi, ton t$i diem M thu 0 c tam giāe XYZ mā M khōng thuōe bāt eū 
hinh tron nāo trong eāe hinh trōn don vi c 6 tām nām tai eāe dinh eūa tam giāe do. Khi d 6 , ta 
eo MX > 1 , MY > 1 vā MZ > 1. Dā thāy, trong ba goe ZXMY, ZYMZ vā ZZMX phāi c 6 
lt nhāt mōt goe eo sō do 16n hon hay bāng 120°. Khōng māt tong quāt, giā sū ZXMY ^ 120°. 
Āp dung dinh ly eosin eho tam giāe XMY v 6 i ehū y rāng eos Z.XMY ^ ta duoc 

XY 2 = MX 2 + MY 2 - 2 ■ MX ■ MY ■ eos ZXMY >1 + 1 + 2- - = 3. 

2 

Suy ra XY > \/3, trāi v 6 i giā thiōt. Māu thuān nhān duoc eho ta dieu muon ehūng minh. ■ 

Do eāe tam giāe ABC. ACD vā ADE eo dō dāi eāe eanh khōng vuot quā \/3 nen theo nhan xet 
tren. ehūng lān luot dU0c phū b 6 i eāe bō ba hinh tron don vi ((A), (P), (C)), ((A), (O), ( D )) 
vā ((A), (D), (E)). Do do, ngū giāe ABCDE duoc phū b 6 i 5 hinh trōn don vi eo tam nām 
tai eāe dinh eūa ngū giāe do. Theo nguyen ly Dirichlet, trong 5 hinh trōn do phāi ton tai hinh 
tron ehūa it nhāt 403 diem trong so eāe diem dā lāy. □ 
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2 Ngāy thtf hai 12/01/2011 

Bāi 5. Cho dāy so nguyen (a n ) xdc dinh bdi ūq = 1, ai = — 1 vā a n — 6a n _i + 5a n _2 vōi moi 
n ^ 2. Chūng minh rang 02012 ~ 2010 ehia het eho 2011. 

Ldi giai. (a) Cāch 1. Xet dāy sō nguyen (b n ) xāc dinh bdi b 0 = 1 , 61 = — 1 vā 

b n = 66 n _i + 20166 n _ 2 , Vn ^ 2. 

Dō thāy vdi moi n ^ 0, ta eo 

a n = b n (mod 2011 ). ( 1 ) 

Phnong trinh dac trnng eūa dāy (b n ) lā x 2 — 6x — 2016 — 0 eo hai nghiem 48 vā —42. Suy ra, 
sō hang tong quāt eūa dāy (b n ) eo dang 

b n = Ci -(-42) n + C 2 • 48 n . 

Tū eāe dieu kien ban dāu eūa dāy (b n ), ta eo C\ + C 2 = 1 vā 42Ci — 48C 2 = 1. Tū do suy ra 
Ci = || vā C 2 = ||, vā nhu vay 

49 ■ (—42)" + 41 • 48" w 
K= -90-’ Vn>a 

Vi 2011 lā so nguyen tō nen theo dinh ly Fermat nhō, ta eo 

(—42) 2010 = 48 2010 = 1 (mod 2011). 


Do do 

90ā 2 oi 2 = 49 • (—42) 2012 + 41 • 48 2012 = 49 • (-42) 2 + 41 • 48 2 = 906 2 (mod 2011). 

Mā (90, 2011) = 1 nen tū dāy, ta suy ra 

62012 = h (mod 2011). 

Mat khāe, vi 6 2 = 661 + 20166o = 2010 nen 6 2 oi 2 = 2010 (mod 2011). Ket hōp v6i (1), ta duoc 
«2012 = 2010 (mod 2011). Dāy ehinh lā kōt quā eān ehūng minh. □ 

(b) Cāch 2. De dāng ehūng minh duoc so hang tong quāt eūa dāy (a n ) lā 

+K+( 3+ ^)”+ + +( 3 -^)”- ' 2 > 


Dāt p = 2011, ta eo 


1 p+i 


a --(5-^)( s + ^ , + G + ^)( 3 -^)’ 

Do (3 + ^/I4) P+1 = Ap+i + B p+ i\/T 4 va (3 — vT4) P+1 == i4 p+ i — B p + 1 \/l4, trong do 


z±± 

2 


V+i 




t=o 


(3) 
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va 


rxen ta eo 


E+1 

2 


i=l 


E±i-i 


( 4 ) 


ōp +i — ^4p+1 45p+i. (5) 

Do p lā so nguyen tō nen Cp +1 = 0 (mod p), V2 < k ^ p — 1 . Vi vay, trf (3) vā (4), ta dr£Oc 

A p+1 = 14^2“ + 3 P+1 (mod p) 


va 


I4V + 3P- 1 ' - 


^ = 3 (l4V + 3 P ^ (mod p). 


( 6 ) 


B P +1 = 3(p+ 1) ( 

Tā dāy, klt hop vdi (5), ta eo 

a p+ i = —3 P + 2 • 14^“ (mod p). 

Dō y rāng 45 2 = 14 (mod p) vā (45, p) = 1, theo dinh ly Fermat nho ta eo 3 P = 3 (mod p) vā 

14^ = 45 p_1 = 1 (mod p). 

Do do, tā (6) ta dnoc 

^2012 = cl p + 1 = —3 + 2 = —1 = 2010 (mod 2011). 

Bāi toān dtfOc ehilng minh xong. □ 

Chu y. Doi vdi bāi lām eūa thi sinh theo eāeh 2, yeu eāu: 

• Trinh bāy ehi tiet eāe btrdc tim so hang tong quāt a n ; 

• Chūng minh kōt quā: “V6i p lā so nguyen to, C p+1 = 0 (mod p), V2 < k ^ p — 1”. 

Bāi 6. Cho tam giāe ABC khōng eān tai A vā eō eāe goe ZABC, ZACB lā eāe goe nhon. 
Xet mot āiem D di āōng tren eanh BC sao eho D khōng trung vōi B, C vā hinh ehiiu vuōng 
gōe eua A tren BC. DvCdng thāng d vuōng goe vōi BC tgi D eat eāe dudng thāng AB vā AC 
titōng vtng tgi E vā F. Goi M, N vā P lān Ivtgt lā tām dvtdng tron noi tiip eāe tam giāe AEF, 
BDE vā CDF. Chvtng minh rang bon diim A, M, N, P eung nam tren mgt āitāng trōn khi vā 
ehi khi āu'ōng thāng d di. qua tām dvtdng trōn ngi tiip tam giāe ABC. 

Ldi giāi. Do ZABC vā ZACB lā eāe goe nhon nen E nam tren tia doi eūa tia AB hoae nam 
trong eanh AB, dong thōi F nam trong eanh AC hoa,c nam tren tia doi eūa tia AC. Vi thō, 
tū dinh nghla eāe diem M, N, P suy ra E, M, N thāng hāng vā M, F, P thāng hāng. Do do 

ZNMP = \{ZAEF + ZAFE) = \zBAC. 

Suy ra A, M, N, P eūng nam tren mpt du6ng tron khi vā ehi khi 


ZNAP = -ZBAC. 
2 


( 1 ) 


Tiep theo, ta se ehūng minh ZNAP = iZBAC khi vā ehi khi d di qua tām I eūa dudng tron 


nōi tiep tam giāe ABC. 

Khōng rnāt tōng quāt, giā sū AB < AC. 


( 2 ) 

(3) 
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E 



(a) Dieu kien eān. Giā sā I € d. Khi <36, th (3) suy ra E nām tren tia doi eūa tia AB vā F 
nām trong eanh AC. Qua A, ke duāng thāng Ax (khāe ^4C) tilp xūc vōi ( P). Ta se ehūng 
minh Ax tiep xūc vdi (N). Thāt vāy, goi T, T\, T 2 , T 3 lān ludt lā tiep diem eūa ( P) vā Ax, 
CD. DF. FC. Goi S lā giao diem eūa Ax vā DF. Ta eo AT = AT 3 , CT% = CT\, DT\ = DT 2 
vā ST '2 = ST. Do do 

AS - SD — (AT - ST) - (DT 2 - ST 2 ) = AT 3 - DT\ = AC - CD. (4) 

Vi I e d nen D lā tiep diem eūa (I) vā eanh BC, suy ra 

* 

AC - CD = AB - BD. (5) 

Tū (4) vā (5), ta eo AS + BD = AB + SD. Vi thg ABDS lā tū giāe ngoai tiāp. Suy ra Ax 
tiep xūc v6i (N). Tū do, ta eo 

ZNAP = ZNAx + ZxAP = \zBAx + \zxAC = \zBAC. 

Z Z Z 

(b) Dieu kien dū. Giā sū ZNAP — ~ZBAC. Xet hai truōng hpp sau: 

• Truōng hop 1. E nam tren tia dōi eūa tia AB vā F nam trong eanh AC. Qua A, ke tiep 
tuyen Ax (khāe AC) eūa (P) eat DF tai S. Ta eo 

ZNAx = ZNAP - ZxAP = \zBAC - \zxAC = \zBAx, 

suy ra Ax tigp xūc v6i (N), dān den ABDS lā tū giāe ngoai tigp. Vā nhu the, ta dupc 

AS + BD = AB + SD. 

Hon nūa, theo ehūng minh 6 phān trgn, ta eo AS — SD = AC — CD (xem lai (4)). Tū 
do, ta dupc BD = AB + CD - AC, suy ra 

2 BD = AB + BC — AC. 

Do do BD = p — b, trong do p = AB+B ^FQA v ā b = AC. Suy ra BD = BK\ trong do K 
lā tiep digm eūa (I) vā eanh BC. Tū do, do D vā K eūng nam trong eanh BC, suy ra 
D = K.N i vāy I e d. 
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• Tncdng hop 2. E nām trong eanh AB vā F nam tren tia āōi eūa tia AC. Do (3) nen 

CD > CK. (6) 

Māt khāe, de thāy, trong truftng hdp nāy B dong vai tro eūa C vkC dong vai trō eūa B, 
E dōng vai tro eūa F vā F dong vai tro eūa E, (N) dong vai tro eūa ( P ) vā ( P ) dong vai 
tro eūa (N) trong trirāng hdp triiāe. Vi the, theo ehūng minh tren, ta phāi eo CD = CK, 
māu thuān vdi (6). Mau thuān nhān dudc eho thāy truūng hdp nāy khōng the xāy ra. 

Vay, (2) dudc ehūng minh. Tū (1) vā (2) hiōn nhien ta eo dieu phāi ehūng minh. □ 

Bāi 7. Cho n lā so ngrngen āuong. Chūng minh rang da thūe P(x, y) = x n + xy + y n khōng 
the viet āuoe dudi dang 

P(x, y) = G(x, y)H(x, y), 

trong do G(x, y) vā H(x, y) lā eāe da thiie vdi he so thue, khāe da thūe hang. 

Ldi giāi. Ta se ehūng minh khāng dinh eūa bāi ra bang phudng phāp phān ehūng. Giā sū ton 
tai eāe da thūe vūi he so thue G(x, y) vā H(x, y), khāe da thūe hāng, sao eho 

P(x, y) = G(x, y)H(x, y), (1) 

trong do P(x, y) = x n + xy + y n , n 6 N*. 

Viāt G(x, y) vā H(x, y) du6i dang eāe da thūe eūa x: 

G(x, y) = g m (y)x m + g m ~\(y)x m ~ x + ■ • • + gi(y)x + g 0 (y), m e N, 

H(x, y) = h k (y)x k + hk-i(y)x k ~ l + • ■ ■ + h x (y)x + h 0 (y), k£ N, 

trong do Qi(y), i = 0, m, vā hj(y), j =0, k, lā eāe da thūe v6i he so thue eūa y. 

Tū (1) suy ra: 

• m + k = n; (2) 

• V6i n ^ 2, g m (y), h k (y) lā eāe da thūe hāng vā do do ehūng khōng lā boi eūa y. (3) 
Tū (3), do G(x, y) vā H(x, y) khāe da thūe hāng nen nlu n ^ 2 thi 

m ^ 1, k ^ 1. (4) 

• Xet n = 1. Khi do, theo (2), ta eo m + k = 1. Suy ra m = 0 vā k = 1, hoāe m = 1 vā 

k = 0. Giā sū m = 0 vā k = 1 (truōng hdp m = 1 vā k = 0 xet tudng tu). Khi do, ta eo 

(y + l)a: + y = go(y)hi(y)x + g 0 (y)h 0 (y). 

Suy ra go(y)[hi(y) — h 0 (y)] = 1. Vi thō, g 0 (y) lā da thūe hāng, mau thuān v6i giā thiet 
G(x, y) khāe da thūe hāng. 

• Xei n ^ 2. Goi i 0 vā j 0 lā eāe ehi so be nhāt sao eho gi 0 (y) vā hj 0 (y) lā eāe da thūe khōug 
lā bōi eūa y. De thāy, he so eūa x l0+J0 trong khai triōn eūa G(x, y)H(x, y) lā 

9o(y)hi 0 + jo (y)+gi(y)hi 0+jo - 1 (y )+• ■ ■+gi 0 (y)h jo (y)+g io +i(y)h jo -i(y )+-• ■+gi o+jo (y)h 0 f y) 

Tū dinh nghla eūa i 0 vā j 0 suy ra he so tren khōng ehia het eho y. Vi the, tū (1), v6i luvv 
rang P ehi eo duy nhāt hō sō eūa x n khōng ehia het eho y, suy ra i 0 +j 0 = n. Do do i 0 =*n 
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va jo = k. Ket hop v<5i (4) suy ra phai eo m — 1 hoāe k = 1, vi neu trāi lai, m, k > 1, thi 

th viee eān bang he so eua x ō hai ve eūa (1) ta se e 6 y ~ go(y)hi(y) + g\(y)ho(y) '■ y 2 , lā 
dieu vō ly. 


Giā sū m — 1 (truōng hōp k = 1 xet tUdng tu). Khi do, ta eo 


x n + xy + y n = [ax + g 0 (y)] [bx n 1 + h n - 2 (y)x n 2 H-1- h x (y)x + h 0 (y)] , (5) 


trong do a, b lā eāe hāng sō thue, vōi ab = l. 

Tū (5) ta duoc y n = g 0 (y)h 0 (y)- Suy ra g 0 (y) = a'y s , trong do s E N*, s < n vā a! lā mōt 
hang so thue khāe 0. Dāt e = — ta eo e ^ 0. Thl x = cy s vāo (5), ta duoc 

c n y sn + cy s+1 + y n = 0. (6) 


o Neu s = 1 vā n = 2 thi tū (6) ta duoc (e 2 + e + l)y 2 = 0. Suy ra e 2 + e + 1 = 0, lā 
dieu vō ly. 

o Neu s = 1 vā n > 2 thi tir (6) ta duoc (c n + 1 )y n + cy 2 = 0, lā dieu vō ly (vi e ^ 0). 
o Nōu s ^ 2 vā n ^ 2 thi sn > n vā sn > s + 1. Do do (6) lā dieu vō ly, vi e ^ 0. 


Vāy, tom lai, dieu giā sū ban dāu lā sai vā vi thō ta eo dieu de bāi yōu eāu ehūng minh. □ 



LŌI GIĀI de thi chon bōi tuyen viet nam 

DU THI TOĀN QUOC TE NĀM 20 i 1 


1 Ngay thi? nhat 09/04/2011 

Bai 1. Tai āiim (1, 1) eūa mat phāng toa do Oxy, eo mōt eon eāo eāo. Tie diim do, eon eāo 
eāo ehi nhay den eae diem nguyen ducfng khāe theo quy tae: tū diim nguyen duong A, eon eāo 
eāo nhāy den diem nguyen duong B neu tam giāe AOB eo dien tieh hang 


(a) 


Tim tāt eā eāe diem ngugen duong ( m, n) mā eon eāo eāo eo thi nhāy din sau mot so 
hūu han bu6c nhāy, xuat phāt tū diim (1, 1). 


( b) Giā sū ( m, n) lā mōt diim ngugen duong eo tinh ehat dā neu d eāu (a). Chūng minh 
rang tōn tai mot eāeh nhāy eūa eon eāo eāo tū diem (T, 1) den diim (m, n) mā so bu6c 
nhāy khōng vUOt quā \m — n\. 

(Diim (x, y) duoc goi lā diim ngugen duong niu x vāy lā eāe so nguyen duong). 

Ldi giāi. V6i hai diem nguyen dudng A(m, n ) vā B(p, q) thuoe mat phāng toa do Oxy, ta eo 
Saob = \ khi vā ehi khi 

Irag - np| = 1. (1) 

(a) Th (1), dira vāo dinh ly Bezout, de dāng suy ra, xuat phāt th diem (1, 1) eon eāo eāo ehi 
eo th§ nhāy t6i eāe di6m nguyen dvlOng (ra, n) mā (ra, n) = 1. 

Nguoe lai, xet dilm nguyen duong (ra, n) tuy y mā (ra, n) = 1. Vi (ra, n) = 1 nen dua vāo 
dinh ly Bezout, de thāy ton tai eāe so nguyen duong m\ vā n\ sao eho (rai, n\) = 1, ra^ < ra, 
ni ^ n, rai + ni < ra + n vā |rani — nrai| = 1. Nhu the, tur diem (ra, n), eon eāo eāo eo thi 
nhāy den diem nguyen dU0ng (m\, ni) (theo (1)) mā (m\, n\) = 1, rai ^ ra, ni < n vā 


rai + ni < ra + n. 

Sit dpng nhān xet viita neu tren, bāng quy nap de dāng ehutng minh duoc eon eāo eāo eo the 
nhāy d6n diem (1, 1), xuāt phāt tu: mōt dilm nguyen duong (ra, n) tuy y mā (ra,n) = 1. Trt 
do, do bu6c nhāy eūa eon eāo eāo eo tinh thuan-nghieh, suy ra xuāt phāt tū diem (1, 1), eon 
eāo eāo eo the nhāy dōn mot diem nguyen duong (ra, n) tūy y mā (ra, n) = 1. Vāy, tap hop 
eāe di§m nguyen duong eān tim lā 

{(ra, n) | ra, n 6 N*, (ra, n) = l}. 

(b) Xet diem-nguyen duong (ra, n) mā (ra, n) = 1 vā |ra — n| = 1. Khi do, theo (1), eon eāo 
eāo eo the nhāy tū diem (1, 1) den diem (ra, n) ehi sau mōt bu6c nhāy. 

Xet di§m nguyen duong (ra, n) mā (ra, n) = 1 vā |m — n| > 1. Khōng māt tong quāt, giā sū 
ra < n. Khi do, se ton tai mi, n^ 6 N* sao eho (ra^, n^) = 1, rai < n\, m\ ^ ra, ni < n vā 

nm\ — mn\ = 1. (2) 
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Viet lai (2) duāi dang ni(n — m) — n(n\ — m\) = 1. Tir do, vi ni < n nen n\ — m\ < n — m. 
Nhtf vay, tCr diem (m, n), eon eao eāo e6 the nhāy den diām nguyen dttdng (m\, n\) mā 
|mi — m| ^ |m — n| — 1. Tft do suy ra, ton tai mot eāeh nhāy eua eon eāo eāo tit diem (m, n) 
den diem (1, 1) vdi sō budc nhāy khōng vuot quā \m — n\. □ 

Chu y. Doi vdi bāi lām eua thi sinh theo eāeh tren, yeu eāu trinh bāy: 

• Phep ehUng minh su ton tai eūa eāe so mi, n^; 

• Phep ehūng minh quy nap dā noi tdi trong 16i giāi tren. 

Bāi 2. Trong mat phang, eho dudng trdn (O) vā mot diem A nam ngoāi ditdng trān do. Qua 
A. ke eae tiep tuyen tōi (O); goi B vā C lā eae tiip diem. Xet mōt diim P di dong tren tia 
doi eua tia BA vā mot diim Q di dōng tren tia dōi eua tia CA sao eho dudng thāng PQ tiip 
xuc vōi (O). Duōng thang BC eat duōng thang di qua P, song song vōi AC tai E vā eat duōng 
thāng di qua Q, song song vōi AB tai F. ChUng minh rang 

(a) Duōng thang EQ luōn di qua mot diim eo dinh, goi lā M; duōng thang FP luōn di qua 
mot diim eō dinh, goi lā N. 

(b) Tieh PM • QN khōng doi. 

Leti giai. 



(a) Goi B\ vā C\ tudng Ung lā diem xuyen tām doi eūa B vā C. Tiep tuy6n tai Ci eūa (O) eat 
eāe dudng thāng AP vā BC lān lupt tai M vā M\. Hien nhien M vā M\ lā eāe diem eo dinh. 
Ta se ehUng minh dudng thāng EQ luōn di qua diōm eo dinh M. 

Goi D lā giao diem eūa eāe dudng thāng PCi vā AC. Ta eo ket quā quen biet: AD — CQ. TU 
dinh nghla eāe diim A, B vā C ta eo AB = AC. Suy ra 

ZABC = XACB. (1) 

Lai eō MM\ || AC (do eūng vuōng goe vdi CC\). Do do 

ZACB = ZMM\B. (2) 


TU (1) vā (2), ta dudc 


ZMM\B = ZABC. 
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Ma ZABC = ZMBMj nen AMM\B = ZMBM V Suy ra 

MMi = MB = MC\. (3) 

Tir dō, vāi luu y EP || AC || MM\ vā goi Q\ lā giao diem eua EM vā AC, ta eo 

MM\ MC\ PM EM MM\ 

CQ AD ~ PA~ EQ\ ~ CQ\ ' 

Suy ra CQ — CQ\. Mā Q vā Q\ eung nam tren tia doi eūa tia CA nen Q\ = Q. Dieu nāy eho 
thāy dudng thāng EQ di qua diem eo dinh M. 

Hoān toān tuong tu, ta eūng ehūng minh duoc dudng thāng FP di qua diem eo dinh N, lā 
giao diem eūa dudng thāng AC vā tiep tuygn tai B\ eūa ( O ). 

(b) De thay, eāe du6ng thāng MB vā MC\ tuong ūng doi xūng vdi eāe du6ng thāng NB\ vā 
NC qua O. Do do, M vā N doi xūng vdi nhau qua O. Suy ra 

BM — B\N = NC. (4) 

Tū (3), (4) vā giā thiet EP || AQ, ta duoc 

PM EM MM\ BM CN 
~PĀ ~ EQ~ CQ ~ CQ~ CQ' 

Suy ra PM CQ = CN ■ PA, hay 

PM(CN + NQ) = CN(AM + MP). 

Tū day ta eo PM • NQ = CN ■ AM. Mā CN ■ AM = eonst nen PM ■ NQ = eonst. □ 

Chu y. 

• Doi vdi bāi lām eūa thf sinh theo eāeh tren, yeu eāu trinh bāy phep ehūng minh AD = CQ. 

• Mpt trong eāe ehūng minh ngan gon eūa ket quā tren lā eāeh ehūng minh dua vāo phep 

vi tu tam P, ti so k = yj. 

• Cāc ket quā eūa bāi toān vān dūng khi P vā Q tuong ūng di dong tren eāe du6ng thāng 
AB vā AC sao eho PQ lā mōt tiep tuyin eūa (O). 

Bāi 3. Cho so nguyen n ^ 3. Xet n sō thue x\, x%, ..., x n thoa mān āong thdi eāe āieu kien: 

(i) X\ ^ X2 ^ ^ X n , 

(ii) X\ + x 2 H-h x n = 0 ; 

(iii) xl + x\ H-hi^ = n(n — 1). 

Tim giā tri ldn nhat vā giā tri nho nhat eua tōng S = x\ + x 2 . 

Ldi giāi. (a) Tim max5. Sū dung bāt dāng thūe Cauchy-Schwarz, ta eo 
S 2 = (x 3 + x 4 -\ -b x n ) 2 ^ (n - 2)(xl + x 2 H- x 2 n ) 

r s 2 ' 

= (n — 2) [n(n — 1) — (x\ + x\)\ ^ (n — 2) n(n — 1) —— , 
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tir do suy ra 


5 < y/2(n — l)(n — 2). 
Mat khāe, de thāy dang thufe xāy ra khi 

y/2(n - l)(n - 2) 


X\ = x 2 — 


— * — X n — 


y/2(n-l){n-2) 
n — 2 


Vi vāy, max5' = \J2(n — 1 )(n — 2 ). 

(b) Tim min S. Ta xet hai tritāng hdp: 

• Trmōng hōp n = 3. Lūe nāy, ta eo eāe nhan xet sau: 

Nhan xet 1. Neu x\, X2, £3 la eāe so thue thoa mān āieu kien di bāi thi x\ ^ 1. 

Chting minh. Do x\, x2, x 3 thōa mān dieu kien dā bāi nen ta eo 

X\ ^ X 2 ^ a: 3 

2:2 + 2:3 = — X\ 

x 2 x 3 •= x\ - 3 

Suy ra phuong trinh bac hai (ān t)\ 

f(t) — t 2 + x\t + x\ — 3 = 0 

eo hai nghiem thupe khoāng (— 00 , a;i]. Do do, ta eo 

f A = 3(4 — x\) >0 
f(x\) = 3 rr? - 3 ^ 0 

. X\ 

Xl ^ 

Giāi he nāy, ta dUdc 2 ^ 2:1 ^ 1. Vā nhu thg, nhan xet dudc ehūng minh. ■ 

Nhān xet 2 . Neu eāe so X\, x 2 , x 3 thoa mān eāe āiiu ki$n di bāi thi eāe so S = x\ + x 2 , 
S\ = x\ + x 3 , vā S 2 = x 2 + x 3 eūng thoa mān eāe diiu kien do. 

Chūng minh. Ttr dieu kien x\^ x 2 ~^ x 3 de dāng suy ra 5 ^ 5i ^ S 2 . Tiāp theo, ta eo 

S + S\ + S 2 = 2 (x\ + 2:2 + x 3 ) = 0 

vā 

S 2 + S\ + S\ = 2 (x\ + x\ + x\ + x\x 2 + x\x 3 + 2:22:3) 

= x\ + x\ + x\ + ( 2:1 + 2:2 + 2: 3 ) 2 = 6 . 

Do do, nhān xet dudc ehūng minh. ■ 

Tif eāe nhān xet neu tren, vōi x\, x 2 , x 3 lā eāe so thue thōa mān eāe di§u kien d§ bāi, 
hien nhien ta eo S ^ 1. Hdn nōa, de thāy 5 = 1 khi xi = 2 vā 12 = 13 = —1.. Vāy, trong 
truōng hdp nāy min S = 1. 

• Truāng hop n = 4. Trong truōng hdp nāy, ta se ehūng minh min 5 = 2 . 

Truōe het, bang phudng phāp phān ehūng, ta se ehūng minh 5^2. Thāt vāy, giā sū 
ngUdc lai 5 < 2. Xet hai khā nāng sau: 
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Neu x 2 ^ 0, gQi k la ehi so ldn nhāt sao eho x k ^ 0, 2 ^ k < n. Ta eo 2 > Xi vā 
1 ^ x 2 ^ ^ x k ^ 0 > X k +i ^ ^ 3 i n . Suy ra 

£i + x 2 + • • • + x k — ( 2^1 + x 2 ) + 2:3 + • • • + x k < 2 + (k — 2 ) = k. 

Do do ■ . 2 2 22 2 

n(n - 1 ) = x\ + x\ + • •• + x k + x k+1 + ■ + x 2 n 

< x\ + x\ H-h 4 + (Zfc +1 H-h 2 i n ) 2 

= X 2 + x\ + • • ■ + 21 2 + (Xi + X 2 + ■ • • + Xfc) 2 

< (x x + x 2 ) 2 + x\ H-h x\ + k 2 

< 4 + (k — 2) + k 2 = fc 2 + A: + 2. 

Tif day, ket hpp v 6 i n(n — 1) ^ A:(A; + 1) vā n(n — 1 ) lā sō ehan, ta du°c k = n — 1. 

Do 5 = £1 + £2 < 2 nen xix 2 < 1, suy ra XiXj < 1 , Vi, j : 1 ^ i < j ^ = n — 1. 
Do do 


+ ®n-l + ^n 


n(n — 1) = 2 i 2 + x\ + ■ • • 

= X 2 + £2 H-1- 2^n-l + (^l + £2 H-1- 31n-l) 2 

= 2 (x 2 + X 2 H-h X 2 _j + XjX 2 H- 1 - £ n — 2 3 ?n —1 ) 

= 2 [(Xj + X 2 )(xi + X 3 ) + X 2 -\ -h X n _! + £1X4 + 


+ X n _ 2 X n —1] 


<2 
< 2 


(xi+l2)2 + (n _ 2)+ (!L=iM_3 


4 + n + (n-l)(n-2 )_ 5 


= n(n - 1), 


lā dieu vō ly. 

Xet khā nāng thū hai x 2 < 0. Do xi + (n — l)x 2 ^ x\ + x 2 + 
x 2 ^ — ^i, tir do suy ra 2 > xi + x 2 ^ ^rfxi, hay 

2(n — 1) 


+ x n = 0 nen ta eo 


Xl < 


n — 2 


Dieu nāy dān den 


n(n — 1) = x\ + x 2 + 

^ x\ + (x 2 + £3 + 

= 2x? < 8<n " 1)2 


+ ^n-l + X n 


+ Xnf 


(n - 2) 2 ' 

Vā nhu vāy, ta eō . 

n 3 — 4n 2 — 4n + 8 < 0. (1) 

Vi n 3 — 4n 2 — 4n + 8 = (n — 5)(n 2 + n + 1) + 13 nen v 6 i moi n ^ 5, (1) lā dieu vō 

ly. Xet n = 4. Dāt y 4 = —xi, y 2 — -x 2 , y 2 = -£3 vā y x = — x 4 , ta eō 

yi ^ 2/2 ^ 2/3 > 0 > y 4 , yi + y 2 + 2/3 + 2/4 = 0, y 2 + y 2 + y 2 + y 4 = 12 = 4 • 3 

vā 

yi + 2/2 = -(y 3 + 2/4) = £1 + x 2 < 2. 

Nhu the, eāe so yi, y 2 , y 3 , y 4 thōa mān dāy du eāe dieu kien nhu eāe so xi, x 2 , £ 3 , 
x 4 6 khā nāng 1 tfng v 6 i n = 4 dā xet ō tren. Do dō, trong trUōng hōp nāy ta eūng 
se nhān duoc diōu vō ly. 
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Tāt eā nhōng dieu vō ly nhan duoc d tren eho thāy diōu giā suf ban dāu lā sai vā vi the 
ta eō 5 ^ 2. Nhān thāy 5 = 2 ehāng han khi x\ = = • • • = x n -\ — 1 vā x n = 1 — n 

nen ta eo ket luan eho trUetng hop nāy lā min S = 2. 

Vay, tom lai, min 5 = 1 neu n = 3 vā min 5 = 2 nlu n ^ 4. □ 

Chu y. Trong truōng hop n ^ 4, eon eo thō ehufng minh 5^2 bang eāeh sii dung dinh ly 
Rolle vā phuong phāp quy nap theo n. 


“n + l 


voi 


2 Ngāy thur hai 10/04/2011 

Bāi 4 . Cho dāy sō nguyen āitefng (a n ) xāc dinh bdi ao = 1, a\ = 3 ua a n+ 2 = 1 + 
moi n ^ 0 ky hieu phān nguyen eua so thue x). Chvcng minh rang vōi moi sō tu nhien n, 

a 7i+2 a n ®n+l = ^ • 

Ldi giai. Truāe het, bāng phuong phāp quy nap theo n, ta ehUng minh eāe sō hang eua dāy 
so dā eho thoa mān he thUe truy hoi 


Un +2 — 4®n+l , Vn G N. 


( 1 ) 


Thāt vāy, bāng eāeh tinh toān trUe tiep, de thāy (1) dung vāi n = 0, 1, 2. Giā sU (1) dung den 
n = k, k ^ 2, ta se ehUng minh no eūng dung khi n = k + 1. Theo giā thiet quy nap, ta eo 


a fe+3 = 1 + 


u fc +2 

a fc+i. 


1 + 


(4a fe+1 - 2a fe ) 2 

a fc+i 


1 + 16a fe+1 — 16a fe + 


4 4 

a fc +1 


4(4a fe+ i — 2a fe ) — 2(4a fe — 2a fe _i) + 1 + 


4o|_ 

a fc+i 


- 4a fc . 


— 4a fc+ 2 — 2a fc+ i + 1 + 
Ta se ehUng minh 


4o| 

a fc+i J 


— 4a fe _i. 


4 fl fc 

L°fc+iJ 


= 4a fc _i — 1. 


9 4 q 2 4 a 2 

Dāng thUe nāy tUOng duong vāi — 1 < 4a fc _i — 1 < hay 

a l < a fc-i a fc+i ^ °fc + ^ a fc+i- 

Vi the, de ehUng minh (3), ta se ehUng minh (4). Vi a fc+ i = 1 + 


“ fe -1 


nen suy ra 


°fc ^ . ^ 1 , a l 


a fc-i 


< a fc+i ^ 1 + 


a fc-i 


( 2 ) 


(3) 


(4) 


Do dō 


G'k ^ l^fc-j-l ^ ^fe—l &fc* 


Lai t,i;eo giā thilt quy nap, ta eo 

a fc+i = 4a fc — 2a fc _i = 4(4a fc _i — 2a fc _2) — 2a fc _i = 6a fc _i + 8(a fc _i — a fc _ 2 ) > 4a fc _i, 


( 5 ) 
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ra 


1 ( 6 ) 

T# 15) va (6) ta dit(?c (4) va vi th6 (3) etuoe ehflng minh. TCt (3) vā (2), ta dttpc 


flfe-1 < ^Ofe+l- 


ūk+ 3 — 4a.fc+2 2afc+i- 

mn do ehuaig to (1) dūng khi n = k + 1. Theo nguyen ly quy nap, (1) dūng vdi moi n e N. 
T * 1«. vdi luu y ao = 1 va ai = 3, ta dildc 

a n+1 + P n+1 


&n 


Vn G N, 


trong do a = 2 - \/2 va /3 = 2 + V2 la hai nghiem eūa phuong trinh dāc trilng. 
Do do, vdi luu y a + /3 = 4 vā a/3 = 2, ta cd* 

a „+3 + pn+3 a n+l + ^n+l * ( gU+2 + ffn+2 N 2 


^71+2^71 ^n+l 


4 4 

2 n+1 (a 2 + V) — 2 • 2 n+2 _ on 
16 


□ 


Bāi toan dildc ehūng minh xong. 

'Chu y. Co the phat hien ra he thūe truy hoi (1) nhd phep suy luan ngūdc. 

Bāi 5. Tim tāt eā eāe sd nguyen āuetng n sao eho 

2 n+2(2 n - 1) - 8 • 3 n + 1 

lā mot so ehinh phuong. 

Ldi giāi. Giā sū n lā so nguyen dūdng thoa mān yeu eau eūa de bāi. Khi do, tōn tai so tū 
nhien t sao eho 

2 n+2( 2 n _ !) _ 8 • 3 n + 1 =t 2 . (1) 

Dāng thūe nāy eo the viet lai dūdi dang (2 n+1 — l) 2 -8-3 = t , hay 

(2 n+1 - 1) - t _ (2 n+1 - 1 ) + t = 2 3 „ 

2 ' 2 


Dāt a = (2 " + vā b = (2 " + x ) ±l, ta eo 


va 


a + b = 2 n+1 - 1 


ab = 2 • 3 n . 


( 2 ) 


(3) 


Tū (1) de thāy t lā so le. Do do a, b lā eāe so nguyen dūdng. Vi the, tū (3) suy ra a = 3 U vā 
b = 2 • 3 V hoāe ngūdc lai. Trong eā hai trūōng hdp, bang eāeh the vāo (2), ta deu thu dūdc 
phūdng trinh dang 

3“ + 2 • 3" = 2 n+1 — 1, (4) 


trong do u + v = n. 
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Bang eāeh thu: trne tiep vdi n = 1, 2, 3 , 4, ta thāy (4) ehi eo nghiem (u, v) khi n = 3 (khi do, 
u = 2 vā v = 1). Xet n ^ 5. Tū (4) ta eo 3 “ < 2 n+1 , suy ra 9" < vā nhtf the, ta dtfOc 

2(n + l) 
u< — 3 — 

Mā u — n — v nen ta e 6 n — v < 2( - n+1 ' > , suy ra 


n — 2 

v > —-— + 1. 


Bang eāeh tiTOng til, ta eūng eo u > +p ^ 1. Nhir vay, 

• r -i n ~ 2 ^ •. 

w = min{n, v} > —-— + 1. 


Tū day suy ra 2 n+1 — 1 = 0 (mod 9), tlān den n + 1 = 0 (mod 6). Dāt n + 1 = 6k. The vāo 
(4), ta dūdc phrtOng trinh 


3“ + 2 • 3* = (2 k - l)(2 fc + l)(4 2fc + 4 fc + 1). 

Do 4 2fc +.4 fc +1 ehia het eho 3 nhrtng khōng ehia hōt eho 9 nen 3 1 " -1 lā rt6c eūa (2 fc — l)(2 fc +1), 
suy ra 3 1 " -1 ^ 2 fc + 1 ^ 3 fc . V6i kōt quā nāy, ta drtOc 


n — 2 
3 


— 1 < w — 1 ^ 


n + 1 
"6 


suy ra n < 11. Trt dāy, don^5vān + l = 0 (mod 6), ta drtOc n = 5. Thū lai, v6i n = 3 vā 
n = 5 ta drtOc eāe sō ehinh phrtOng 9 vā 45 2 , tuong ūtng. Vāy, eo tāt eā hai so nguyen drtOng n 
thoa mān yeu eāu de bāi lā n = 3 vā n = 5. □ 


Bāi 6. Cho n lā mōt so nguyen ldn hōn 1. Co n hoe sinh ngoi quanh mot ehiee bān trān, moi 
em eo mot so ehiee keo (eo the eo em khōng eo ehiie keo nāo) vā tong so keo eūa tat eā eāe 
em lā mot boi eūa n. Cāc em thue hien viee ehugen keo eho nhau nhu sau: Vōi sō keo moi em 
eo lūe dāu, niu eo it nhāt mot em eo nhieu keo hōn ban ngāi ngay ben phāi minh thi mot em 
(tūy y) trong so nhūng em nhu the chuyen 1 ehiie keo eūa minh eho ban ngōi ngay ben phāi. 
Vōi sō keo mōi em eo sau lān chuyin thū nhāt, neu eo it nhāt mot em eo nhiiu keo hōn bgn 
ngoi ngay ben phāi minh thi mot em (tūy y) trong sō nhūng em nhu thi Igi chuyin 1 ehiie keo 
eūa minh eho bgn ngoi ngay ben phāi. Quā trinh chuyen keo eū nhu the āuōe tiep tue. Chūng 
minh rang sau mot so hūu hgn lān chuyen keo nhu vgy, tāt eā eāe em deu eo sd keo nhu nhau. 


Ldi giāi. Xuāt phāt trt mōt hoe sinh nāo dō, lān lrtot theo ehieu ngrtoe ehieu kim ddng ho, 
ta dānh so eāe em'bōi 1,-2, ..., n. Khi do, v6i moi i = 1, n, ngoi ngay ben phāi em i lā em 
i + 1 (quy u6c em n + 1 lā em 1). V6i t 6 N*, ta dinh nghia thōi diōm t lā thōi diem nam 
giōa lān chuyen keo thrt t vā thrt t + 1. V6i moi i = 1, n, ky hieu Xi lā so keo eūa em i tai mōi 
thōi diem vā de ehi rō so keo eūa em i tai thōi diem t, ta dūng ky hieu Xi(t). Ta goi moi bō 
(x\, X 2 , , x n ) lā mōt trang thāi. Xet dai luong 


F = xl + x\ + ■ • • + x 2 n . 

Xet mōt thōi diōm t tūy y. Giā sū, 6 lān chuyen keo thū t +1, nguōi thue hien viee chuyen keo 
lā em i. Khi do, ta eō 


Xi(t) > x i+1 (t), Xj(t+ 1) = Xj(t), Vj £ {z, i+1}, Xi(t+ 1) = Xi(t)-1, a; i+ i(t+l) = x i+1 (t) + l. 



Leri giāi de thi ehon dōi tuyen Viet Nam du’ thi IMO 2011 


309 


Tir day, ky hieu F(t) la giā tri eūa F tai thdi diem t, ta du!Oc 

F(t + 1) - F(t) = [xi(t) - l] 2 + [x i+ i(t) + l] 2 - [xi(t )] 2 - [x i+ i (t )] 2 
= 2 [x i+ i(t) + 1 - Xi(t)] ^ 0. 


Ngoāi ra F(t + 1) — F(t) = 0 khi vā ehi khi 

Xi(t) = x i+ i(t) + 1. 


(1) 


Xhu vay, giā tri eūa F khōng tāng trong quā trinh chuyen keo vā F nhan eūng mōt giā tri ō 
haū thōi diām lien tiep, t vā t + 1, khi vā ehi khi ef lān chuyen keo thū t + 1, em chuyōn keo eō 
nhiāu hein em nhan keo dūng 1 ehige keo. Hein nūa, do mōi trang thāi eho ta mōt nghiem tvf 
nhien eūa phuōng trinh 

xi + Xi + • • • + x n = n, 

nen sō trang thāi dōi mōt khāe nhau lā hūu han. Suy ra, trong quā trinh chuyen keo, F ehi 
nhan mōt so hūu han eāe giā tri dōi mōt lehāe nhau. 


Xāv ra mōt trong hai truōng hdp sau: 

• Tritdng hōp 1. F nhān mōi gia trj ehi tai mot so hūu han thdi diem lien tiep. Trong 
truōng hdp nāy, sau mōt so hūu han lān chuyen keo, F se nhan giā tri nhō nhāt eo the 
vā ke tū thōi diem (dāu tien) F nhān giā tri nhō nhāt do, viee chuyen keo ehi eo the thue 
hien them mōt sō hūu han lān. Khi viee chuygn keo khōng the thūe hien dUdc, ta phāi 
eo Xi ^ X 2 ^ ^ x n ^ Xi. Vā vi thā, Xi = x% = ■ ■ ■ = x n . Khang dinh eūa bāi toān 

dudc ehūng minh. 


• Truāng heip 2. Ton tai mot giā tri mā F nhān giā tri do tai vō han thdi diim lien tiep. 
Giā sū F(t) = F(t +1), Vt ^ t 0 ■ Khi do, theo (1), ke tū thōi diem t 0 , moi lān chuyen keo 
ehi dūdc thue hien bōi em i mā tai thōi diem do 


Xi X i+ i — 1. 


( 2 ) 


Do kg tū. thōi digm t 0 ta se nhān dūōc vō so trang thāi mā ehi eo hūu han trang thāi 
dōi mōt khāe nhau (ehūng minh trgn) ngn phāi ton tai it nhāt mōt trang thāi xuāt hien 
toi thieu hai lān. Xet mōt trang thāi trong so eāe trang thāi nhū vay, goi lā A. Giā sū A 
xuāt hien tai thōi diem t\ ^ t 0 \ goi k lā so nguygn dUdng nhō nhāt sao eho tai thōi digm 
ti + k, A lai tāi xuāt hien. 


Goi (C) lā quā trinh chuygn keo kg tū thōi diem t\ den thōi diem t\ + k. Do (C) khōi 
dau vā k6t thūe bōi eūng mot trang thāi ngn trong quā trinh do neu em i dā nhān keo 
ō mōt lān chuyen keo nāo dō thi sau do i phāi thūe hien viee chuyen keo eho ban ngoi 
ngay bgn phāi minh. Tū do, do eāe em ngoi quanh bān trōn, suy ra trong (C), mōi em 
deu phāi thūe hien viee chuyen keo lt nhāt mōt lān. (3) 

Hdn nūa, do tōng so keo eūa eāe em lā mōt bōi eūa n ngn vōi (a^, x%, ■ ■ ■, x n ) lā mōt 
trang thāi tūy y, ta phāi eo hoāe Xi = x-i = • ■ • = x n , hoae ton tai i ^ j € {1, 2, ..., n} 
sao eho |Xi — xj | ^ 2. Tū day suy ra, moi trang thāi trong (C) dāu eo tinh ehāt: ton tai 
i j € {1, 2 , ... n} sao eho 

|x f - xj | ^ 2 . 

Goi m lā sō nguygn dūōng nhō nhāt sao eho trong (C) eō lt nhāt mōt trang thāi mā ō 
trang thāi do ton tai i e {1, 2, ..., n} sao eho 
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Goi B la trang thai eo tinh ehāt nhil vay va d gān A nhāt (eo the B — A). Giā sii B xuāt 
hien (trong ( C )) tai thhi diem t 2 ^ ^i- Xet hai khā nang sau: 

o Kha nang 1. m — 1. Lue nāy, ta eo hai trnhng hpp xāy ra nhrt sau: 

o Truōng hap 1.1. B = A. Khi do, 6 lān dāu tien (trong (C)) chuy6n keo eho 
i + 1, em i se eo nhieu hdn i + 1 lt nhāt 2 ehiee keo; mau thuān v6i (2). 
o Truōng hefp 1.2. B ^ A. Khi do, 6 trang thāi A , ta eo \x^ —Xi+\\ < 1. Do do, de 
trd lai dudc trang thāi A, sau th6i diem t 2 , i phāi chuyen keo eho i + 1 lt nhāt 
1 lān vā ō lān dāu tien trong eāe lān nhu vay i se eo nhieu hdn i + 1 lt nhāt 2 
ehiee keo; māu thuān v6i (2). 

o Khā nāng 2. m > 1. Trf dinh nghia eua m suy ra sō keo eua eāe emi, i + 1, ..., 
i + m — 1, i + m (trong trang thāi B) phāi thoa mān 


Xi+ 1 “f~ 1 , ^ Xi+ 1 Xi+ 2 ' Xi+ m —\ Xi+ m + 1. (4) 


Lūe nāy, ta eūng eo hai truōng hdp nhu sau: 

o Truang hop 2.1. B — A. Trong truōng hdp nāy, tai lān dāu tien eo mōt trong 
eāe em i — 1, i, * + 1, ..., i + m thue hien viee chuyen keo, em chuyen keo ehi 
eo the hoāe lā i — 1, hoae i, hoae i + m — 1, hoae i + m. 

* Neu i — 1 thue hien viee chuyen keo thi sau budc chuyōn do, ta se eo trang 
thāi mā trong do Xi — x i+i = 2; 

* Neu i thue hien viee chuyen kpo thi sau bu6c chuyen do, ta se eo trang thāi 
mā trong do x i+ \ — x i+m = 2; 

* Neu i -|- m — 1 thue hien viee chuyōn keo thi sau bu6c chuyen do, ta se eo 
trang thāi mā trong do — x i+m -i = 2; 

* Neu i + m thue hien viee chuyen keo thi sau bu6c chuyen do, ta se eo trang 
thāi mā trong do x i+m _i — Xi+ m = 2. 

Trong eā 4 tinh huōng noi tren, ta deu nhān dudc dieu mau thuān v6i tinh nho 
nhāt eūa m. 

o Trudng hop 2.2. B ^ A. Khi do, 6 trang thāi A, eāe so Xi, x i+ \, ..., x i+m -i, 
x i+m se khōng thoa mān quan he (4). Vi the, de tr6 lai trang thāi A, sau thōi 
diem t 2 phāi eo thōi diem mā It nhāt mōt trong eāe so do thay doi. Dieu nāy 
ehi eo dUdc khi eo lt nhāt mot trong eāe em i — 1, i, i + 1, ..., i + m thue hien 
viee chuyen keo. Lāp luan hoān toān tUdng tu nhu trUōng hdp 2.1, ta se nhān 
dudc nhūng dieu māu thuān vōi tinh nho nhāt eūa m. 


Tom lai, eāe māu thuān nhan dudc 6 tren eho thāy truōng hdp 2 khōng the xāy ra. 

Bāi toān duoc ehūng minh xong. □ 

Chu y. Bāi toān eōn eo thō giāi dUdc nhō eāe dai lupng nūa bāt biōn nhu: Sō keo max eūa 
eāe hoe sinh tai moi thōi diem, hieu so keo max vā so keo min eūa eāe hoe sinh, ... 



